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1 | seTs

Key unit competence

By the end of the unit, I should be able to
use sets, Venn diagrams and relations to
represent situations and solve problems
related to sets.

Unit outline
* Set concept.
e Relations.

* Inverse and composite relations.

1.1 Introduction to set concept

Activity 1.1
1. Identify and list any ten items in

your home that can be grouped
together.

2. Name the groups you have
identified in step 1 above.

3. Let the group members select one
member to present their findings in
part 1 and 2 on the chalk board.

From Activity 1.1 above, you may have
obtained groups that consist of utensils,
domestic animals, furniture and so on.
Most things in life have common features.
Such features are used to group the things
together. A group of items with a common
feature is called a set. Examples of sets
are: a set of animals, a set of houses, set
of cars and so on. An object or item in
a set is called a member or an element
of the set. This unit will introduce us to
the knowledge of sets and a number of
terms concerning sets. We will define the
terms as we meet them in their respective
sections.

1.2 Describing sets

Activity 1.2

Find out from the internet,
reference books or any other
relevant materials how sets are
described.

2. By use of examples, show other
students how sets are described on

the chalkboard.

There are three methods commonly used
to describe or represent a set

(a) Statement form method

(b) Roster or tabular form method

(c) Set builder form method

All these methods are used together with

a pair of curly brackets within which the
description is enclosed.

(a) Statement form method

Consider:

(1) the alphabets a, b, ¢, d and e. These
letters can be described using a
statement as follows: {the first five
letters of the alphabets}

(i1) the set of the numbers 2, 4, 6, 8, 10.
This can be described as: {the first
five even numbers} or {the first five
natural numbers divisible by 2}

Individually, identify another five sets and

describe them in a similar method.

(b) Roster or tabular method

Using this method, we describe a set by
listing all the elements in it.



For example, consider the set of all the
letters in the word Mathematics. This set
can be described by listing all the elements
in it. If we let this set be N, then
N={m,a,t,h,e,i,c,s}

This method of describing sets is known
as Roster or Tabular Method.

Note that each element is written only once.
For example in the word mathematics, the
letters m, a and ¢, each appear twice but
we list each of them only once.

In roster form, all elements of a set are
listed. The elements are being separated by
commas and are enclosed with braces {}.

(c) Set builder form method

In this method, we describe a set by using a
rule or an algebraic formula which defines
only the set we want. For example,

A= {x:1<x<10} is read as the set of
integers X such that x lies between 1 and
10.

thus A = {2, 3,4,5,6,7,8,9} when a set
is described using an algebraic expression,
we say we are using set builder notation.

The symbol ":" in the statement {x : 1
< x < 10, x eN}is used to denote the
statement "such that"

1.3 Set Notation

Activity 1.3

Write down the members of the
following sets:

1. Aset of subjects you study in Senior
one class.

2. A set of five utensils used at home.

3. Asetofthree types of food that make
a balanced diet.

4. Asetof sexually transmitted diseases.

e ——

From Activity 1.3, a set of subjects (S)
that you study in Senior one may be:
S = {mathematics, physics, chemistry,
biology, history, religious education...}.
Capital letters are used to represent sets
e.g. set S. Members of a set are separated
by commas and the set is enclosed with a
curly bracket{ }.

For example, a set of odd numbers
(O) less than 10 can be written as
0=1{1,3,5,7,9}.

A set of the first six letters of an alphabet
(A) can be written as A = {a, b, c,d, e, f}.

1.4 Membership of a set
Activity 1.4

1. Write down the set of four legged
domestic animals you know.

2. Is a cow a member of that set? If so
how can you represent this in set
notation?

3. Is a lion a member of the above set?
If so how can you represent this in set
notation?

We use symbol € to mean “is a
member of” and ¢ to mean "is not a
member of ". For example, given the set
A=1{1,3,5,7,9,11},5 € Arecad as 5 is
a member of set A. 8 ¢ A read as 8 is not
a member of set A.

1.5 Number of members in a set

Activity 1.5

1. Consider the set of all the members
of your class. How many members
are in that set?

2. Set A= {1,3,5,7,9,11, 13}. How
many elements are there in set A?

3. Write down any three sets containing
six elements.

4. Suggest the name given to the
number of elements in a set.



Consider setT = {0, 1, 2, 3, 4, 5, 6, 7,
8}.The number of elements (n) in setT
i1s 9. This is written as n(T) = 9.

The number of elements in the set
is called the cardinality or cardinal
number of the set.

Suppose n(A) means the number of
elements in set A. If D = {days of the
week} then n(D) = 7.

Suppose F = {two legged cows}
L = {green men on the planet earth}
then:

n(F) =0 and n(L) = 0. This means the two
sets F and LL have no members. Therefore
sets F and L have no cardinal numbers
i.e. 0 is the cardinal number in each case.

Example 1.1

List down the set G of vowels in the word
“algebra’.

Solution
G=V{a,ce}

Example 1.2

Describe set B using words, given that
B={1,357..}

Solution

B 15 the set of all odd numbers.

Example 1.3
Laist all the elements of set A given that
A={x: -3 <x <8, x s an integer}.

Solution

The elements of set A are ~2,71,0, 1, 2,
3,4,5,6and 7.

Example 1.4
Describe set T in words, given that
T={x:x=2n—1,wheren=1,2,3,...}

Solution

See Table 1.1

n|l|2|3|4|5|6/|7

x|[1|3|5]7]9]11]13
Table 1.1

Thus, T {the set of all positive odd numbers}

Example 1.5
Sets A and B are subsets of the set of natural
numbers, N.
IfA={x:1<x<7}and
B ={x:2<x<20,x € set of even
numbers}.
List the members of: (1) set A
(11) set B

Solution

(1) A={x:1<x<7}means that x is
a positive integer between 1 and 7
inclusive.

s Ax1<x<7y=11,2,3,4,5,6,7}

(11) B ={x:2<x<20,x € even numbers}
means all even numbers berween 2 and
20 nclusive.

S {x:2<x<20y=1{246,8, 10,
12, 14, 16, 18, 20}

. B=1{24,68 10,12, 14, 16, 18,
20t and A =1{1,2,3,4,5,6, 7.

Sets A and B share some members,
re. 2,4, 6.

Exercise 1.1
1. List members of the sets below:
(a) {The set of natural numbers}



(b) {The set of squares of natural
numbers}

(c) {x:x1is the set of even numbers
less than 15}

(d) {x:x2-1=0}

(e) {x:%x—S =4}

Copy the following and insert the
correct symbol in each case.

(a) =5 .eeunens {counting numbers}
D)3 . {even numbers}
()T i, {odd numbers}

Describe each of the following sets
using a rule.

(a) {2,4,6,8...}

(b) {0,3,8,15 ...}

(c) {1,3,5,7 ...}

(d) {2,5,10,17 ...}

Name the following sets. Write the

number of elements in each set below.

(a) {Kigali, Kampala, Nairobi,
Bujumbura, Dar es Salaam}.

(b) {a,e,1,0,u}.

(c) {2,4,6,8,10;}.

(d) {Monday, Tuesday, Wednesday,

Thursday, Friday, Saturday,
Sunday}.

List the members of the following
sets. How many members are in each
set?

(a) The set of {colours of a rainbow}.

(b) The set of {colours of the
Rwandan flag}.

(c) The set of {countries
neighbouring Rwanda}.

(d) The set of {letters of the first
name of your head teacher}.

6. M is the set of counting numbers

7.

between 10 and 20

M= {11, 12, 13, 14, 15, 16, 17, 18,
19}.

Write true or false for each of the
following statements:

(a) 12e M (b) 10e M
() 17 ¢M (d 9¢M
() 3eM ) 22¢M

Use set symbols to write the following
sets.

(a) Aprilis a member of {the months
of the year}.

(b) A is a member of {the set of
vowels}.

(c) 31isamember of {the set of prime
numbers}.

(d) 4 is a member of {the set of
square numbers}.

(e) K is a member of the set of
{alphabets}.

(f) HIV is a member of {sexually
transmitted diseases}.

HIV is a sexually transmitted
disease. It is a deadly disease and
has no cure. Abstain from sex
before marriage and stick to one
faithful partner.

8. You are given the following sets:

A= {1,3,5,7,9,11, 13,15}

B= {2,4,6,8,10, 12, 14}
C=1{2,3,5,7,11,13}.

Copy and fill in the missing

membership symbol in the boxes in
each of the following:

(a) 5[?]A (b) 5[?|B
(c) 5[?]C (d) 6[?|B



(e) 13[?]B ® 9[?]C
(@ 2[?]A (h) 17[2 ]A

9. Werite the cardinal numbers in this

question.

(a) n(M), where M = {set of days in
February}

(b) n(S), where S = {set of sides of
triangle ABC}

(c) n(D), where D = {set of days of
September}

(d) n(C), where C = {set of wheels
of a car}

(e) n(B), where B = {set of wheels of
a bicycle}

1.6 Subset of a set
Activity 1.6

1. Consider the set A={lion, cow,
buffalo, goat, pig, dove, tilapia,
weaver bird, crocodile, pigeons,
snake} .

2. In pairs, discuss and write down
other sets that can be formed from
set A above.

3. Name the sets you formed in step
2 above.

From Activity 1.6 above, you learnt that,
a set can be obtained by taking some or
all the elements of a given set to form
another set.

For example, set B = {cow, goat, pig} is a
set of some domestic animals. Similarly,
we can get set C = {dove, weaver bird,
pigeon} which is a set of birds.

Set D = {tilapia} which is a set of fish and
so on. A set that is formed by obtaining
some elements or all the elements from a
given set is called a subset.

The empty set denoted by { } or @ is also
a subset of any set. A subset is denoted
by symbol c,

Activity 1.7
Consider the set A= {4, 5, 6}.

In pairs, discuss and write down all the
subsets of set A.

How many subsets have you obtained?
Consider another set B.

B= {HIV, Gonorrhea, Syphilis,
Trichomoniasis, Genital Herpes}

In pairs, discuss and write down all the
subsets of B.

How many subsets have you obtained?

1.7 The number of subsets in a
set

The number of subsets of a given set

depends on the number of elements. See
Table 1.2.

Copy and complete this table:

Set Subset Number of
Subsets
{) {) 1
{1}
{1,2}
(1,2, 3!
Table. 1.2

If the number of subsets of a given set
is represented as N_ then the number of
subsets is given by;

N =27

Where 7 equals the number of elements
in the set.



Example 1.6

Set C has 5 elements. How many subsets
does 1t have?

Solution

Since the number of elements is five (n = 5)
then from N_= 2", the number of subsets
s

N = 25
=32
1.e the set has 32 subsets.

Example 1.7

A certain set has 64 subsets. How many
elements are there in the set?

Solution

Number of subsets (N, ) = 64
Ng=2"

64 =2"

0= 2

n==6

i.e. there are 6 elements.

Example 1.8

Given set B = {a, b, c}, list all the subsets
of set B in your exercise book.

Solution

The subsets of set B are {}, {a},{b}, {c}, {a,
b},{a, c}, {b, c} and {a, b, c}.

Note: The number of subsets is obtained by

the formulae 2" where n is the number of
elements in a set.

Example 1.9

Given set A = {2, 4, 6, 8}, find the number
of subsets in set A.

Solution
Number of subsets = 2" = 2% = 16 subsets.

Exercise 1.2

List the subsets of each of the sets in
questions 1 and 2.

1.
2.
3.

{w, z, y}

{a, 3,1, 2}

If there are 128 subsets in a set, how
many elements does the set contain?

Suppose a set has 473 subsets. How
many elements are in this set? (n is
the number of elements in a set).

1.8 Subsets of numbers

Activity 1.8

Discuss what natural numbers are.

Write down the set N of {the first
20 natural numbers}.

From set N in 2 above;

(a) Write a subset E of {even
numbers}.

(b) Write a subset D of {odd
numbers}.

(c) Write a subset P of {prime
numbers}.

Show the relationship between sets

E and N, D and N, P and N in set

symbols.

Natural numbers are counting numbers
from zero to infinity. The set of natural
numbers is represented as set N = {0, 1,
2,3,4,5,6,7,8,9,10,11,12 ...}.

Even numbers are numbers divisible by
2. Set E of even numbers is represented
asset E={2,4,6,8 ...}.

I'herefore the set of even numbers 1s a



subset of the set of natural numbers. This
can be represented as EcN.

Odd numbers are numbers which
are not divisible by 2. The set of odd
numbers is represented by D= {1, 3, 5,
7,9,11,13,15........... }.

The set of odd numbers is a subset of the

set of natural numbers which is written
as DcN.

A prime number is a number which is
divisible by one and itself only. In other
words, prime numbers have only two
factors.

The set P of prime numbers is represented
asset P={2,3,5,7,11,13,17....... +. The
set of prime numbers is a subset of natural
numbers represented as P N.

Exercise 1.3
1. (a) Write down the subsets of set
D = {Lion, hyena, leopard}.
(b) How many subsets are they?
2. Set F = {Cassava, potatoes, maize,
pumpkin}:
(a) Write down the subsets of set F.

(b) How many
obtain?

subsets did you
3. SetL={u,v,w,x,Yy}.
(a) Write down the subsets of set L.
(b) How many subsets are they?

4. (a) Given N = {all natural numbers
less than 50} . List the members of
the following subsets of N:

(1) Set E = {even numbers}.
(i) Set P = {prime numbers}.
(i11) Set D = {odd numbers}.

(b) Show the above subsets in set
symbols.

(c) How many subsets are in each of

the above set?

5. List the subsets of the given set as
described below it:

(a) SetE={2,3,5,7,11, 12, 15}
(i) Set A = {multiples of 3}
(i) Set B = {prime numbers}
(i11) Set C = {odd numbers}
(iv) State the numbers of
subsets in each case.
(b) SetE = {1,5,10, 15, 20, 25, 30,
35, 40}
(i) Set A = {multiples of 5}
(1) Set B = {multiples of 3}
(111) Set C = {multiples of 4}
(iv) State the number of subsets
in each case.

1.9 Venn diagrams
Activity 1.9

Carry out the following activities:

1. Write down the first ten members
of the set of even numbers.

2. List and write down any five
members of the set of carnivorous
animals.

3. Draw a circle.Write the members
of the sets in steps 1 and 2 above
in separate diagrams.

4.  What name would you call such
diagrams?

—

From Activity 1.9, the circular pattern

used to represent a set and its elements is
called a Venn diagram.

Example 1.10

Given set A= {2, 4, 5, 7, 8}, represent set
A on aVenn diagram.



Solution

1.10 Set operations

Sets can be combined in different ways to
produce other sets. Such operations may

involve finding:

* Intersection of sets

*  Union of sets

*  Universal sets

» Simple difference of sets

*  Symmetric difference of sets
* Complement of sets

(a) Intersection of sets

Activity 1.10

Consider the sets A = {6, 7, 8, 9, 10},
B={1,2,3,4,5,6,7},C={2,4, 6,8,
10, 12} and D= {1, 3,5, 7, 9}.

List the common elements between the
following sets:
(a) Aand B

(b) Band C

(c) Band D
(d) Aand Band C

From Activity 1.10, you noticed that there
are common elements that appear in
two or more sets. The common elements
which appear in two or more sets form
the intersection of sets. The symbol used

to denote intersection of sets is M.

Example 1.11
Given sets M= {1, 3,5, 7, 9} and N= {2,
5, 6,9}; find M N N.

Represent set M and N on aVenn diagram.
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Solution
MANN = {1)3)5: 7,9}(\{2,5,6,9} =
{5, 9.

M N

The Venn diagram of intersection of sets
overlap each other as shown in the example.

Example 1.12

Given that set P = {the first 5 letters of the
alphabet} and set Q = {all the vowels};

(a) Laist the elements of set P and Q.
(b) Find P Q.

(¢) Draw aVenn diagram to represent set
Pn Q.

Solution

P={a,bcd,e}

Q={a,e1,0,u}

PnQ={a,b,c,d,e} " {a,e,i,0,u} ={a,e}

The Venn diagram is as shown below.

P Q

PN Q

Activity 1.11

1.  On individual basis, form a set of
eight items in your classroom.



2. In pairs, compare and list down

common items found in part 1 in

your lists.

Form groups of three students.

4. Write down the set of common
items in each of your lists.

5.  How canyou represent the common
elements in a Venn diagram?

e

From Activity 1.11, you have noticed that
there are three sets with intersection of
elements. They can be represented on a
Venn diagram as shown below.

P Q

Where P, Q and R are the three students
in the groups.

Region A represents intersection of sets
P and Q only.

Region B represents intersection of sets
P and R only.

Region C represents intersection of sets
Q and R only.

Region D represents the intersection of all
the three sets P, Q and R which is written
as(PNnQnNR).

The unlabelled regions represent the
elements of each set which is not common
with the other sets.

Example 1.13

You are given the following sets;

A = {x: x is a prime number less than 20}
B = {x: x is an odd number less than 15}
C=1{1,2,3,4,5,6,7,89,10}

Draw a Venn diagram to represent the
intersection of sets A, B and C.

Solution

First, list the elements of set A, B and C
as follows;

A=1{2,3,57,11,13,17, 19}
B={1,3,57,9,11, 13}
C={1,2,3,4,5,6,7,8,9,10}

Then list all the common elements between
2 sets

AnNB=1{3,57,11,13}
AnC=1{2,3,57}
BnC=1{1,3,5,7,9}

Then list all the common elements between
2 sets

ANBNC= (35,7} TheVenn diagram
is as follows.

Example 1.14

List elements of the sets in the Venn
diagrams below.

(a) A | | B
® A b

<P



Solution to represent A N B.

(a) The elements in the intersection are also 5. Consider the Venn diagram below.
listed for each individual sets as shown M N
below.

Set A ={a, b,¢,d, e, f}
Set B={ef, g h,1}
(b) SetA =1{2,3,4,5,6,7,9)

Set B={3,6,7,11,13, 14} .
Set C = {3, 9,11, 15} List the elements of set M and N.

What are the elements of M N N.

6. Consider the Venn diagram below.

Exercise 1.4 D E
1. Given sets ] = {1, 2, 3, 4}, K = {2,
35,7}, L= {1,2,5,8}, M ={3, 4,5, A
8} and N = {9, 10},
Find: v
(a) JnL b)) JTnK
(c) KnL (d) M N
e)JnKnL () KnLnM F
2. Givensets A= {2,4,6,8,10,12},B )
=3, 6,9, 12, 15! and C = {9, 10, (a) List the elements of sets D, E
11,12, 13, 14, 15, 16, 17}, draw Venn and F.
diagrams to represent the following (b) List the elements of:
sets: i) DNE (i) DNF
(a) AN B (b)AnC (i) ENF  (@GvyDNENF
(c)BnC (d)AnBNnC .
3. Look at the Venn diagram below. (b) Union of sets
P Q Activity 1.12

A You are given the universal set =
{natural numbers below 12}and sets
v A= {43 53 6: 7: 8}: B = {03 133:435}3
C=1{2,4,6,8,10} and D = {1, 3, 5,

7,11}.
R In pairs, write down the following sets:

1. The elements of set A which are
not in the universal set.

2. The elements of set C which are
not in the universal set.

Write down the elements in:
(@) PnQ (B)RNQ

4. SetA={a,b,c,d,e,f,1,j} and set
B = {a, e, 1}. Draw a Venn diagram

10



3. The elements of set D which are
not in the universal set.

4. The elements of sets A and C which
are not in the universal set.

From Activity 1.12 above, you have
realized that, elements of two or more sets
can be put together to form a set. The set
formed is known as the union of sets. The
symbol for the union of sets is L.

Activity 1.13

You are given sets K= {a, e,1,0,u} and
L = {a, b, ¢, d, e}. Individually, write
KulL.

Represent the union of the sets above
on a Venn diagram.

From Activity 1.13 above, there are
common elements. In this case they are a,
and e. They should be written once.

TheVenn diagram should appear as shown
below.
K L

The union of set K and L is written as
KUL.

Example 1.15

Given the following sets A = {a, b, ¢, d, e,
ft and B = {a, b, ¢, h, 1}, find:

© nld) () n(B)
(1) n(A v B)

Solution
(1) nfA) =6
(i) n(B) =5

AuB={a,bcdeflabc hi}
={a,b,c,d, e, f, h, 1}
n(AuB) =8

Example 1.16

If A=1{2,4,6,8 B={l,2,3}
C={6,8 10y D=1{2 3,6}, find:

(@nd @)nB () nC)

(d) n(A) +n (B)

(e) n (A) +n (C) —n (B)

#H AuBuC (¢ n(AuBuC)

h) AvCuD @HnAuCuUD)

(1) Draw Venn diagrams to represent
Av BuCandA v Cu D.

Solution
(a) n(A) =4 (b)) n(B) =3
(c) n(C) =3

dn +n(B) =4+3=7
(e)n(A) +n(C)—-n(B) =4+3-3=4
Hh AuvBuUC={2,4,6,8 U {l,23)
v {6, 8, 10}
=1{1,2,3,4,6,8, 10}
(e n(AuBuUC) =7
(h) AvoCuD=1{2,4,6,8} L {6,8, 10}
v {2, 3,6}
= {2,3,4,6,8, 10}
1) n(AuCuD) =6
g AuBuC

This represents A W B U C

11



AuCuD

/2
o/
=

This represents A U C U D

Exercise 1.5

1. Given the sets A = {a, b, ¢, d},
B ={a,e, 1,0}, C = {b,e, d, f} and
D = {a,d, e, g}; Find:
(a) AUB (b) BUC
(c) AuBuUC (dAuCuD
(e) CuUDUB (HHh CuD

2. Find the union of the following sets:

(a) A = {Even numbers from
0 to 20}

B = {Integers greater than 2 but
less than 9}

C = {Prime numbers between 1
and 7}

(b) X = {stool, chair, table, bed}
Y = {chair, beans, lemon}

3. Draw a Venn diagram for the pair of
sets given below and work out;

n (P), n(Q), n(P v Q),

n(P v Q) -n(P) +n(Q)

(a) P=11,3,5,7,11, 13}
Q={3,6,9, 12, 15!

(b) P={4,8,12, 16}
Q = {1,4,9, 16, 25, 36, 49, 64!

(C) P = {SD t) u, VD W}

Q={q,1,s, t}

12

(d) P=1{10,20,30,40, 50}
Q = {5,10,15,20,25}
4. Consider the Venn diagram below.
M

List the elements of M U N. Find
n (M uUN).

(c) Universal sets

Activity 1.14

Consider a school. There are various
categories of people in a school. They
are pupils, teachers and workers.

1. Use S torepresent the set of people
in a school.

2. Write all the subsets of S.
1

We can present the set of all people in the
school with sets as follows:

Set S = {pupils, teachers, workers}.
Thus, set S contains all the subsets of the
various categories of people in the school.
Let us use sets P, T and W to represent
the subsets of sets.

Set P = {pupils}

SetT = {teachers}

SetW = {other workers}.

Therefore PcS, TcS and WcS.

Note: A set that contains all the subsets
under consideration is known as a universal

set. A universal set is denoted by the
symbol €.

Thus, the set S ={pupils, teachers, workers}
is a universal set and is represented as

set € = { pupils, teachers, workers}.



Other examples of universal sets are:
* Set ¢ { all domestic animals}

* Set ¢ { whole numbers}.

» Set ¢ { cereals}.

In a Venn diagram, a universal set is
represented by a rectangle shown below.

The following Venn diagram shows the
relationship between the universal set €
and the three sets P,'T and W.

Note that all the three subsets are disjoint
i.e. they have no common members.

P T |€

Example 1.17

Consider the universal set €= { all vehicles}.
Whrite down four subsets of set e.

Solution

Four subsets of set € are:

Set A = { Cars} Set B = { Lorries}

Set D = { Buses} Set D = {Mini buses}

Example 1.18
A=1{12,3,4,5}
B={246,8,10}

Choose a umiversal set, €, for A and B and
represent the sets in a Venn diagram.

Solution

Let € = {all counting numbers berween 1
and 10 mnclusive}

Aceand

Bce
But A and B have members in common
S Simce A=1{1,2,3,4,5} and

B=1{2,4,6,8, 10}.

AnB={2,4}.
The figure below shows the representation
of the three sets in a diagram.

A B |€g
6
8
10

7

(d) Complement of a set

Activity 1.15

You are given the universal set
€ ={natural numbers below 12}and sets
A=1{4,5,6,7,8;,B=1{0,1,3,4,5}
C=1{2,4,6,8,10} and D = {1, 3, 5,
7,11},

In pairs, write down the following sets:

1. The elements of set A which are
not in the universal set.

2. The elements of set C which are
not in the universal set.

3. The elements of set D which are
not in the universal set.

4. The elements of sets A and C which
are not in the universal set.

13



From Activity 1.15, you have observed
that some elements in set A are not there in
the universal set for instance. Complement
of a set is the set of all elements in the
universal set that are not members of a
given set. The symbol for the universal
set is €.

For example &= {1, 2, 3, 4, 5} and set
A = {3,5}.Then the complement of
A= {1,2,4} written as A'= {1, 2, 4}.
Suppose:

¢ = { All the teachers in Rwanda}

F = { All the female teachers in Rwanda}

The figure shows set F in relation to the
universal set.

F €

@

The shaded region shows all the teachers
in Rwanda who are not female, i.e. all
the male teachers. This set is called
the complement of F denoted as F'.
Therefore, the members of F' are all those
members of € who are not members of F.

Example 1.19

Gioven that:

e={abecd...... z}

B = { letters in the word congratulations}

Describe the set B' and show set B and B’
in aVenn diagram.

Solution

Draw a rectangle and label it with € to show
the universal set. Within the rectangle draw
set B as a subset of ¢.

14

Shade the region within the universal set
but outside set B and label 1t B'. B' is the
set of all the alphabets except those in set B.

Example 1.20

Given that €= {a, b, ¢, d, e} and
A= {a, b}, find A

Solution

e= {a, b, ¢, d, e} A= {a, b} thus,
A ={c,d, e

This can be represented on aVenn diagram
as shown.

Example 1.21

If e={a,e, 1,0, u,c,d}, sets X ={a, b, e}
and Y= {c, d, e}, find:

(@) (XNY) b)) XvY)
Solution

(a) e={a,e,1,0,u,¢,b,d}, X={a,b, e} and

Y= {c, d, e} thus, X "'Y= {e} and
therefore, (X NY)' ={a,1,0,u,c,b,d}.

X Y

XNY)




(b) € ={a,e1,0,u,c,d}, sets X={a, b, e}

andY={c, d, e}.
So, (X VU'Y) ={a,b,¢,d, ¢}
Then, (XU Y)' = {i,0, u}

X Y

XuUY)

Exercise 1.6

1.

If A={m, n, k} and C ={f, g, h, 1,, k,
1, m}, find:

(aAnC B Avly
Ife=1{2,3,4,5,6} and A= {2, 4, 6}.
Find A'.

If A = {counting numbers from 1 to

15} and B = {even numbers from 2
to 14}, find

i) (AuB) (i) (A N B)’

Given sets A = {3,5},B = {7,9, 11,
13},C={3,5,7} and e = {3,5,7,9,
11, 13}. Use Venn diagrams to show
the following sets by shading the
appropriate regions.

(i) A (ii) (A N B)’
(iii) B’ (iv) (A U By
) (ANC)  (vi) (B~ CY

If ¢ = {integers greater than —4 and
less than 5}and A = {-3, 0, 2}, list the
members of :

(a) A’ (b) Ance

(c) Aue (d Au A
Given that P = {even numbers} list
the members in the intersection of
Set P and set:

(a) A = {counting numbers from 1
to 10}

(b)B={a,b,3,4,c,d,7,8, F}
(c) C=1{20<n<30and nis a whole
number}

(d) D= {5,7,9, 12, 25}
(e) E=1{5,7,13,15,27}

7. Ife={1,2,3,4,5,6,7,8,9, 10}

and A = {3, 7, 8}, list the members
of :
(a) A

B)ANA ()AUA’

8. If ¢ = {letters of the alphabets}

and V = {a, e, 1, 0, u},
(a) State: (1) n () (1) n (V')
(b) Write down all the subsets of V

which have two elements only
excluding the empty set, { }.

. Copy the following and insert the
correct symbol in each case.
(a) {4} .ooennene. {even numbers}
(b) -5 ...... {counting numbers}
()15 I {even numbers}
(d) {56} ..c...... {odd numbers}
()7 ceeiiinnnnnn. {odd numbers}
(f) {6,7,8} ...... {counting numbers}

(e) Simple and symmetric

differences of sets

Activity 1.16

Given set A = {mangoes, pawpaw,
oranges}, set B = {apples, pawpaw,
strawberry}, set C = {strawberry,
apples, passion fruit}.

Identify elements of set:

(a) A which do not belong to set B.
(b) B which do not belong to set C.
(c) B which do not belong to set A.

15



From Activity 1.16, you have realized
that some elements in one set are not
there in the other set.

Learning points

Simple difference between sets A and B
written as A-B or A\B is the set of the
elements of set A which are not in set B.

Similary B-A or B/A is difference between
sets B and A. This is the set of elements
that are in set B and not in set A.

A-B and B—A can be shown using a Venn
diagram as follows:

A B A B

g DL C)

1.11 Other special sets

(a) Empty set or Null set

Activity 1.17
Describe ten empty sets.

Learning points

A set which does not contain any element
is called an empty set or a null set.
Examples of empty sets are;

{A set of natural numbers between “10
and 0}.

{A set of girls in a boys only school}, etc.
An empty set is denoted as {} or ¢.

Learning points

The union of sets A-B and B-A is known
as the symmetric difference between sets
A and B.

It is written in symbols as A A B to mean
A A B =(A-B) U (B-A)
A A B can be shown using a Venn diagram

as follows
A B

@D w»

Example 1.22

Given that A = {3, 4, 5, 6, 7, 8} and
B=1{2,4,812},

find: (a) A-B
(b) B-A
(0 A[B

Solution

(@ A-B=1{3,5,6,7

) B-A=1{212}

(0 A[]B=(A-B) U (B-A
= {2,3,5,6,7,12}
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(b) Disjoint sets
Activity 1.18

In groups of three, discuss what disjoint
sets are.
Suppose A = {1, 2, 3,4,5} and
B={1,72,73,4,5}
The members of set A and those of set
B are very different. No members of A
belongs to set B and vice versa. Set A and
Set B are said to be disjoint and can be

illustrated in a diagram below.
A B

Learning points

Sets which have no common members are
called disjoint sets. For example, the set of
alphabets and the set of natural numbers
are disjoint sets.

Exercise 1.7
1. Given the sets P = {1, 2, 3, 4, 5, 6}
and Q = {2, 4,7, 8}, find:

(a) P-Q ®Q-P (¢ QOP




2. If set A = {tomatoes, onions, green
pepper} and B = {onions, potatoes,
rice}, find:

(a) A-B
(© ALIB
3. SetsC={3,4,5,6,7} and D = {5, 6,
7}. Find:
(a) C-D (b) D-C
4. SetK=1{1,2,3,4,5},L=1{2,4,6,8,
10} and M = {4, 8, 12, 16}, find:
(a) K-L (b) L-K (¢c)L-M
(d) M-L (¢) K-M ((HM-K

(b) B-A

1.12 Comparison of sets

(a) Equivalent sets

Activity 1.19
In pairs, consider set A = {1, 2, 3}

B = {Monday, Tuesday, Wednesday,
Thursday}

C={a,b,c}

Tell your class partner, which sets are
equivalent?

Suggest a reason for your answer.
]

set A = {1, 6, 3} is equivalent to set
B = {a, b, c} as they both have three
elements each.

Example 1.23

Show that G = {7, 3, 2, 1} is equivalent to
M = {a, z, w, n}.

Solution

The number of elements in set G is 4 and
the number of elements in set M 1s 4, so the
two sets G and M are equivalent.

(b)Equal sets

Activity 1.20
In groups of three,

1. Tell your members what equal sets
are.

2. Consider the set:
C = {Pencil, book, pen}
D = {Table, chair, desk}
Are the two sets equal?

Discuss the difference between equal
and equivalent sets

Learning points
If two sets P and Q are such that

n (P) =n (Q) but the elements are different,
the two sets are called equivalent sets.
For example,

P={1,2,3,4,5}

Q = {a,e,1,0,u},

the elements in P are different from the
elements in Q.

Butn(P) =n(Q) =5
Therefore P and Q are equivalent.

Two or more sets are said to be
equivalent if they have the same
number of elements. For instance

Learning points

Two or more sets that contain exactly the
same elements that are equal in number,
they are called equal sets.

For example if,

N ={1,2,3,4,6}

P= {1,2,3,4,6}

N and P contain the same elements and

SN=P=n®P)=nN)

Two or more sets are equal if they
are equivalent and their elements are
exactly the same. For instance set N =
{7, 8,9} is equal to set M = {7, 8, 9}.
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Exercise 1.8

State whether the pairs of sets in questions
1-6 below are equivalent, equal or neither.

1. {3,2,1} and {1, 2, 6}

{a, b, z} and {z, b, a}

{rs,t} and {r, s, m, t}

{Leah, Carol} and {Carol, Leah}.
{cup} and {plate, cup}.

S

natural numbers}

{Set of positive integers} and {Set of

A DID YOU KNOW?

It is not good to create differences
with other people in the society. We
should learn how to live happily
and share so that we can value our
peace!

1.13 General problems on sets
using Venn diagram

Example 1.24

In a class, 15 students play cricket, 11play
hockey, 6 play both games and everyone
plays at least one of the games.

Find the total number of students in the
class.

Solution

g =7

n (cricket) =15

n (hockey) = 11

n(CNnH) =6

n(C) = 15

n( =11 g

18

ne)=15-6+6+11-6
=9+6+5
=20

Number of pupils in the class is 20.

Example 1.25

All the 120 students at Fawe Girls School
learn French or English or both. 75 Learn
French and 60 Learn English. How many
students learn both languages?

Solution
n(€)= 120 n(F)=75 n((E) =60
n(FNE)=x

n(F) =75 n(E) = 60

° n(g) =120

75—x+x+60-x =120

135—x =120
-x =-15
x =15

Those who study both languages is 15

Example 1.26

Out of 17 teachers in a school, 10 teach
Economics and 9 teach Mathematics. The
number of teachers who teach both subjects
1s twice that of those who teach none of the
subjects. With the aid of a Venn diagram,
find the number that teach:

(a) Both subjects

(b) None of the subject

(¢) Only one subject



Solution
n(E) = 10 n(M) =9
n(g) =17
X
n(e) =17 n (E) =10
nM) =29 None = x

n(EnM)=2x

10-2x+2x+9-2x+x =17

19—-x =17
-x =17-19
—x =-2
x =2
n(E) =10 n(M) =9
n(g) =17
2

(a) Both subjects = 4 teachers
(b) Nomne of the subjects = 2 teachers
(¢) Omnly one subject = 6 + 5 = 11 teachers

Exercise 1.9

1.

3. The Venn diagram below shows the

all?

games?

In a class of 40 students, 26 play
football and 20 play volleyball. 17
students play both games. How many
students play none of the games at

In a group of 20 girls, 16 play football,
12 play hockey and 2 do not play
either games. How many play both

number of senior one students in a
school who like Mathematics (M),
Physics (P) and Kinyarwanda (K).
Some like more than one

subject in total 55 students like
Mathematics.

(a) How many students like the
three subjects?

(b) Find the total number of senior
one students in the school.

(c) How many students like Physics
and Kinyarwanda only?

In a survey of course preferences of
110 students in a senior six class, the
following facts were discovered. 21
students like engineering only, 63 like
engineering, 55 like medicine and 34
like none of the two courses.

(a) Draw a Venn diagram to
represent this information.

(b) How many students like
Engineering or Medicine?

(c) How many students like
Engineering and Medicine?

(d) How many students like
Medicine only?

A survey was carried out on 120

people about their breakfast habits.

On a particular day, 55 ate eggs for

breakfast that day and 40 drank juice

while 25 took both eggs and drank

juice for breakfast.

(a) Represent the information on a

19
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Venn diagram.

(b) How many people had neither
eggs nor juice that morning?

A survey was done on 150 Rwandese
about which newspapers they read.
83 read the New Times, 58 read the
Monitor, 36 read neither of those two
papers. How many people read both
newspapers?

A survey was carried out on 50 people
about the hotels they like for taking
lunch from among Hilltop, Serena
and Lemigo. It was found out that, 15
people ate at Hilltop, 30 people ate
at Serena, 19 people ate at Lemigo,
8 people ate at Hilltop and Serena,
12 people ate at Hilltop and Lemigo,
7 people ate at Serena and Lemigo.
5 people ate at Hilltop, Serena and
Lemigo.

(a) Represent the information on a
Venn diagram.

(b) How many people ate at Hilltop
only?

(c) How many ate at Hilltop and
Serena but not at Lemigo?

(d) How many people did not eat
from any of these three hotels?

A survey was carried out in a shop to
find out how many customers bought
bread, milk, both or neither. Out of a
total of 79 customers for the day, 52
bought milk, 32 bought bread and 15
bought neither. Draw a Venn diagram
to show this information and use it to
find out:

(a) How many bought bread and
milk?

(b) How many bought bread only?

(c) How many bought milk only?

In a cleanup exercise carried out in
Kibuye town, a group of students
were assigned duties as follows; all
of them were to collect waste paper.
15 were to sweep the streets but not
plant trees along the streets, 12 were
to plant trees along the streets 5 of
them were to plant trees and sweep
the streets. Draw a Venn diagram to
show this information and use it to
calculate the number of children in
the group.

A

DID YOU KNOW?

It is important to maintain the
environment by keeping our
surrounding clean. Planting
trees around us helps to keep
the environment conducive by
providing fresh air.

10. In a class the students are required to

take part in at least two sports chosen
from football, gymnastics and tennis. 9
students play football and gymnastics;
19 play football and tennis; 6 play all the
three sports. If there were 30 students
in the class, draw a Venn diagram to
show this information. With the help
of your diagram, find out how many
students did not participate in any of
the sports.

1.14 Relations and functions
1.14.1 Introduction to relations

Activity 1.21

Write down as many as possible the
biological relations you have with
your family members.



2. Write down any four relations you
have among your classmates.

3. Are there any students in your
school that you are biologically
related to? If any, write down their
names and the relations you have
with them.

4. Write down any four mathematical
relations you know.

From Activity 1.21, you have realized that
you have many relations. You have used
statements such as Uwimana is my aunt
and so on. In a statement such as ‘Mucyo
is the uncle of Mutesi’; the phrase “is the
uncle of” indicate that there is a biological
connection between Mucyo and Mutesi.
This tells us that relation is a connection
between two or more things.

Examples of relations:

-is a father of, is a cousin of, is a multiple
of, is a factor of, is a square of, is taller
than, is seated next to and so on.

1.14.2: Properties of relations

As we have seen, a binary relation R links
the elements of a set X to the elements of
another setY. This means that through a
relation R, a member x contained in the
set X (x € X) is related to a member y
contained in the setY (y € Y).

This statement is generally abbreviated
as xRy. Note that order in this symbolic
representation is important hence
xRy # yRx.

For example let Set X = {boys} and Set
Y = {fathers).

This means that a boy (x) in Set X is a son
of a father y in setY.

We can represent this relation R i.e.
“is a son of” as xRy.

We can represent the inverse relation R'
“is a father of” as yR'x.

We will use this general representation
of a relation to help us understand the
different types of relations. To do this, let
us consider two sets, set X and setY, and
a relation R on set X.

The relation R may have one or more of
the following properties:

(a) Reflexive

(b) Symmetrical
(c) Transitive.

(d) Antisymmetric

(a) Reflexive

The relation R is said to be reflexive if for
all values x, xRx.

This means all values of x are related to
themselves.

Examples of a symmetric relation are:
(a) “equalsto” e.g. x =x;2 =2
(b) “less than or equal to”’ e.g. x <x;2< 2

In a reflexive relation, we have arrows for
all values in the domain pointing back to
themselves e.g 3 < 3 implies 3R3.

vl

° °
X X

(b) Symmetric

The relation R is said to be symmetric if
for all values x and vy,

xRy implies yRx.
This means that the relation and its inverse
are the same.

An example of a symmetric relation is “is
equal to” since we can say x=y and y = X.
In an arrow diagram for a Symmetric
relation, we have an opposite arrow for
every arrow.
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(c) Transitive

o reflexive

Generally, an equivalence relation is
denoted by ~

The relation R is said to be transitive if for
all values x, y and z,

xRy and yRz implies xRz

Examples of a transitive relation are:

“is greater than ” e.g. if x >yand y > z, it
implies x > z.

“is less than " e.g. if x <yand y < z, it
implies x < z

In an arrow diagram, every arrow between
two values x and y, and y and z, has an
arrow going straight from x to z.

y
/ \ For example
)2<3
X >z ii) 3<5then,2<5
(d) Antisymmetric

The relation R is said to be antisymmetric
if for all values x and vy,

xRy and yRx implies x =y

An example of antisymmetric relation is
“greater than or equal to”

For example, if x >y, and y > X, then y
must be equal to x.

(e) Equivalence relation

An equivalence relation is one that has
ALL the following properties:

e symmetric
e transitive
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Example 1.27
Prove thar "="1s an equivalence relation.

Solution

Reflexive: it is true that x = x for all values
a. Therefore, = is reflexive.

Symmetric: If x =y, it is also true that y =
x. Therefore, = is symmetric

Transitive: If x =y and y = z, this means
that x = z. Thus '="1s transitive.

Therefore '="1is an equivalence relation
1.15 Papygram

Activity 1.22

1. Draw a circle.

2. Onit, write the names of ten people
that you are related to in your
family.

3. Use arrows to show the relationship
that exists between you and the
list of names and also the relation
between the members you named.

4. What would you call such a
diagram?

From Activity 1.22, you have drawn
a papygram. A papygram is a circular
representation of relationships that
exist between a given set of things. The
relationship is illustrated by the help of
arrows.



Example 1.28 Solution

Draw a papygram to show the relation “is
a multiple of” in the set of numbers

A=12,3,4,5,6,7}

Solution Rufilre Batamuriza
A
Exercise 1.10
1. Draw a papygram to show the relation
The arrow which goes back to the same ‘is a factor of’ for {2, 3,4, 6,7, 8}.
number means a number is a multiple of 2. Complete the arrow diagram to show

ttself. the relation “ is a multiple of”.

Examples 1.29

Draw a papygram to illustrate the relation
“exceeds by more than 2 for

A=12,56,7,8,9}

Solution
3. The following are weights of some
A students in a senior one class at Fawe
/ Y Girls School.
6 & ? Student Weight
\ J Teta 50 kg
Uwimana 36 kg
Ishimwe 47 kg
Akaliza 40 kg
Example 1.30 Bwiza 60 kg

Draw a papygram to show the relation “is
older than” for the following relation; Keza
1s 12 years old, Batamuriza is 14 years old,
Rutayisire is 15 years old, Uwase is 13 years
and Gikundiro is 14 years old.

Draw a papygram to show the relation
"is heavier than" for the students
mentioned above.
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4. On the papygram below, state the
relation that exists.

5. Use a papygram to illustrate the
relations on each of the following sets.
(a) D = {3, 6, 9,12, 15, 18} ; is a
multiple of.
(b) E={2,3,4,5,6,7};is a factor of.
(c) F={5,6,7,8,9,10};is less than.
6. Determine which of the following
relations are transitive, symmetric
reflexive, or antisymmetric. Note that
a relation may have more than one
property.
(a) a=b
(b) a>b
(c) b>=y
(d) m>n

1.16 Terms used to express a
relation

(a) Ordered pair

As the name suggests, an ordered pair is an
entity comprising of two objects/elements
put in a specified order. Suppose x and y
are two objects. The ordered pair of x and
y is denoted by (X, y). The first element x
is known as the first coordinate (or first
component), while the second element
y 1s known as the second coordinate (or
second component). The order of the

24

elements is significant hence (%,y) # (y, X).

Examples of ordered pairs are (1, 2),
(father, son), (child, age), (a, b) and so on.

For example consider the relation "is two
more than", shown in the arrow diagram.

0 > 2

s
A I B

R

We can write down a set of order pairs
as{(0, 2)(1, 3)(2, H (3, 5)}

(b) Cartesian product

Let X and Y be two sets. The Cartesian
product of sets X and Y, denoted by
X XY is the set of the ordered pair (x,y),
where x € X and y € Y. This is expressed
in symbols as

X XY = {(x7¥9)|x eXandy eY}.
(The | symbol means such that.)

Example 1.31

If Set A = {a, b}, and Set B = {2, 3, 4},
find the Cartesian product A X B.

Solution

A X B is the set of all possible ordered pairs
whose first component is a member of set A
and the second component is a member of B

AxB={(a,2),(a,3), (a4, (b2), (b
3, (b4}

Mathematical representation of
relations

As we have seen, a binary relation R links
the elements of a set X to the elements of
another setY. Examples of relations are ‘s
the son of, is a member of, is married to, loves,
1s heavier than, etc.



Learning points

The binary relation R between sets X and
Y describes/determines a subset of the
set formed by the Cartesian product of
sets X and Y i.e., a subset of the X XY,
represented as {(x,y) | Ee X xY}

The particular, subset described by the
relation is specified by giving the condition
(predicate P(x, y)) that must be satisfied
by the elements in the ordered pairs.

Learning points

As such, a binary relation R between sets
X andY is mathematically represented as
follows:

R = {(x, y} € X x Y| Condition or
predicate to be met by x and y)}.

Or in symbols,

R={xy) € XXY|P(x,y)}

Example 1.32
Set X = {daughters}, SetY ={mothers}

The relation 1s a daughter of between sets
X and is represented as

R ={(x,y) € X XY | x is a daughter of v)}

Exercise 1.11

1. Find the cartesian products of the
following sets:

(a) Set A={a, b}, Set B={2, 3}
(b) Set C={m, n}, Set F={5, 6, 7}
(c) Set D={p, q, r}, Set E={1, 2, 3}

2. Write in set notation the relation
between the following pair of sets

Set A ={2,3,4}, Set B{4,6,8}

1.17 Mapping

Activity 1.23
On individual basis,

1. Worite down set A of the first six
whole numbers.

2. Form another set B by squaring
each number in set A above.

3. Write the numbers in set A in a
circle and their squares in set B in
a different circle on the same level
side by side.

4. Use arrows to match the numbers
in set A to their squares in set B.

What would you call such matching?

From Activity 1.23, you have squared
the elements in set A to give rise to the
elements in set B. We say that squaring
elements in set A maps onto set B. Your
diagram showed the mapping. Set A is
called the domain and set B is called the
range.

Consider the example below;
A=1{1,2,3,4,5,6,7}

B = {The first seven square numbers}
By using the operation of “squaring” each
member of set A produces the members
of set B. We say that, the operation of

“squaring” maps set A onto set B as shown
below.

Domain

Range
25



Domain is sometimes referred to as the
input and the range as the output.

NB: The difference between relation and
mapping is that the element of relations
belongs to the same set while in mapping
the elements belong to two different sets
that is, from the domain to the range.

1.17.1 Types of mapping

1. One - to - one mapping

The diagram below shows the relation “is
half of” between the following sets:

A= {2, 4,6, 8}
B= {4,8,12,16 }

A Half of B

2 > 4

4 \] > (/ 8

6 / > \ 12

8 > 16
Domain Range

2. Many - to- one mapping

Activity 1.24

Some S1 students obtained the following
grades:

Name Grades

Phocus B

John

Sandra

Dorice

Peter
Individually,

> 00w

1. Use the names as the domain and
the grades as the range to show the

mapping.
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2.  What name would you call such a
mapping?

From Activity 1.24 above, you have
observed that several elements in the
domain set can be mapped onto one
element in the range set. This is called
many to one mapping. From the above
activity, you should have obtained the
following mapping.

Names Grades

Sandra

Dorice

Peter

Domain Range

3. One- to — many mapping

Activity 1.25
Carry out the following activity.

1. Each student to give three names
of his/her siblings. List the names
down on a piece of paper.

2. On the domain set S, write the
names of each one of you in the
group.

3. On the range set T, write the nine
names of the siblings listed in step
1 above.

4. Match the name on the domain set
to the names of the siblings in the
range set with arrows.



5. What name would you call such a
mapping?

From Activity 1.25 above, you have
observed that an element in the domain
set can be mapped onto more than one
element in the range set. Such a mapping
is called one to many mapping.

Example 1.33

Show the mapping of the relation “is square
of ” from A to B where

A={0,1,4}and B={-2<x<2}.

Solution

Domain Range

4. Many - to -many mapping
Activity 1.26

Carry out the following activity.

1. You are provided with the following
to form the domain set: cat, dog,
buffalo, lion, hen, duck, cow.

2. You are also given the following
to form the range: carnivorous,
herbivorous, domestic, wild, bird,
omnivorous.

3. On asheet of paper, show the above
mapping.

4. Are there elements in the domain
set that map onto several elements
in the range set?

5.

Are there more than one element
in the domain set mapped onto
the same or several elements in the
range set?

What name would you call such a
mapping?

From Activity 1.26 above, you have
observed that several elements in the
domain set are mapped onto more than
one element in the range set. This is called
many to many relations.

Example 1.34

Show the mapping of the relation “is a
factor of ” for the sets A= {2, 3,4, 5, 6} and

B = {30, 32, 33, 34, 35, 36}.
Solution
A B

Domain Range

Exercise 1.12

1.

2.

Set M= {1, 2, 3,4, 5} is mapped onto
set N by the relation “multiply by 4”.

List the elements of set N and map
M onto N.

A set A maps onto set B by the
operation “multiply by 3 and add 1”.
The elements of set A are {5,6,7,8,9}

(a) List the element of set B.
(b) Map set A onto B.
(c) What type of mapping is this?

3. Optional subjects at Nyagatare
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high school are Entrepreneurship,
Literature, Kiswahili, Music and
Computer science. Murekatete

takes Kiswahili and Music,

Gatete takes Computer science

and Entrepreneurship, Joy takes
Literature and Computer science
and Hope takes Kiswahili only. Map
pupils to the subjects they take.
What type of mapping is this?

The marks obtained in a test by
Carine, Bernice, Delice, Sandrine,
John and Sifa were 5, 4, 7, 5, 9 and
7 respectively. Illustrate the mapping
of marks to students. What type of
mapping is this?

1.18 Graphs of relation

Activity 1.27

Carry out the following activities.

1.

Given setA = {1,2,3,4,5, 6} and
the relation “multiply by 2 add 17,
Find set B, the range.

Using sets A and B, order them in
pairs such that an element in set A
is paired to an element it is mapped
onto in set B.

What name would you call such a
pairing in step 2 above?

Draw a cartesian plane in your
graph books and plot the pair on
points in step 3 above. Let the
domain be in the x — axis and the
range be in the y — axis.

Use a straight line to join the points
you plotted in step 4 above.

What name would you call such a
graph?
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From activity 1.27, you should have
observed the following

1. B={3,5,7,9,11,13}

2. Ordered pairs of set A and B are
(1,3) (2,5) 3,7) (4,9) (5, 11) (6,
13)

3. 'The pairs in steps (2 above are called
ordered pairs

4. The graph in step 4 represents a

relation between corresponding
values of sets A and B. If we denote
the elements of A as a and those of
set B as b, the relation between them
can be denoted as b = 2a + 1. The
graph is a straight line.

Graphs of relation are drawn by pairing

the domain to the

range where the

domain represent the values of x and the
range represent the values ofy as an
ordered pair (X, V).

Example 1.35

Consider the domain A = {0, 1, 3, 4} set
A is mapped onto set B by the relation
x — 2x. Find the range, the ordered pair
and hence draw the graph of the relation.

Solution

The range of values will be:
x —> 2x

If x=0—->52%Xx0=0
x=1->2x%x1=2
xX=3 >2X%X3=6
x=4>2%x4=8

Range = {0, 2, 6, 8}

Ordered pairs: (0,0)(1,2)(3,6)(4,8)

The graph takes the following shape.



Domain

Example 1.36

Consider the relation “divide by 2 and
subtract 2 from the result” for the set
x =16,8, 10, 12, 14}. Find the range, the
ordered pair and hence draw the graph of
the relation.

Solution
Thas relation can be written as x —> % -2
if x=6 > 9-2=1

x=8 — S-2=2

x=10, > 2 -2=3

x=12, > Z—2=4

x=14, > H-2=5
Range = {1, 2,3 ,4,5 }
Ordered pairs: (6, 1), (8, 2), (10, 3),
(12,4), (14,5
The graph representing this is as shown.

Range

S

0 2 4 6 8 10 12 1
Domain

A BE WARE!!

Do you know that one —to-
many or many —to- many sexual
relationships between members of
the opposite sex can spread HIV/
AIDS? You are advised to stay
away from sex before marriage.

Exercise 1.13

1.

Given A= {0, 1, 2, 3, 4}, use the
relation " is multiplied by 2" to list the
elements of B. Draw the Cartesian
graph to represent this information.

Given set P = {2, 4, 6, 8, 10}, use the
relation " half the value " to give set
Q.

(a) List the elements of set Q.

(b) Map set P onto set Q.

(c) Draw the graph of P against Q.

Given the domain={0, 1, 2, 3, 4, 5},
list the elements of the range and
draw the graph to represent the given
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relation in each case.
(a) Multiply by 3.
(b) Multiply by 2 and add 1.
(c) Multiply by 3 and subtract 2.
4. Draw a graph for the relation x — 4x
for the domain {0, 1, 2, 3, 4}.

5. Given the domain {x : -3 < x < 3},
use the relation "square " to list the
element of the domain and the range.
Map the relations.

6. IfP=1{1,2,3,4,5,6,7,8,9,10},write
down the ordered pair to illustrate
each of the relation Q on set P.

(a) Q:x — x?
(b)) Q:x—>x+5
() Q:x—>x-3

1.19 Functions

Activity 1.28

Work out the following:

(a) x— 2x% whenx=-3

(b) y—>y>*+1,wheny=-1

(c) t—2t3, whent=4

(d) m—>%+5,whenm=4
Choose one representative from your

group to illustrate on the chalkboard
their findings.

From Activity 1.28, you have realized that
a function is a type of mapping in which
every object on the domain has one and
only one image in the range. Mappings,
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which are functions, are

one — to - one mappings and many — to-
one mappings.

Consider a function such as x — 4x. Let
f be the function x — 4x. One way of
writing this is x — 4x.This is read as : fis
the function which maps x onto 4x. The
most common and important notation is
f(x) = 4x read as f of x equals 4x.

Example 1.37
Given the function f (x) = 4x + 2, find
f2).

Solution

f(x) =4x + 2

f(2) =4%x2+2=8+2
=10

f2) =10

Example 1.38
The function g (y) = 3y° + 2y. Find g (2).

Solution

g = 3" + 2y

2(2) =3(2)7%+2(2)
=4x3+4=16

Hence, g(2) = 16

Example 1.39
The function h(x) = ax? -2 and h(2) = 18.

Find: (a) the value of a.
@) h (=1
© h(3)
Solution

(@) h(x)=ax?’-2
h(2) =a(2)?-2=4a-2
4da—2 = 18 since h (2) =18,



Then,4a—2 =18
implying 4 a = 20
Therefore,a = 5

(b) Substitute the value of a

h(x) =5x>-2
So, h(—1) = 5(~1)% -
= h(-D) =3

(c) h(x)=5x°-2
So,h(3) =5(3)°-2=5%x9-2=43
= h(3) =43

Example 1.40

The function f (x) = andf 4.
Solutlon 1
f&) = 3=t

42— |1 16 -1 15
Sofd) =3xq—71=%5-71 =7

Hence, f(4) = 75

Exercise 1.14
1. Given that f(x) = 3x® + 2, find f (2).

2. The function g(x) = 2x?> + 3x + 1.
Find g (- 3)

3. Iff(x) = ——=-, find f(4).
4. Iff(y) = 2y —3, find:

(a) f-4) (b) 0) (o) f(2)
5. Ifg ()= i , find:

(a) g(4) (b) g(0) (c) g(-4)

6. The function f(x) = 2x> + b and
f(-2) = 10. Find the value of b.

7. Given that the function g(y) = cy + 9
and g(5) = 49, find the value of c and

g4).

8. Itis given that f(x) = 726116_2 and
f(2) = 12. Find:
(a) Thevalue ofa. (b) f(1)
9. The function f(x) = 3x has domain

values as {1, 2, 3, 4, 5}. Find the
values of the range.

10.1f f(x) = 2 — 3x has the domain
{-2, 0, 2, 4, 6}, find the range.

11. f(x) = 3x% + bx — 3. Find b when
f2) = 15.
12. h (x) = ax? +5x-3 and h(1) = 0. Find:

(a) The value of a (b) h(2)
(c) h(=2) (d) h(0)
(e) h(5)

1.20 Inverse of a function

Activity 1.29

1. Work out the following and show
the working clearly.

y+3=0 x—2=0
20+4=0 S+6=0
~16=0

2. Explain your method step by step?

3. Volunteer to show your working on
the board.

From Activity 1.29, you should have
noticed that for a simple equation of the
form x + a = b where a and b are constants,

(1) We obtain x by subtracting a from
both sides and simplifying the right
hand side of the equation.

(i) If x — a = b, we obtain x by adding
a to both sides and simplifying the
right hand side (RHS).
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(ii1) For ax = b, we divide both sides by a
and simplify the RHS to obtain x.
(v) If % = b, we multiply both sides of the

equation by a and simplify the RHS.

Example 1.41

Consider the function f (x) = 2x. If the
domain s {0, 1, 2, 3, 4}, find the range
values. Hence, draw the arrow diagram.

Solution

The range values will be:
fO)=2%x0=0

f(D=2x%x1=2

f(2)=2x%x2=4

f(3)=2x%x3=6

f(d)=2x%x4=8

The arrow diagram for f(x) = 2x will be
as follows.

\
—
\S}

\/ \/
!
W

\
—
(o)}

\/

Activity 1.30

Carry out the following activities:

1. Consider the function in Example
1.41 above.

2. Use the domain in the Example
and the function f(x) = 5x.

3. Obtain the range.
4. Compare the range you obtained
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in step 3 above to the range in
Example 1.27.

5. What do you notice?

From Activity 1.30, you should notice
that, when you change the function to
f (x) = 5x , it takes the reverse effect of
f(x) = 2x on the same domain. This is called
the inverse of the function denoted as
1 (x). From the activity above, you should
obtain the following arrow diagram.

o) = 5

»

e
.

L

\ \/
/
o

Example 1.42

Find the inverse of the following functions
' ):

(@) f(x) =x+4

(b)) g(x) =2x-3

(©) f(x) =x*+1

d f(x) =3x°+2

Solution
(@) f(x) =x +4
Lety = f(x)

v = x + 4 (Interchange the y and x)
x= y + 4 (Solve for y)
x—4=y
y=x—4
fle) =x—4
(b) g(x) =2x -3
Lety = g(x)



v =2x — 3 (Interchange y and x)
x=2y —3 (Solve fory)
x+3=2y
2y =x+3
_x+3

V=72
gl (= 3 +3

(©) f(x)=x?+1
Lety = x? + 1 (Interchange y and x)
x =3y%+ 1 (Solve fory)
x—1=9?

J7 ==
y=Jx-1
o) =Jx-1

(d) f(x) =3x*+2
Lety = 3x? + 2 (Interchange y and x)
x = 3y? +2 (Solve for y)

x—2 =3y
3 5, _ x=2
3V T 73
_ =2
JY = T3
So,y= %2
Hence f'(x) = | (5(x-2))

Exercise 1.15

Find the inverse of the following functions

1.flx)y=x-06 2. f(x) =x+2
3.86(x)=2x+3 4. g(x) =3x-1
5.f(x) =x*+2 6. f(x) =3x>-1
7. h(x) = 2x 8. h(x) =4 —9x?
0. h(x) = 5x 10. f(x) = 22— 1
11. g(x) = x 12. glx) = %

1.21 Composite functions

Activity 1.31

Carry out the following activities:

1. You are given the functions
f(x) = 3x and g(x) = x + 2.

2. Use a number such as 4 and find
f(4) then apply the funtion g to
the results i.e. g[f(4)] i.e start with
function f followed by function g.

3. What value did you obtain?

4. What name would you call a
function composed of f and g?

> |
From Activity 1.31, you should learn that
when you combine two or more functions
together to form one, the resultant
function is called composite function.

/f/ f(x) \g\

X g[fx)]
W

From the activity, you should triple
number 4 first and then add 2. This can
be illustrated as below:

[4— 12 > 14

These two stages f(4) =12 and g( 12) = 14
are combined as gf(4) = 14 . This means
functions f followed by function g.

Example 1.43
Gioven that f(x) = x + 3 and g(x) = 2x,
find:
(@) Jfg(x)
Solution
(@) fg(x)= flgx]=f(2x)
Replace x by 2x to get f(2x) = 2x + 3
Hence fg(x) = 2x + 3

(b) gf(x)
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(0) gf(x) =glfx] =g(x +3)

Replace x by x + 3 to get
gix+3)=2(x+3)
Hence gf(x) = 2x + 6.

Example 1.44

The function f(x) = 2x — 1 and

g(x) =x°+2

Find :

(@) fe(x)

Solution

(@ fe(x) =flg)] =f(x*+2)
Replace x by x? + 2 to get
fOP+2) =2(x*+2) -1
This gives fg(x) = 2x°> +4— 1

=2x°+3

Hence fg(x) = 2x* + 3

) gx) =glf(x)] =g(2x—1)
Replace x in x> + 2 by (2x — 1) to get
g(2x—1) =02x—-1)?+2

=(4x?-4x+ 1) +2
=4x? —4x + 3

(c) gf(3) =4%x3%-4%x3+3
=36-12+3
=24+3

Hence gf(3) =27

(®) g(x) (© &f(3)

Exercise 1.16

1. Given the function f(x) = 4x and
g(x) =x — 2, find:
(a) gf(x) (b) fg(x)

2. Given that f(x) = 3x -1 and
g(x) = 2x + 5, find:

(a) fg(x)  (b) gf(x)
3. If g(x) = xz and f(x) = 3x,
find:  (a) gf(x)  (b) fg(x)
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4. Given the following functions, find
fg(x):
(a) fx) =2x,gx)=x+3
b)) fx)=2x+1,gx) =x-3
(o) fx) =x-1,g(x) =2x>-3
(d) fx) =x>-1,gx)=x+1
5. G@Given that f(x) = 3x + 4 and
g(x) =x—1, find:

(a) fg(x) (b) gf(x)
() gf(2)
6. Iff(x) =x?®+ 1 and g(x) = 2x, find:
(a) fg(x) (b) gf(x)
(c) gf(2) (d) fg(2)

7. Iff(x) = 3x and g(x) = x* + 3, find the
value of x for which, gf(x) = fg(x).

8. If f(x) = 2x + 3 and g(x) = 3x, find
fg(x).

9. The function f(x) = 2x— 1 and
g(x) = x + 5, find fg(x).

10. Given that f(x) = 3x + 1,
g(x) = 2x — 5 and h(x) = x? — 4, find:
(a) fgh(x) (b) hef(x)

11. If f(x) = 3x + 1, find £ (x).

12. The function f(x) = 2x — 5, find f2(x).

DID YOU KNOW?

Functions are applied in financial
mathematics and other areas of
economics and entrepreneurship?
Such as demand and supply,
calculating simple and compound

A

interests and many more.

Summary

1. Set—Itis a group of items with a
common feature.

2. Member of a set — It is an object or
item in a set.



10.

11.

12.

13.

14.

Subset — It is a set which is formed
by obtaining some elements in all
the elements from a given set.

Venn diagram — It is a circular
or rectangular pattern used to
represent sets and its elements.

Intersection of sets — It is the set
formed by common elements
which appear in two or more sets.

Union of sets — It is the set formed
by putting together elements of two
or more sets.

Complement of a set — It is a set of
all elements in the universal set that
are not members of a given set.

Difference between sets A and B
(A-B) — It is a set formed by the
elements appearing in set A but not
in set B.

Relation — It is a connection
between two or more numbers or
things.

Papygram — It is a circular
representation of the relationship
that exists between a given set of
numbers or objects.

Domain — It is the input set in
mapping.

Range — It is the output set in
mapping.

Function — It is a type of mapping in
which every object on the domain
has one and only one image in the
range.

Composite function — It is a
function formed by combining two
or more functions.

Unit Test 1

1.

Use set symbols to write the following
sets.

(a) Monday is a member of the days
of the week.

(b) {2, 4, 6, 8} is a subset of even
numbers.

(c¢) {Lion, cheetah, cat} is a subset of
the cat family.

(d) {-2, -8, —0} is not a subset of
natural numbers.

(e) {Cow, dog, hyena} is not a subset
of domestic animals.

Given that set P = {natural numbers
less than 20}, list the elements of the
following subsets.

(a) Set A = {even numbers}
(b) Set B = {odd numbers}
(c¢) Set C = {prime numbers}
(d) Set D = {multiples of 4}
(e) Set E = {multiples of 3}

Consider the sets A{l, 2, 3, 5, 6, 8},
B {2, 4, 6,8} and C{l1, 3,5, 7}. Find
and draw the Venn diagrams for:

(a) BN C (b) AnC

(c) AnB (d) BuC

(e) AUB.

Given ¢ = {letters of the word

elephatiasis}, Set A = {all vowels}, Set
B = {first five letters of the English
alphabet} find:

@) A ) B
(c) AUB (d AnB
(e) B-A ) A-B
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5.

36

At a department in a university,
100 students were enrolled. 38 took
Mathematics, 20 took Economics
and 3 took both Mathematics and
Economics. Draw a Venn diagram to
represent this information.

(2) How many students took none of
the subjects?

(b) How many students at least took
Maths or Economics?

(c) How many students took exactly
one subject?

In a family of 48, 24 members like
cassava and 36 members like potatoes.
12 members like both cassava and
potatoes.

(a) How many members like cassava
only?

(b) How many members like neither
cassava nor potatoes?

Draw a papygram to illustrate the

relation mentioned below for the

given sets:

(a) A = {4, 6, 7, 9, 12, 13}; the
relations is: "exceeds by more
than 3"

10.

11.

(b) B=¢{-2,-1,0,1,2,3,4,5,6,7,8,
9 }; Relation: “is the square root
of”

(c) C={6,7,8,9 }; Relation is “is
less than or equal to”

Set A maps onto set B by the operation

“divide by 2 add 3”. If set A = {4, 8,

12,16, 20, 24};

(a) list the elements of set B.

(b) Find the ordered pairs.

(c) Draw the graph of the relation.

The function f(x) = 2x? - 1. Find:

(a) f(4) (b) £(2) (c) £(10)

Find the inverse of the following

functions:

(a) fx) =x+3
(b) f(x) =3x*>+2x-1

(o) f(x) =2x*>+1

(d) fx) =6x-5

Given the function f(x) =
g(x) = 2x — 2, find
(a) fg(x)

5x and

(b) gf(x)



2 |J SETS OF NUMBERS

Key Unit Competence

By the end of this unit, I should be able
to use operations to explore properties of
sets of numbers and their relationships.

Unit outline

e Sets of numbers, its subsets and
notation.

e Rational numbers.
e Irrational numbers.

* Relationship between sets of
numbers.

2.1 Sets of numbers, its subsets
and notation

Activity 2.1

Carry out the following activities:

1. How many sets of numbers do you
know? List them down.

2. Using a mathematical dictionary
or the internet, define the sets of
numbers you listed in step 1 above.

3. Give an example of each set of
numbers you listed.

4. State the relationship between the
set of numbers that you listed.

5. One of you to present your work to

the rest of the class.
|

From activity 2.1, you learnt that the
universal set of numbers contains other
sets (subsets) such as the following:

1. Natural numbers: are counting
numbers and include zero. A set of

natural numbers is denoted by N i.e
N=1{0,1,2,3,4,5....... }.

2. Integers: Are whole numbers,
negative whole numbers and zero. A
set of integers is denoted by z i.e.
z=1{...-3,-2,-1,0,1,2,3,4 ....}

3. Decimal numbers: Are numbers
whose fractional part is written
starting with a decimal point followed
by digits e.g. 0.5, 3.14, 0.143 etc.
The number to the left of the decimal
point is a whole number. The first
number to the right of the decimal
point represents tenths (1%), the next

one hundredths (1%)) and so on.

4. Rational numbers: are numbers
that can be expressed as a fraction
where the denominator and the
numerator are integers. The set
of rational numbers is denoted by
Q=13,5,0.143,16,-18,-0.21}

5. Irrational numbers: are numbers
that cannot be expressed as a
quotient of two integers such that
the denominator is not zero i.e.
cannot be expressed as a ratio. An
irrational number is denoted by I e.g.
I={3.14159 ...,J2,2.71828, ....J99}

6. Real numbers: are numbers that can
be found on a numberline. They include
both rational and irrational numbers. A
set of real numbers is denoted by R e.g.
R={{2,15,-34, }

Sets of numbers are related to each other in

the sense that one set of numbers is a subset

of another set of numbers. This is shown

by the following Venn diagram (Fig. 2.1).
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In this unit, we will learn about the set of real numbers and its subsets e.g. rational

numbers and irrational numbers.

Venn diagram showing the sets of numbers.

2.2 Set of natural numbers (N)

Activity 2.2
Carry out the following activities:

1. Count the following objects in your
class.

(a) desks.

(b) Mathematics textbooks in your
class.

(c) pencils in your class.
(d) students in your class.

2.  Write the following numbers in
words:

(a) 12679  (b) 789 000
(c) 12345798 (d) 363 879 987

3. What name do you call such
numbers?

38

Real

Irrational: =,
-12,2.7182

4. What s the place value of each digit
in step 2 above?

From Activity 2.2 above, you realize that
when counting, we usually begin by one,
followed by two, then three and so on. The
numbers we use in counting are called
Natural numbers.

The set of natural numbers is denoted by
N={0,1,2,3,4y cceeeiiiiiiiiiiiinnnnnnnns }

On a number line, natural numbers are
represented as follows:

TR R N TN R T RN B A
I I I I I I I I I I
o1 2 3 4 5 6 7 8 9 10

Fig. 2.2

|y
I I ™=

The dotted lines and the arrow head
indicate that the numbers can go on forever
in the direction shown. We therefore say,
they are infinite (have no end).



The number 1 264 583 for instance is
read as: One million two hundred sixty
four thousand five hundred eighty three.
The number 12 345 798 is read as twelve
million three hundred forty five thousand
seven hundred ninety eight in words.

The place value of a number shows us the
position of a specific digit in a number.

For example, the place value of 60 984 is
as shown in tabe 2.1.

Place Ten Thousands | Hundreds | Tens | Ones

value thousands | (T) (H) (T) | (O)
(Tth)

Number |6 0 9 8 4

Table 2.1

Example 2.1

In Rwanda, the Genocide against the Tutsi
happened in 1994.Write the place value of
each digit in the year 1994.

Solution

The year 1994 has four digits. The place
value of 1 is thousands, the first 9 is
hundreds, the second 9 is tens and 4 is ones.

1 9 9 4
‘ Ones
Tens
Hundpreds
Thousands

Let us always love one another
as brothers and sisters. Peace,
love and unity are important
aspects in our day to day living.

Example 2.2

Write the following numbers in words:
(a) 917 405 (b) 80 165

(c) 439357 890

Solutions

(a) 917 405 Nine hundred
seventeen thousands four
hundred and five.

Eighty thousand one
hundred sixty five.

(c) 439 357 890  Four hundred

thirty mine mullion three hundred fifty
seven thousand eight hundred ninety.

(b) 80 165

2.2.1 Subsets of Natural Numbers

Activity 2.3

Carry out the following activities.

(a) You are given the set of natural
numbers between 0 and 20.

(b) Use a mathematical dictionary or

internet to define the terms: even,
odd and prime numbers.
(c) From the set described in part (a)
above:
(i) Draw the subset of odd
numbers.
(i) Draw the subset of even
numbers.
(iii)) Draw the subset of prime
numbers.
(iv) How many even numbers are
prime numbers?
(v) How many odd numbers are
prime numbers?
(d) Represent the above subsets of

numbers in a Venn diagram.
|

From Activity 2.3, you should have found
several subsets of natural numbers as
follows:

(a) Even numbers

Even numbers are numbers which are
divisible by 2 or numbers which are
multiples of 2.
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From Activity 2.3, even numbers from
0 to 20 are 2,4,6,8,10,12, 14, 16, 18
and 20.

The set of even numbers is E= {2,4, 6,8, ..}.

(b) Odd numbers

These are numbers which leave a remainder
of 1 when divided by 2.

From Activity 2.3, odd numbers between
0 and 20 are 1,3,5,7,9,11,13,15,17 and
19.

The set of odd numbers is D= {1,3,5,7,.}.

(c) Prime numbers

These are numbers which are divisible by
1 and themselves only.

From the Activity 2.3, prime numbers
between 0 and 20 are 2, 3,5, 7,11, 13,
17 and 19.

The set of prime numbers is P = {2, 3, 5,
T,11,13 o, }.

Example 2.3

Given the following numbers 25, 44, 4,
51, 256, 7,8, 21, 2 draw a Venn diagram

showing the following subsets.
(a) Even numbers  (b) Odd numbers

(¢) Prime numbers

Solution

Let E = set of even numbers, D be the set
of odd numbers and P be the set of prime
numbers.

The Venn diagram will be as shown below.
E

44 4
8 256
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Example 2.4

Given ¢ = {Natural numbers less than
20}, show on a Venn diagram the subsets
E,Oand P

P={Prime numbers}
E= {Even numbers}

O= {Odd numbers}

Solution

Exercise 2.1
1. Write the following numbers in words:

(a) 234 (b) 68901
(c) 41 343209 (d) 8631
(e) 3095542120 (f) 2031401

2. Write the following numbers in
numerals:
(a) Eight hundred and twenty one.
(b) Sixty five thousand five hundred
and thirty two.

(c¢) Ninety two thousand eight
hundred and fifty four.

(d) Five million and fifty three
thousand.

(e) One billion thirty seven million
four hundred and two.

(f) Two hundred forty thousand and
four.

3. Sete ={l1,2,3,4,5,6,7,8,.., 50}.
Write down the subsets of set A
which are;



(a) Even numbers

(b) Odd numbers

(c) Prime numbers

Represent the above in aVenn diagram.
4. Givene = {1,4,8,11, 16, 25, 49, 53,

75}, list the elements of the following

subsets

(a) Even numbers
(b) Odd numbers
(c) Prime numbers

Represent the above on a Venn
diagram

2.2.2 Operations on Natural
Numbers

Activity 2.4

Add, subtract, multiply and divide the

following pairs of natural numbers

(a) 20 and 30 (b) 14 and 17

(c) 12 and 48 (d) 8 and 7

(e) 1000 and 1999
—

There are four operations we shall look
at and their properties:

(a) Addition

The symbol for addition is (+). Given
natural numbers a,b,andc.a+b =c, ¢
is the sum of numbers a and b.

Properties of addition
Activity 2.5

Work out the following:

(a) 24 + 46 and 46 + 24. What is the
difference between the two sums?
What is the name given to such a
property?

(b) (32 +52)+ 47 and 32 +(52 + 47).
Is there any difference between the

two sums? What name would you
call such a property?

(c) 0+ 67 and 67 + 0. Comment on
this sum. What name would you
call such a property?

—
From Activity 2.5, you have realized the
following:

1. Given numbers a and b the sum a
and b is equal to the sum b and a.
From the Activity 2.5 part (a) 24 +
46 = 46 + 24 = 70.This is called the
commutative property of addition.
When you interchange the terms, the
sum remains the same.

For example,5+3=3+5=8

2. Given the natural numbers a, b, and c,
from Activity 2.5 part (b) you realize
that (32 + 52) + 47 =32 + (52 + 47).
This is called the associative property
of addition.

The associative property allows
regrouping of the terms in any order
and the sum remains the same at the
end of the operation.

3. Given the natural number a,a + 0 =
0 + a. From Activity 2.5, 0 + 67 = 67
+0. 0 is called the identity element of
addition.

(b) Subtraction of natural numbers

Activity 2.6
Work out the following:

(a) 64 - 46 = . What do you call the
answer?

(b) 54—24 = and 24 — 54 =.What do you
obtain? Are the results the same?

(¢) (45-23)-21 =and 45— (23 -21) =.
What do you obtain? Is the difference

| the same? Comment on the results.
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From Activity 2.6 above, the symbol
for subtraction is (-). You have realized
that given that X — y = t, t represents the
difference of the two terms. From Activity
2.6 the difference in (a) is 18.

Given the two natural numbers, from the
activity 2.6, you noticed that 54 — 24 is not
equal to 24 — 54. We say that subtraction
is not commutative.

Similarly, from the activity 2.6 part (c),
(45-23) -21 #45 - (23 -21).This means
that subtraction is not associative.

(c) Multiplication and division of
natural numbers

Activity 2.7
Work out the following:

(a) 28 x 22 = ?. What names do we
give to 28, 22 and the answer in a
multiplication problem?

(b) 22 x 28 =? Is there any difference
with the answer you obtained in (a)
above?

(¢) Isl1x(12x13)=(11x%x12)x13?
(d) Comment on the results of 64 X 1.

What name would you give to the

number 1?
—

The symbol for multiplication is X.

If the natural numbers are, a X b = ¢ then
a is the multiplier, b the multiplicand and
¢ is the product of the two terms.

From Activity 2.7, you have realized the
following properties of multiplication:

1. If you are given two natural numbers
a and b, then a X b = b X a. From
Activity 2.7, 28 X 22 = 22 X 28.This
is called the commutative property of
multiplication.

2. For natural numbers a, b and c,
aX (bXc)= (axb)xc. From Activity
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27,11 x (12 x 13) = (11 x 12) x 13.
This is called the associative property
of multiplication.

3. Any natural number multiplied by
one gives that natural number. For
example 64 X 1 = 64. 1 is called the
identity element of multiplication.

Note that a(b + ¢) = ab + ac. This is called
the distributive property of multiplication
over addition.

Example 2.5

Work out:
(a) 1234+ 110 +72 +4
(b) 5421631 +9214 + 81

Solution

Arrange the numbers in vertical form
aligning the numbers according to their
place value:

(a) 1234 (b) 5421631
110 9214

72 - 81

+ 4 5430 926
1420 -

Example 2.6

Work out:
(a) 502 341-51 021
(b)y 6502431 -471 399

Solution

Arrange the numbers vertically and
work them out.

(a)502341 (b)) 6502431
-51021 -4713909
451320 6031032




Example 2.7
Work out: 863 x 56 x 12

Solution

First multiply 863 by 56, then multiply

the resulting product by 12.

863 48 328

x 56 x 12
5178 then —» 96 656

+ 43 150 + 483 280
48 328 579 936

Example 2.8
Work out 612 + 23

Solution

26
231612

—138 .. 23x6 =138
14 ... remainder
Thus, 612 = 23 = 26 rem 14

Exercise 2.2
1. Work out the following:
(a) 333 + 667
(b) 43 + 65 + 50
(c) 45 + (50 + 30)
(d) 18100 + 940 + 2693
(e) (8400 + 2200) + 3340
2. Work out the following:
(a) 456 — 225
(b) 100 000 — 39 400
(c)4824-1793
(d) 6453 -2 141 -1 340

9.

Copy and complete the subtractions
and replace them by the missing digit
to make the calculations correct.

(a) 586 (b) 1050
- 2014 - 289
352 12 65
()40 0e (d) sll417
-3 58 [ -638L[]
8 69 79 075
Multiply the following:

(a) 20 x 30 x 40 (b) 15 x (35 x 20)
(c) (32 x 40) x 20(d) 943 x 16 x 11

Expand the following where y = 3
and x = 2:

(a) 720 +y) (b) 13(xy +y)
(c) xy(Bx+2y+3)

(d) 2y%x (3x%+ 4y)

Evaluate:

(a) 412+ 6

(c) 56 560 +40
(d) 3219312 + 47

In Ruhengeri, a farmer harvested
34 500 kg of potatoes in the first season
and 24 750 kg of potatoes in the second
season. Find the total harvest.

(b) 991 + 31

. In a city, there were 45 600 girls in

secondary schools and 39 540 boys.
Find the total number of students in
the city.

A farmer requires 37 posts placed
5 m apart to fence one side of his
farm. How many posts would he
require if the posts were 4 m apart?

10. An order of lumber contains 30

boards 12 m long each, 25 boards
10 m long each, 36 boards 11 m long
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each and 15 boards 16 m long each.
How many boards are contained in
the order? How many linear metres
of lumber are contained in the order?

2.3 The Set of integers (Z)

Activity 2.8
Carry out the following activities
1. Using a Maths dictionary, define
what an integer is.
2. What integer would you give to
each of the following situation?
(a) A fish which is 50 m below the
water level.
(b) Temperature of the room which
is 42°C.
(c) A boy who is 2 m below the
ground level in a hole.

(d) A bird which is 3 m high on a
tree.

From the above activity, you have learnt
that, integers are whole numbers which
are either negative or a positive sign and
includes zero.

The set of integers is represented by Z.

For example, when measuring temperature,
the value of the temperatures of the body
or surrounding can be negative or positive.

The normal body temperature is about
+37°C and the temperature of the freezing
mercury is about -39°C.

o ..;. = |
||| iil1 ||'||| ||||||||||||||||| ||-|||||||||| ||||.||

8l

|||I |I|II|II|I|I|I i I| I|I||II II|III| "- l--..:II
| =

=5

Fig. 2.5
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The set of positive integers is {+1, +2,
3, 4+, i, } and the set of
negative integers is {.......... -5,-4,-3,-1}
Integers can be represented on a number
line as shown below.

—— | ——
6 -5 -4 -3 -2 -1 01 2 3

| |
T 1
4 5 6

Fig. 2.6

NB:When you move towards the left of the
number line, numbers become smaller and
smaller . This means -5 is smaller than -2
and -100 is less than -1. We can represent
this as -5<-2 and -100<-1.

2.3.1 Subsets of integers

Activity 2.9
Discuss the following:

1. Given that set of integers between
-12 and +20, form sets from the
set of integers which contain; odd
numbers, even numbers, square
numbers, factors of 6 and multiples
of 3.

2. Draw Venn diagrams showing the
following subsets from the set of
integers.

(a) Set of prime numbers.
(b) Set of negative odd numbers.
(c) Set of natural numbers.

3. Are there more subsets that you can

form from the given set of integers?
—

From Activity 2.9, you have realized that
integers have several subsets such as, set of
even numbers, set of odd numbers, set of
prime numbers, set of negative numbers
and so on.



Example 2.9 2.3.2 Relationship between integers

Given € = {integers between -10 and 20} and natural numbers

draw aVenn diagram to show the following

subsets of €:

(a) Set of E = set of positive and negative Discuss and work out the following:
even numbers, set D = set of positive
and negative odd integers, set N = set
of natural numbers.

(b) Set D = set of positive and negative odd

Activity 2.10

1. Youare given € = {integers between
-20 and +20}. Find the subset N
from set the universal set.

numbers, set E = positive and negative 2. DraW aVepn diagram to show this
even integers and set P = set of prime relationship.
numbers. 3. Obtain the sets S = square numbers,
set F = factors of 16 and set
Solution

M = multiples of 5. Draw a Venn
diagram to show this.

4. What relationship is there between
integers and natural numbers.

From activity 2.10, you have realized that
set N = set of natural numbers is a subset
of integers (Z).

Example 2.10
Given set Z = {-6 to +25}

(a) Draw a Venn diagram showing the
€ subsets N ={natural numbers}, subset
P={prime numbers} and subset E={

square numbers}.

(b)

(b) Draw aVenn diagram showing subsets
N, E and D ={multiple of 6}.

Solution

(a)

Fig 2.7
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(b)

Fig 2.8

Exercise 2.3

1. Given that ¢ = {-4 to +22}, show on a
Venn diagram the subsets P, E and D.

Given that P = {prime numbers}
E = {even numbers}
D = {odd numbers}
2. Given ¢ = {-6 to +28} and

Sets E = {even numbers},
D = {odd numbers} and
N = {natural numbers

P = {prime numbers}
show in a Venn diagram
(a) subsets E, D and N
(b) subsets P, D and N.

3. Use Fig 2.9 to answer the following
questions. Let P = {prime numbers}

E = {even numbers}

N = {natural numbers}
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(a) Worite the elements of:

(i) SetN (i) SetE
(iii) Set P
(b) Write the elements of the

universal set.
(c) What relationship is shown by
the Venn diagram?
2.2.3 Operation on integers

(a) Addition of integers

Activity 2.11

Work out the following on a number
line:

(@) (+3) + (+2)

(®) -6)+-0)

(© (+4) +(-3)

(d) Which side of the number line did

you move when adding a negative
number?

(e) Which side of the number line
did you start with when the given
numbers were all negative?

From Activity 2.11, you realize that,
addition of integers is best understood by
illustrating the movements on the number
line.

Example 2.11
Work out (-3) + (+2)

Solution

Fig 2.10

-3)+ (+2) =-1



Example 2.12
Work out (-3) + (-2)

Solution

-3+ (-2) =-5

Example 2.13
Work out (+5) + (-3)

Solution

| | | | | |
il | | | | |
-6 -5 -4 -3 -2 -1 01 2 3 4 5 6
Fig2.12

(+5) + (-3) = (+2)

Example 2.14
Work out (-3) + (+3)

Solution

Fig2.13
(-3) + (+3) =(0)

NOTE: +3 is the additive inverse of -3.
Therefore, when we add a number and
its additive inverse, we get zero (0) as the

result.

Exercise 2.4

Work out the following and show your

working on a number line.

1.

(-5)+(-4) 2. (-2)+(+6)

(-5)+(+5) 4. (-D)+(+4)
(+3)+(-2) 6. (+7)+(+3)
(-6)+(-2)+(-1)

(+3)+(+4)+(-2)

(+2)+(-8)+(-3)

T

(b) Subtraction of integers
Activity 2.12

Work out the following and show your
solutions on a number line.

(@) (-9-(+3)

(®) (+5) - (+3)

(c) (=6)—(-6)

(d) On your number line, which

direction do you move when
subtracting two negative numbers?

(e) Incase you have two positive
numbers that you are finding
the difference, which side of the

number line would you start with?
]

From Activity 2.12, you realize that,
movements will start from the zero point
for subtraction.

You also realize that, in a case such as
(-6)-(-6) = 0, the answer is zero which
means that, when any number is taken
away from itself, it leaves you with nothing
which is zero.

Example 2.15
Work out (+4)-(-3)

Solution

(+4)- (-3) =+7
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Example 2.16
Work out (-5)-(+3)

(c) Multiplication of integers

Activity 2.13
Work out the following:
(b) (+5) x (+6)

(@) (+5) x (-6)
(©) 5)x(*+6) (d) (-5) x (-6)
Did you obtain the same results in

Solution
-8
............................ >
5 B
<+ttt (e)
oA 202 350 all the four tasks?
Fig 2.15
From Activity 2.13, you should have
realized the following:

(-5-(+3)=-8

Example 2.17
Work out (+6)-(+4)

(a) Negative x Negative = Positive
(b) Positive x Negative = Negative
(c) Negative x Positive = Negative
(d) Positive x Positive = Positive
These are the laws of multiplication.

Solution
I:—»— ----- >

I

6 5 -4 3 2-1 01 2 3 4 5 6 Example 2.18
Fig2.16 Work out (-4) X (-7)

+2 Solution
From the laws of multiplication, the result

should be positive.

(+6) — (+4) =

(-4 x (-7) = +28

Exercise 2.5
Work out the following integers on a
Exercise 2.6
Work out each of the following integers

1.
number line.
(a) (5)-4 (b)) 5)—-(+5)
© 1= () (+3)-(+2)
() *8)-(3) @O H-3) Lo (#5) x (=2)
(g) (+2)-(=2) () 3)-C7) 2. (-10) x (-10)
H +#+H-b (0 (10)-(8) 3. (-12) x (+5)
(k) (-6) — (+7) 4. (+6) x (+5)
2. What is the difference between the 5. (=6) x (+6)
following temperatures? 6. (=2) x (+5) x (-3)
(a) 15°C and —6°C 7. (-4)3
(b) —8°C and -3°C 8. (45) x (-6) x (1)
9. (-3)% x (-2)?
10. (-5) x (+20)

(c) —=10°C and +10°C
(d) +5°C and +9°C
(e) +20°C and —-1°C
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(d) Division of integers

Activity 2.14

Work out the following and show your
solutions on a number line.

(@) (-D+(+4)

(®) (+4) ~ (+9)

() 4+ (D

(d) (+4) + (-4

(e) Did you obtain the same results in
all the four questions above?

—

From Activity 2.14, you should have
realized the following:

(a) Negative + Negative = Positive
(b) Positive + Positive = Positive
(c) Negative + Positive = Negative
(d) Positive ~ Negative = Negative
These are the laws of division.

Example 2.19
Work out (-5)+(+5)

Solution

(-5+(+5)="1

Example 2.20
Work out (+10)=(2)

Solution
(+10)=(-2) =75

Example 2.21
Work out (-30)+(-5)

Solution

(-30)+(-5) = 6

Exercise 2.7
1. Work out the following:
(a) (-28) +(-7)
(b) (+55) + (-11)
(©) (+19) +(-3)
(d) (-48) + (-6)
(e) (-36) + (+9)
() (-100) + (-10)
2. Work out the following:

(-10) x (-5) x (-6)
@ =G @

(-30) x (+2) x (-10)
®) (-5) x (+2)

2.4 Fractional Numbers (rational
numbers)

Activity 2.15

Study the following figures and answer
the questions that follow.

What fraction does the
shaded part represent
from the whose circle?

Fig2.17

What is the
fraction of the
unshaded part?

Fig 2.18

What fraction is
represented by
the shaded part?

Fig 2.19

What other name would you give to
fractions?

How many categories of fractions do
you know? Name and describe each of
them.
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From Activity 2.15, you realize that
fractions are rational numbers.

Fractions are expressed in the form P
where P and Q are integers and the value
Q should not be equal to zero i.e. Q # 0.

If % is a fraction, then 2 is called
the numerator and 3 is called the
denominator.

2.4.1 Types of fractions

Fractions are grouped into two categories:
proper fractions and improper
fractions.

Proper fraction is where the numerator

is less than the denominator. Example is
11

2_0 .

Improper fraction is where the numerator
is greater than the denominator. Example
is ? This fractlon can be written as a

mixed fraction as 3 5

2.4.2 Operations on fractional

numbers
(a) Addition and subtraction of
fractions
Activity 2.16
Work out the following fractions:
1 1 5 3
(a) §+§ (b) 3g+27
2 1 6 4
© 15 -5 D 159

What method did you use when working
out?
One of you to present your work to the

rest of the students.
—

From Activity 2.16, you realize that,
fractions can be added and subtracted
easily by first looking for the least common
multiple (LCM) of the denominator.
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Incase of a mixed fraction, first change the
fraction to a proper fraction.

Example 2.22
2 3
Work out 33 +15

Solution

We can first convert the mixed fractions to
single fractions.
11 7

2 3 _ 11 7
%ge[3§+12 3+4

The LCM of 3 and 4 1s 12.

11 | 7 _44+21 _ 65 _
Thus, > + 4 = —13 =15 =

5_

Example 2.23
1

3
Work out 42 — 33

Solution

We will first convert the mixed fractions to

single fractions

So, 43 -32 =L 2 (LCM of 4 and
21is4)

19-14

S5 _
=5 =1

A~

(b) Multiplication and division of
fractions

Activity 2.17

Work out the following using any
methods that you know:

2 9 2 1
@53x25 B 5x3
5,2 7,18

List down the procedure for dividing
fractions.

Appoint one of you to show the rest of
the students one of the fractions you did.
—



From Activity 2.17, you have realized
that, when the fractions do not have
any common factors, the numerator
will multiply with the numerator and
the denominator will multiply with the
denominator.

The rule working is as follows % x % = %
When there is a common factor
existing between the numerator and the
denominator, the common factor cancels

out by division.

For example, % X % = % because b is a
common factor and it divides by b to give 1.
When dividing fractions, the division sign
changes to the multiplication sign and the
divider changes to its reciprocal.

The rule, £ + £ = £« £ applies,

Example 2.24

2 3
Work out T X g

Solution
2 3 _ 2x3 6 3

— x — = = ==

57 4 5x4 20" 10

Example 2.25

Vit 4% x 3%

Solution 1
4ix3£—2xﬁ—2’ 29 _ 29
2 929 T 2957 2
— 1
—142
Example 2.26
2 1
Wbrkoutgfg
Solution
2.1 _2 2 _2x2 _4
572 T5%7 T 5x1 5

Example 2.27

3 3
%rkout84743
Solution ]
3 3 _ 35 15 _ 35 3
8443 =73 77 X4—55
_35%1 _ 7
4x5 ~ 4
— 13
_]4

(c) Mixed operations on fractions

Activity 2.18
Work out the following:
3.6 ,.3y,1_3
25+ Gty
Work out the fraction as it appears

ignoring the brackets i.e. divide, add,
multiply then subtract.

What did you obtain?

Work on the same sum but this time
follow the following:

(a) Work out what is in the brackets
first.

(b) Next, work out the division part.
(c) Next, work out the multiplication.
(d) Finally, work out the subtraction.

What did you obtain? Are the two
answers the same? What do you think
may be the cause of the differences?

From Activity 2.18, you have realized that,
to work out fractions which involve more
than one operation, we use a rule.

This rule is called BODMAS. i.e.
B = Brackets
O =0f

D = Division
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M = Multiplication
A = Addition
S = Subtraction

The operations are worked out as they
appear in the BODMAS.

Example 2.28

3 1 2 5
Wbrkoutg +(23—§) 5 =
Solution

Step 1:Work out the brackets

1 2,_5 2 _15-4 _ 11
23-32-37 "6 ~ %

Step 2:Work out on the operation of division

11

5

s _ 11

6 6 6-
1

Step 3: Lastly, work out on addition

operator.

UII\O\
Ay

3,11 _ 3+11 _ 14 _ 4
Weget 5 +5 =% =35 =25
3 .1 2. 5 _
So, 5 +(25-3) 5=

Exercise 2.8
1. Work out the following fractions:

@ 1+ 3 ®) 5+ 3

© 2+ 2+3 (@ 13+35
4 6

(e) 2§+17

2. Work out the following fractions.

@ §-3 ® 55

© 21 @il
5 7

(e) 75—4§
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3. Multiply the following fractions.

@ §x3 () 35 13
© 2x% (d) 25 x5
(&) 33 x3 ® 64 x2%
4. Work out of the following fractions.
@ T+
® 22+1-2-24
(c) 6+ i
) 52 +4q
(&) 33«13
5. Work out the following fractions.
(@) (23 +13)+ %
®) 22+ x19) - 13

(© @75 +75)+ )

1 3 2
(d) 25+ 21
1 5 3
o 33 - lgx11
3 2 . .5
IZ+7§—36

2.5 Irrational Numbers

Activity 2.19
Discuss and carry out the following;

1. Find:
@VE 2

2. Express 0.24156735.... as a
fraction.

What do you notice?



Is it possible to get the ratio in step
1 and 2 above?

What do you call such numbers?
—

You already learnt in previous lessons that,

numbers which can be expressed as % and
recurring decimals such as 0.333333...

1 .
=3 fall under rational numbers.

From Activity 2.19, you notice that,
there are some decimals which do not
recur. Their values keep changing and
they go on without an end. For example
3.14159265358.

Similarly, there are some numbers which
do not have exact roots neither can they
be expressed as fractions, for example

V8, 310 etc.

These numbers are called irrational
numbers.

If you are asked to find V12, 12 is
estimated between 9 and 16. Therefore
\12 is between 3 and 4.

Number ? 1 I2 1 I6
| | |
Square root 3 V12 4
Fig. 2.22

We can see that 3 is less than V12 and
V12 is less than 4. We can represent it as
3 <\12 < 4.

To be more exact, consider the decimals
between 3 and 4.

The number 12 is less than half way
between 9 and 16, the decimals should be
less than half-way between 3 and 4.

Let us try 3.4 and 3.5.
3.4 =11.56 and 3.5% = 12.25.

More accurate is 3.45%2 = 11.9025 and
3.472 = 12.409

S03.45 <V12 < 3.47.
In two significant figures, V12 = 3.4

Irrational numbers can be represented on
a number line as follows
1

2 2v2
3 2 150 1122 3
Fig. 2.22

2.6 Decimals

Activity 2.20

Discuss and answer the following questions.

Consider the following numbers in which the digits have been written expressing

their total values.
(1) 543

10

=5 x 100 + 4 x 10 + 3 x 1 ... (1)

10

(ii) 543110=5 x 100 + 4 x 10 + 3 x 1+ 7 x L. .G

~_ "

o

1\_/'
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1 25
(111) 5431 = 543700 4= 700 =

5x100+4x10+3x1 +2 x

20+5 _ 20 5

Z 5
=100 100 T 0 * 100

I L i)

1 45, L

1

1

X — X — X

10 10

1
10

X

2.  What happens when you move from the left to the right of a decimal number?

)

What is the name given to the last parts in step 1 (ii) and (iii) above?

4. Write the place value of 641015.0014 in a place value table.

From activity 2.20, we observe that on
moving from left to right in a number,
the place values of each digit reduce to
one-tenth of the previous one from left.
For example, in (iii) above, we have 5
hundreds, 4 tens, 3 ones, 2 tenths and 5
hundredths.

2.6.1 Types of decimals

In (1) and (iii) the fractional parts of
the numbers e.g. 1, _1_ are known as
decimal fractions. 10 100

Decimal fractions are those fractions
whose denominators are powers of ten.
A number in which there are decimal
fractions is usually written with a dot
between the whole number part and the
decimal fraction part. This dot is called a
decimal point.

Thus 5431—70 can be written as 543.7

1" 25
and 5431 = 543m

543.25. These are examples of mixed

can be written as

decimals, i.e as they contain a whole

number and a decimal fraction.
Each digit occupies a specific place value.
For example, the table below shows the

place values of digits in the decimal
number 4 093.251 8
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2]

- =

g » | 2 =

G| o 2, S |5 | g

S| 3 = ERE-RE

3] < o

3 —~ E 2] — P =

=R 2|2 | S|B |3 |=

| 5| 2|l <%|3 | 8|52 |

=) o £ | © 3] = 5y

E| S &lSla & |E |8

4 10|93 o 215 1|8
Table 2.2:

Note that the place values of the digits
in a decimal number decrease by 1 from
the decimal point to the right. A decimal
number can either be written as a fraction
or in decimal form.

The decimal fraction 10%) can be written
as 0.003 read as three thousandths or zero
point zero, zero three. The digit 3 is in the
thousandths place value.

Fig. 2.22

2.6.2 Operations on decimals
Activity 2.21

1. Add, subtract, multiply and divide
the following pairs of numbers



(a) 0.245 and 0.8

(b) 0.44 and 0.12

(c) 0.894 and 0.04

(d) 0.94692 and 0.214

2. What rules do you need to observe
when carrying out the operations
on decimal numbers?

3. Compare your results with those of
other members in your class.

(a) Addition and subtraction of
decimals

From activity 2.21 you have noticed
that when adding or subtracting decimal
numbers arrange them vertically, aligning
the decimal points. In so doing, digits with
the same place value get aligned vertically
and are then added or subtracted.

Example 2.29

Work out:
(a) 10.5+9.7+0.62

(b) 15.81-19.36

Solution
(a) 10.5 (b) 15.81
9.7 - 9.36
+ 0.62 6.45
20.82

Exercise 2.9

1. Evaluate the following:
(a) 5.5+ 3.8
(b) 1.8+ 3.6 +2.9
(c) 6.489 + 3.481
(d) 203 + 1.626 + 0.813
(e) 60.001 +9.36 + 87.1
(f) 0.761 12 + 0.983 15

2. Find the value of:

(2) 10.6 — 4.6
(b) 8.2-3.9
(c) 12.03 - 5.18
(d) 6.83 —7.48

(e) 23.001 — 21.062
(f) 2.59 - 0.327
3. Find the value of:
(a) 5.24 + 0.6 — 4.07
(b) 97.32 -41.1 + 30.6 — 8.7
(c) 0.67+7.6-0.76
(d) 69.2 + 331.9 - 39.8
(e) 4.832—-7.48 + 3.903
(f) 18.42-8.31-0.96 + 8.03

4. The internal diameter of the metal
pipe shown in Fig. 2.23 is 3.875
cm. If the thickness of the metal is
0.875 cm, what is the external

diameter? :

Fig. 2.23

5. Find the sum of the measurements:
124.1 cm, 2.34 cm, 0.86 cm and
21.162 cm correct to 1 decimal place.

6. The length of a football pitch is
measured as 97.25 m and its width
as 61.82 m. What is the perimeter of
the pitch?

(b) Multiplication of decimals

From Activity 2.20, you realized that
decimals are multiplied in the same way
as whole numbers. Arrange the numbers
vertically with the digits right below each
and multiply.

The number of decimal places in the
product is the sum of the decimal places
in the numbers being multiplied (factors).
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Example 2.30

Multiply:
0.48 x 0.006
Solution
0.48 — has 2 decimal places
x 0.006 — has 3 decimal places

0.002 88 —» has 5 decimal places

Note: When the number of non-zero
digits in the product is less than the
required number of decimals, zero(s) are
inserted in the product as in Example
2.30 above, so as to give the number of
decimal places required.

Exercise 2.10

1. Evaluate:
(a) 0.7x1.5
(b) 26.1 x8.3
(c) 57.6x3
(d) 2.13 x 0.32
() 0.205 6x0.93
(f) 0.016 x0.005

2. Multiply 37 x 23 and then use it to
write down the answers to:

(a) 0.23 x0.37
(b) 0.037 x2.3
(c) 3.7x0.23
3. Evaluate:
(a) 0.03x10
(b) 0.6 x100
(e) 0.598 3 x1 000

4. What is the area of a rectangular steel
plate 10.5 cm long and 7 cm wide?

5. The electrical resistance of a certain
type of wire is 1.256 ohms per cm.
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Calculate to 2 decimal places the
resistance of a piece of wire of length
7.13 cm.

(c) Division of decimals

From Activity 2.21, you notice that, in
dividing a decimal by a whole number,
we do it the same way as with two whole
numbers but we ensure that the decimal
point is inserted in the answer vertically
aligned with the divided.

Example 2.31

Simplify:
0.303 52 + 8
Solution
0.037 94
810.303 52
-24
63
-56
75
-72
- 32
32

0

In dividing a decimal number with another
decimal, multiply the divisor and dividend
by a power of 10 to make the divisor a
whole number then divide as usual.

Similarly, When dividing a decimal by a
power of 10, count the zeros in the divisor,
and move the decimal point an equal
number of places to the left.

Example 2.32
Evaluate:

(a) 0.376 2 + 0.09
(b) 82.13 = 100



Solution

(a) 0.376 2 _ 0.3762x100
0.09 0.09 x 100

= 3162 = 418
9
(b) 82.13 +100 = 0.821 3

Exercise 2.11

1. Evaluate:
(a) 0.26 ~ 2
(b) 0.714 42 + 243
(c) 0.00735 =2
(d) 1.092 + 0.28
(e) 0.054 18 +6.02
(f) 0.1829 + 0.031

2. Simplify:
(a) 0.681 + 100
(b) 0.02 =100

(c) 118.7 =100

3. A length of 3.99 m of shelving is
available for storing some copies
of a school textbook, which is
4.2 cm thick. How many books can
be stored?

4. Woka walks at the rate of 44 paces
in 0.5 minutes. If each pace is 8.75 x
10 cm long; find the time he takes to
walk 2.31 km.

5. Twenty five sheets of aluminium
of a gauge have a total thickness of
18.75 cm. What is the thickness of
each sheet?

(d) Mixed operations on decimals

Activity 2.22

1. Work out the following:

(a) 0.85 + 0.64 + (0.08 x 0.14) —
0.06

(b) 11.574 x 0.72 + 0.9 x 0.76 —
4.84

(c) 729.084 + 0.3 x 0.018 — (69.44
+20.024)

2.  What operations are you supposed
to begin with? Would there be a
difference if you carried out the
operations as they appear? Show
this with an example.

—

From activity 2.22 you realize that an
expression of decimal numbers may
include more than one operation. Just
like integers and fractions, the order
of operation would be as follows:
“BODMAS”

(1) Perform the operations within the
brackets.

(i1) Perform by division followed by
multiplication.

(iii) Perform the addition followed by
subtraction.

Example 2.33

Find the value of each of the following:

(a) 5.4+32-8.2

0.3 x0.08
() 0.05

(c) 23.97+2(11.4-6.03)-7.8

Solution

(a) 54+3.2-8.2=8.6-8.2=0.4
(Addition followed by subtraction)
(b) 0.3x0.08 _ 0.024 x100

0.05 0.05 x 100
= 24 _
= 5 =048

57



(¢c) 23.97+2(11.4-6.03)-7.8
=23.97 + 2(5.37) — 7.8 (brackets
first)
=23.97 +10.74-17.8
(Multiplication follows)
= 34.71 — 7.8 (finally subtraction)

=26.91

Exercise 2.12
Find the value of:
1. (a) 4.5+ 3(10.7-3.75)
(b) {(5.5-2.25) + 6.5 x 0.4}

(c) 86.4x0.03
0.4
(d) 0.15-1.2x2.8
0.18x0.8 x25
(e) 0.32x(2.014 + 0.783)

() 46.5-3(0.75)
335+55

2. Keza spends % of her salary on
accommodation and % of the
remainder on food. What fraction is
left for other purposes? (express your

answer in decimal form).

A

It is helpful to always plan and
have a budget for your income
since it keeps you focused on
your money goals.

3. How many whole pieces of string
9.7 cm long can be cut from 1 500
cm of string if there is a wastage of
0.02 cm in every piece?

4. A watering can holds 2.54 litres of
water. How many such cans could
be filled from a tank that holds 100
litres? How much water would be left
over if the tank leaks 0.08 litres of
water once filled?

5. A piece of wire is 18.4 cm long. If
7.4 cm is cut from it, what length of
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wire remains? If the remaining piece
is further subdivided into four pieces,
what length of wire remains?

2.7 Conversion between decimals
and fractions

(a) Changing fractions to decimals

Activity 2.23

Divide the following fractions to obtain
a decimal number. Use the long division
method to divide.

1

. . 4
€y, ) (ii) 5
oy 12 5 1
(ii1) T @iv) 3
What do you notice?
Is there a fraction that is not ending

when you divide? What do you call such
a fraction?

From Activity 2.23, you learn that, fractions
are changed to decimals by dividing the
numerator by the denominator.

When you divide a fraction such as l,
the same number(s) repeat itself without
ending. This number is called a recurring
decimal.

Example 2.34
Change the following fractions to decimals

2 1
(a) 5 (b) 7
Solution
(@) 2

0.4

5'2.0
2.0

AINY
I
S
EN

00



1
O
0.142857

7110
~ 7
30

28

20
14

_ 60
56

_ 40
35

_ 50
49

+ 1

0.142857...

N~

(b) Changing decimals to fractions

Activity 2.24

Convert the following decimals into
fractions.

1 04 (i) 0.12 (ii1) 0.025
(i1) How can you tell the number of
zeros to include in the fraction

as the denominator from a given

decimal number?
—

From Activity 2.24, you realize that,
decimals can be converted back to
fractions. This can be done by looking at
the number of decimal places.

For instance, 0.4 has only one decimal
place and we therefore divide by 10 i.e.
_ 4 _2
0.4= 45 =3
Similarly, 0.025 has 3 decimal places and
we therefore divide by 1000 i.e.
25 1

0.025 = m = E

(c) Changing recurring decimals to
fractions

Activity 2.25

Convert 0.222 into a fraction.

Follow the following steps

Lety = 0.222 be equation (i).
Multiply equation (i) by 10

You should obtain 10y = 2.22. Let this
be equation (i1).

Subtract equation (i) from (i1).

Make y the subject of the formula.
What did you obtain?

Why did we multiply by 10 and not 100
or even 1000?

Try to change the fraction back to the
decimal number.

Do you still obtain the same original
decimal number?
—

From Activity 2.25, you have learnt that
it is possible to change recurring decimals
to fractions.

From the activity, you should have
obtained, 0.222... =

Since only one digit is recurring and it
i1s in the tenth position, we multiply by
100. If we had for instance 0.1233333..,
we would have multiplied by 1 000, since
3 is recurring and it is in the thousandth
place value. This helps us to obtain a
whole number once we take away the
two equations that we form in the process
of converting the decimal number to a
fraction.

Nl W]

On changing this back to a decimal
number, you wil still obtain 0.22222
which is recurring.
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Arecurring decimal e.g. 0.222 ...,0.12323
...,0.213213.... etc are normally written in
short form as 0.2, 0.123, 0.213 etc. The
dot is put above the recurring digit(s).

Example 2.35
Convert to fraction:

G) 0.16 (1) 0.213
Solution
G) 0.16

Lety = 0.1666..... (D
Multiplying 100 both sides, we get,
100y = 16.666.... (2)
Subrracting (1) from (2) we get,
100y = 16.666

-y =0.1666

99y = 16.5

Mulniply by 10 to remove the decimal place.
990y =165

Hence y = é—g‘; = %

(i) 0.213

Lety=0.213 213 213........ (D
Mulriply (1) by 1000

1000y = 213.213 213......... 2)

Subtract (1) from (2)
1000y = 213.213213
—y = 0.213213

999y = 213

213 _ 71

T 999 T 333
h 0.213= 2L
Therefore, 0. = 333
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Exercise 2.13

1. Express the following fractions into

decimals.
3 8 1
(@) 3 ®) 3 © =
4 7 10
d 3 e 7z O 7
5 13
(® 7 M) 1o
2. Convert the following decimals to
fractions.
(a) 0.2 (b) 0.62 (c) 0.012
(d) 0.001 (e) 1.4 ) 1.2

3. Convert the following recurring
decimals to fractions.

(a) 0.5 (b) 0.72
(d) 0.717 (e) 0.12
(g) 0.3038 (h) 1.13

(c) 0.13
() 0.486

2.8 Set of real numbers
Activity 2.26

Use your calculators to find the square
roots of:.

(a) V12 (b) 36
(e) What do notice?
(f)  Add and subtract the following:
(i) 573 +2V3
(i) 2v3 -5V7
(g) Work out the following:
(i) 2V7 x5V6
(i) 65 +3V5
Now write down five rational numbers,
irrational numbers and real numbers.

Deduce the relationship between the

two.
—



From Activity 2.26, you realize that the
set of rational numbers and the set of
irrational numbers form the set of real
numbers.

The set of real numbers is denoted by R.

Real numbers are represented on a
number line as infinite points or they
are set of decimal numbers found on a
number line. This is illustrated on the

number line below.
-T VZ Ve IO 29
|

"
01 2 34 56

+—— >
% -5 4 -3 -2 -1
Fig. 2.24

Note: All these sets are subsets of real
numbers that is natural numbers, integers,
rational numbers, irrational numbers. This
can be shown in the Venn diagram below.

R

Fig. 2.25

Example 2.36

Given € = {Set of integers between -10 and
+10}, list and show on aVenn diagram the
subsets E = {set of even numbers},

D = {set of odd numbers}, set P = {set of
prime numbers} and N = { set of Natural
numbers}.

Solution

Exercise 2.14

1.

Find the square root of each of the
following.

(a) V6 b) V8 (o) V3
(d) V10 (e) \26 (f) \T3
(g) V103

Show the following real numbers on
the number line

(a) —4,1.7,7, V2 ,3.8,-1
(b) —2,1.1,-m, V6 ,-2.8,1
Given that V2 = 1.41413,

V3 =1.732050 and
V6 =2.4434809, find:

(a) V6 —N2 (b V3 + V2
() V3 = N2 (@V6 + V2
(e) V6 — 3
Given ¢ = {-2, 3, 8,16, 25,27, 36, 37,
V6 V11, 2.3, 81}, list and show on a
Venn diagram the subsets Z, Q and N
where:
Z = {integers}, Q= {rational numbers} and
N = { natural numbers}
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2.9 Summary of properties of
operations on real numbers

(a) Cummutative property
Addition and multiplication of real
numbers are commutative.
a tb=b+a
axb=bxa
For example, if a = 2 and B = 4.5, then
2+45=45+2

6.5=6.5
2X45=45x%2
9=9

Subtraction and division of real numbers
are NOT commutative.

(b) Associative property
Addition and multiplication of real numbers
are associative.

atb+c=(a+tb)+c=(a+c) +b

axbxc=(axb)xc=(ax*xc) xb
For example,ifa=5,b="7 and c = 8, then
5+7+8=05+17)+8

20 = 20
5x7x8=(5x7)x8=(5%8)x7
280 = 280

Subtraction and division of real numbers
are not associative.

(c) Distributive property
Multiplication has a distributive property

over addition and subtraction of real
numbers.

alb+c)=ab+ ac

a(b-c) =ab- ac.
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For example,ifa=2,b =3 and c =5, then
23+5)=2x%x3)+2x%x5

16 = 16
23-5)=(2%x3)-2x5
4 =4

(d) Identity operators on real numbers

An identity operator on a real number
leaves the value of the number unchanged.

Consider the real number a

(1) Zero (0) 1s an identity in addition and
subtraction operator on real numbers.
a+0=a,
a-0=a
For example, if a = 4, then
4 +0=4and
4-0=4

(i) One (1) is an identity in
multiplication, division and index operator
on real numbers.
axl=a
a+1=a
a'=a

For example, if a = 2, then

2 x1=2,
2 +1=2and
21=2

Unit summary

1. A set (N)of natural numbers, is the
set of counting numbers i.e. Set
N={1,2,3,4,..cccc....... }.

2. Even numbers, odd numbers, prime
numbers, are all subsets of natural numbers.

3. Addition of natural numbers is
commutative and associative.



Multiplication of natural numbers is
commutative and associative.

1 is the identity element of multiplication.
Multiplication is distributive over addition.

Set of integers Z= {............. 5 -3, -2,
-1,0,1,2,3, i }.
Natural numbers is a subset of

integers.

Integers are also called direct
numbers.

v

< | | |
il I I I I
6 5 4 3 -2 -1 01 2 3 4 5 6

10.

11.

12.

13.

14.
15.

16.

17.

Fig. 2.27

Integers increase towards the right
on the number line and decrease
towards the left of the numberline.

Recurring decimals are decimals

which do not end.

Set of irrational numbers

Q= (1,2, 5,5 5o}

The union of rational numbers and
irrational numbers give real numbers.
Set of real numbers is denoted by R.

A set of integers is a subset of rational
numbers.

A set of rational numbers is a subset
of real number.

A set of irrational number is a subset
of real number.

Unit Test 2

1.

2.

Write down a set of all prime numbers
less than 30.

Use the following number lines to
determine the results.

(a)
-5
- +7 _
<l | | | | | | | | VI | | [
il I I I I I I I I I I I =
2 -1 0 1 2 3 4 5 6 7 8 910
Fig. 2.28
(b)
+4
- -3
-

\

Fig. 2.29

Use a number line to find the value
of:

(2) +6 — (+4)
(c) 4-(-3)
Work out the following:

@ COXE () (2) x (+3y)

(b) -3 = (+5)

(c) (+18x) + (-3x)

Find the values of;

(@) {9+ (2)X(-15)}x(-2+7)+3
) —6 + (-5) + 8 x -2

4+ (-2)
() -3x23+(-5) x(-1)-8x(-4)
9 x -2
Evaluate

. 16 2
(b) ?—(211 +66)THXZ

(c) 0.45+(2.45-1.009) ~ 0.2 +
0.008

(d) 0.547 x 0.12 + 2.1
+0.007

(e) 16.57 — (12.432 = 0.04) x
(16 x 0.4) + 1.16

- 0.46
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3

LINEAR FUNCTIONS, EQUATIONS
AND INEQUALITIES

Key Unit Competence

By the end of the unit, I should be able to
solve problems related to linear equations,
inequalities and represent the solutions
graphically.

Unit outline

* Linear functions

+ Equations

* Inequalities

3.1 Linear functions
Activity 3.1

Research from the library using
mathematics books or the internet the
meaning of linear functions.

Discuss and summarize your findings.
Give some examples of linear functions.

Compare your findings with the
discussion below.

A linear function, also known as a linear
equation, is a relationship between two
variables, say x and y, whose graph
represents a straight line. This relationship
is often written in the form y = mx + ¢
where m and c are constants. Examples of
a linear functionarey =x+ 1,y = 2x — 3,
y = -3x + 4 etc. It is also possible to have
a constant function in one variable such as
y=3,y= —g,.x = '11, x = -2 etc which
can also be written in the form y = k and
X = ¢ where k and c are constants. In this
unit, we are required to represent linear
functions graphically but we will give more
details later.
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3.1.1 The number line

Let us remind ourselves how we locate
rational numbers on a number line. This
will be a good starting point to discuss the
Cartesian plane and coordinates.

3.1.2 Position of a point on a number
line

You are already familiar with the number
line.

The number line is a graph or a picture
of all the negative and positive numbers.

Activity 3.2

Draw a number line and on it illustrate:
G -7,-3,1,5,9,13,-2.5,6.5

(i) All natural numbers between 4
and 15.

(ii1)) The set of numbers x: 1<x < 10.
@iv) x:4% <x<7;x:1<x<09;
{_23 O) 53 7}

Fig. 3.1 is an example of a number line.
If we mark points on the number line,
we can say exactly where they are on the

number line.
D B C A

6543210123456 789
Fig.3.1

In Fig. 3.1, A is 4 units to the right of zero
and B is 3 units to the left of zero. This
can be shortened to A (4) and B (73).

Similarly, C is the point C(%) and D is
the point D (75).

A (4), B ('3), C(%) and D(-5) give the
positions of A, B, C and D on the number

line with reference to zero (0).



3.1.3 Position of a point on a plane
surface

As an introduction to the work on the

Cartesian plane and the coordinates, the

discussion below involves the whole class.

Participate actively as the teacher leads

you through the discussion.

Activity 3.3

Fig. 3.2 shows a plan of the desks in a
classroom. Each rectangle represents
a desk. Describe the position of the
shaded desk.

00000000
o0 000000
0000000t
~0000o0ooo
«Ooodogt

*  You might describe the desk as
being in the fourth column and
fifth row. If we agreed to write this
as (4, 5), it would mean 4 columns
across from the left-hand side and
then 5 rows up (i.e. from the front
towards the back).

*  Does (5,4) mean the same position?

* It is clear that the order of the
numbers inside brackets is
important and so we call pairs like
these ordered pairs.

o If all the desks in the classroom
were removed and then you were
asked to put your desk back in the

room, exactly where it was before,
how would you do it?

» If you knew it was 5 metres from
one wall and 6 metres from another,
could you do it then? How many
places on your classroom floor are
5 m from one wall and 6 m from
another? We have to decide which
walls we are going to use.

Fig. 3.3 shows one way in which you might
fix the position of your desk.

]

|

6 m

Teacher

Fig. 3.3

We could say that the desk has an ordered
pair (5, 6), to mean five metres from the
left-hand wall and six metres from the
front wall.

From the above discussion, you should
have concluded the following: to locate a
specific point.

1) You need a reference point.

ii) You need the direction.

3.1.4 Drawing and labelling axes

In our desk example, without the desks
in place, it would be difficult to locate
the exact position of any desk. To locate
relative position of any point, we use a
more accurate method where we have a
reference point as well as a reference pair
of lines. The lines are perpendicular, one
vertical and the other horizontal, the two
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lines meet at a point generally denoted
by O. For an accurate representation we
use a standard grid system (1 cm squares)
known as graph paper.

Using a pair of lines on a graph paper
and the information in Fig 3.4, we can
show the relative position of the shaded
desk. We will use a suitable scale on both
number lines.

Scale: I cm represents 1 m
8
Vertical axis
7
D
o === ———— 4
1
g i
£5 i
1) I
1 1
= |
24 1
A |
1
3 1
|
1
2 I
[}
1
1
1 1
1
: Horizontal axis
O 1 2 3 4 5 6 7

Distance in m
Fig.3.4

The two reference walls have been replaced
by a pair if number lines perpendicular at
a point O which replaces the floor corner
where the walls meet.

The point marked D represents the
relative position of the desk with reference
to the two axes and the origin.

3.1.5 Drawing vertical and
horizontal lines

The pair of lines discussed above refers
only to positive direction of the number
line.
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Fig. 3.5 shows the number line extending
to both positive and negative directions.

We have used a different scale to draw and
label vertical and horizontal lines Fig. 3.5.

Vertical Scale: 1 cm: 2.5 units
Horizontal Scale: 1 cm: 5 units

L0t u L

Horpzontal axis

20 10 0 10

=10,

Vertigcal axis

Fig. 3.5

Line [, to [, in Fig. 3.5 can be described
with reference to the two number lines.

For example,

[, is a vertical line 15 units from the
vertical axis and perpendicular to the
horizontal axis. Similarly,

ls is a horizontal line, parallel to the
horizontal axis and perpendicular to
the vertical axis.

Activity 3.4

Describe the remaining lines in a similar
way as has been done above.




Exercise 3.1

1.

2.

In Fig. 3.6, A(2) gives the position of
A and B( 4) gives the position of B.
State the positions of C, D and E in
the same way.

B C E A D

4 3727101 2 3 4 5 6

Fig. 3.6

Draw a number line from -5 to 5. On
it, mark the points A (3), B (-1), C
(43 ) and D BL).

On a graph paper, draw a number line
from 2 to 2. On it, mark the points A
(1.0),B (0.4),C ("1.6), D (" 0.7) and
E (1.3).

Fig. 3.7 shows points on a centimetre
square grid. Starting from the point
marked O, and using ordered pairs,
the position of R is ("2 , 3), meaning
that Ris 2 cm to the left of the vertical
axis and 3 cm up from the horizontal
axis. In a similar way, describe the
positions of points P, Q, S and T.

A

2
=4

R

W=

3.1.6 The Cartesian plane

Activity 3.5

Draw a plan of desks in your classroom
similar to the one in Fig 3.2.

Identify a pair of suitable walls to act as
the vertical and horizontal axes. Using
the columns and rows of desks, describe
the position of your desk, and those of
other members of your group. Compare
your answers with the rest of the class.

Use actual measurements, and a suitable
scale to locate position of your desk.

The positions of points on a line are found
by using a number line, and are written
down using a single number e.g. P("7).

Learning point

The positions of points on a plane
surface are found using two fixed
number lines (i.e. two directions),
usually at right angles, and are written
down using two numbers.

A

\

Fig. 3.7

In Fig. 3.8, starting from the zero point,
O.

A 1s 2 units to the right and 3 units up,
written as A (2, 3).

B is 4 units to the right and 0 units up,
written as B (4, 0).

C is 0 units to the right and 2 units
down, written as C (0, 2).

D is 2 units to the left and 2 units down,
written as D (72, 2).
Activity 3.6

In a similar way, find the positions of
points E, F, G, H, I, and J.

67



31 +A(2,3)
o F

D (’5,’2)

41
Fig. 3.8

Fig. 3.8 such is a graph, of the points A—]J.
In a graph like this, the number lines are
called axes. They cross at the zero point
of each axis at a point called the origin.
The axis going across from left to right is
called the x-axis. It has a positive scale
to the right of 0 and a negative scale to
the left of 0.

The axis going up the page is called the y-
axis. It has a positive scale upwards from
0 and a negative scale downwards from 0.

A plane surface with x and y axes drawn on
it, such as Fig. 3.8, is called a Cartesian
plane. It is on such a plane that we can
now plot points and draw required graphs.
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Point of interest

Cartesian coordinates is named after
the great French philosopher and
Mathematician Rene’ Descartes
(1596-1650) (whose Latin name was
Cartesius). Descartes’ was the first
person ever to use coordinates, and he
is therefore considered to be the founder
of coordinate geometry.

The ordered pairs that describe the
positions of points on a Cartesian plane
are called Cartesian coordinates. The
first number is called the x-coordinate and
it gives the distance of the point from the
origin in the direction of the x-axis. The
second number is called the y-coordinate
and gives the distance of the point from
the origin in the direction of the y-axis. For
example, in (5, 7), 5 is the x-coordinate
and 7 is the y-coordinate.

Exercise 3.2
In this exercise work in pairs

1. Name the points in Fig. 3.9 which
have the following coordinates.

(a) (0,1.5) (b) (0,70.5)
() (1,72) (d (2,1
(&) (0.5,2.5) (f) (1,72.2)
(2 (2,71 (h) (°2,3)
1 (25,1 0) 4 1)
(k) (1.4,70.6) (1) (3,0)
(m) (1, 0) (n) (2.5,71)
(0) (73, 0)
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Fig. 3.9

2. What are the coordinates of the points
A,B,C,D,E, F,G,HI]J, Kin Fig.
3.10?

Loy
>

[\S}

[P

DN

Fig. 3.10

3. In Fig.3.11 write down the coordinates
of the vertices of:

(a) triangle ABC.
(b) parallelogram PQRS.

Algebra

15

1 ~

/
I
q
215> =5 ) 5 1
-5
r::>* <A AT I
~~ N
B ~-10
=15
Fig. 3.11

4. State the coordinates of the vertices of

the ‘arrow’ in Fig. 3.12.

/

/

2

N

—
i

Fig. 3.12
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5. Fig. 3.13 shows part of a map drawn on a Cartesian plane.

o«

School

Borehole

Hospital

Find the coordinates of the point in:
(a) the school (b) the borehole
(c) the farm (d) the hospital

(e) the top of the hill

(f) the intersection of the road and
railway line.

(g) the point where the railway line
crosses the river.

(h) the point where the road crosses
the river.

3.1.7 Plotting points
"To plot a point means to mark its position
on a Cartesian plane.

Procedure:

1. Start at the origin.

2. Move along the x-axis the number of
steps, and in the direction given by the
x-coordinate of the point. Fig. 3.14

3. Move up or down parallel to the y-axis
the number of steps, and in the direc-
tion given by the y-coordinate of the
point.
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4. Mark the point with a dot (.) or a cross

(X).

To choose the scale of a graph, check what
the highest and lowest values of x and y
are in the given points. Choose the scale
such that the axes include all the numbers.
The scale should be as large as possible to
make it easy to plot and read coordinates
accurately. We normally use 1 cm (square)
to represent 1, 2, 5, 10, 20, 50, 100, . . .
units. Do not use scales in multiples of 3
or such numbers as 7, 11, etc! They are
not easy to subdivide when need arises.

Activity 3.7

Draw a pair of x and y axes and on
them mark a scale that extends to both
+ve and —ve directions. Mark and label
several points on the plane, ensuring
that there are at least three points
marked in every quarter of the plane.

—



Example 3.1

Plot the points (2,73) and (2.4,1.8) on a
Cartesian plane.

Solution

The dotted lines in Fig. 3.14 show the
method of plotting.

For (2,73):

x-coordinate is 2, i.e. 2 steps in the positive
direction of x-axis. y-coordinate is ~3,1.e. 3
steps in the negative direction of the y-axis.

y
A
3-.
1624, 1.8) 1
i o
| start
FRIT T2 1 0 1 yi 3
L |
1 {
o :
H b
+ +-(25-3)
4
Fig. 3.14

For (2.4,1.8):
Move 2.4 steps to the left along the x-axis.
Mowve 1.8 steps up parallel to the y-axis.

Note that the dotted arrows in Fig. 3.14 are
not normally put on the graph. They are used
here only to show the method of plotting the
points, and for the purposes of demonstrating.

Example 3.2

The vertices of a quadrilateral are:
AC7.5,75), B(0,75), C(7.5, 7.5), D(0,
7.5).

(a) Using a suitable scale, plot the points
A, B, C and D.

(b) Foin the vertices of quadrilateral
ABCD and state what kind of
quadrilateral it 1s.

(¢)  Find the coordinates of the intersection
of the diagonals of ABCD.

Solution

(a) The highest value of x-coordinate is
7.5 and the lowest is ~7.5. The x-axis
must include these numbers.

The highest y-coordinate is 7.5 and
the lowest is 5. With a scale of ‘1
cm represents 1 unit’ on either axis,
it should be possible to include all
the numbers but the figure would
be unnecessarily large. A scale of
2 cm represent 5 units’ should be
appropriate so that the figure is
neither too large nor too small. The

pownts are plotted in Fig. 3.15.

y

10

“10 B 0 5 X

~10

Fig. 3.15

71



(b) ABCD 1s a parallelogram.

(c) The point of intersection of the
diagonals is (0, 1.25).

Exercise 3.3

1. On squared or graph paper, plot the
following points, taking one square to
represent a unit on both axes.

A (1.5,70.5), B (0.5, 2.5) and
C@4,1l.5).

Given that ABCD is a parallelogram,
find the possible coordinates of D.

2. Using a scale of ‘1 cm represents 2
units’ on both axes, plot the following
points.

A (8, 10), B ('8, "10), C (3, 5),
D (76,9),E ("4,77), F (1, 8), G (2, 0),
H (0, 6), I (2.4,5.2), ] (4, 3.8),
K (0, 6.6), (0.8,77.8).

3. The vertices of a triangle are
X(0.5, 0.8),Y (0.5, 2.4) and
Z (2,0.8). Find the area of the triangle.

4. Plot the following points, joining each
point to the next in the order they are
given. A (1,5),B (3,5),C (5,3),D
G, 1),EG,D,F1,3),G (3, 3).

Draw in BE, GC and GA.What is the
name of the solid formed?

5. Look carefully at the following sets of
coordinates. Decide, without drawing,
what shape they will make when they
are joined together.

(a) (4,2),(4,4),4,5),(4,6)
(b) 2,3),4,3),5,3),(7,3)
(© 1,1),(2,2),3,3), 4,4

Now plot the given coordinates. Join
each set of points. Were you right?
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3.1.8 Linear graphs

We are now in a position to draw graphs
of linear functions. We start with the linear
graphs involving only one variable i.e.
simple vertical and horizontal lines.

We have learnt how to choose appropriate
scale and use it to plot points whose
coordinates are given. In this unit, we
will expand our graphical work restricting
ourselves to linear graphs only.

The ordered pair (x, y) represents
coordinates of any point (i.e. a general
point) on the Cartesian plane.

Consider the equation y = 3. For all values
of x, y is always equal to 3. Thus (x, y)
may lie anywhere on the line shown in
Fig. 3.16.

53’1
4
3 yE3
2
1
= 1

2 0 1 2 3 4

1

Fig. 3.16
vy = 3 is called the equation of the line
and Fig. 3.16 is the graph of the line y = 3.

Fig. 3.17 shows lines which are parallel
to the axes. The equation of each line is
written beside it.

Note that the equation of the x-axis is
v =0,1.e. the line on which all points have
the y-coordinate as 0.

Likewise x = 0 is the equation of the
y-axis.



Activity 3.8

Draw a pair of horizontal and vertical
lines and label them x- and y- axes
respectively. Using same scale on both
axes, draw five different vertical lines
and five horizontal lines and state
their equations. On a different pair of
axes, draw the lines whose equations
arex =4,x=1,x=-2,x =3,y = 3,

=-4,y=5,y= 21 , ¥ = 0. The result
of Activity 3.8 shoulgl resemble Fig. 3.17
below. These are examples of linear
functions in one unknown.

y o
Il
L 4
il T (35]
1 Il
8 3“ ®
2 cans)
1--
E = | | %
Z ! 0 1T 2 3 72
—
Ve
2
Fig. 3.17

—
Consider the equation y = x + 2 (a linear
equation in x and y). For every value of x,
there is a corresponding value of y, x and
yare called variables. The equation gives
the connection (or relation) between the
variables.

For example,ifx =0,y =2;ifx =1,y = 3;if
x =3,y =15, etc. These values can be writ-
ten as ordered pairs of corresponding x
and y values as: (0, 2), (1, 3), (3, 5), etc.

If these pairs are plotted as points on the
Cartesian plane, they give the graph of
the equation y = x + 2, as shown in
Fig.3.18.

Since the points lie on a straight line, they
are joined using a straight edge or ruler.

y“
4
V=x 42

3

T o s

X

-1
2V

Fig. 3.18

3.1.9 Graphs of a straight-line
(Table of values)

When drawing a graph of a linear equation,
it is sufficient to plot only two points. In
practice, however, it is wise to plot three
points. If the three points lie on the same
line, the working is probably correct, if not
you have a chance to check whether there
could be an error in your calculation.

Consider the equation y = 2x + 3.

If we assign x any value, we can easily
calculate the corresponding value of y.

y=2x+ 3,

when x =0, y=2x0+3=3
when x =1, =
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whenx =2, y=2x2+3=7andsoon.

For convenience and ease while reading,
the calculations are usually tabulated as
shown in Table 3.1

x 0 1 213 4

2x 0 3 416 8

+3 3 3 313 3

y=2x+3|3 5 719 |11
Table. 3.1

From the table the coordinates (x, y) are
0, 3), (1,5), (2,7), (3,9), (4, 11)......

A table such as Table 3.1 is called a table
of values for y = 2x + 3.

Activity 3.9

Using a dictionary or the internet, find

the meanings of the terms.

(1) Variable.

(i1)) Dependent variable.

(i11) Independent variable.
I
In general a variable means;

* A quantity which is not constant i.e.
a quantity able to assume different
numerical values under different
conditions.

* Inafunction such asy = ax + ¢ where
a and ¢ are constants, x and y are
variables.

* The value of y depends on the value
of x 1.e. the value of y is determined
by the value of x.

* Thus: yis the dependent variable and
x the independent variable.

From the calculations, the value of y
depends on the value of x. y is therefore
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called the dependent variable and x the
independent variable.

When drawing the graph, the dependent
variable is marked on the vertical axis
generally known as the y — axis. The
independent variable is marked on the
horizontal axis also known as the x — axis.

Fig. 3.19 shows the line whose equation
isy=2x+ 3.

X
2 f -1 fo) 1 2 3 4 5
Fig. 3.19

The graph of y = 2x + 3 is neither vertical
nor horizontal. It meets the two axes
at distinct point A and B. (-1.5, 0) and
(0, 3) respectively.

The point B is called the y-intercept and
has cordinates (0, 3).



Exercise 3.4

1.

On a Cartesian plane, draw and label
the lines whose equations are:

(a) x=5 b)) y=-2

(c) y=3.5 (d x=-4

For each of the following lines, find
the coordinates of any two points on
the line. Use the points to draw the
lines whose equations are:

(a) y=x+1

(b) y=5x-1

(o) v+ }Lx =2

(d) 2x—-y=3

Hence, state the coordinates of the
point where:

(1) y=x+1andy=5x—1 intersect.
(ii) y+ }LX =2 and 2x—y = 3 intersect.
Copy an complete Table 3.2 for the
equation 3y + 2x = 21

6 | 3] 0] 3
11| - - -

Table 3.2

(a) Using a scale of 2 cm to represent
1 unit on both axes, draw the
graph of 3y + 2x = 21

(b) Use your graph to find the value
of:

(i) ywhenx=-1.5
(1)) xwheny =4
Use a suitable scale to draw on the

same axes the line:
1

1 1
y=3%X5 V= §x+2;y= gx—2
for values of x fromx=-6tox =6
What do you notice about the three
lines?
Copy and complete Table 3. For
y=2x-1

X -2 | -1 0 1 2
y -3 1
Table 3.3

Draw the graph of y = 2x — 1.
(b) Find the value of y when x = 4.
(c¢) Find the value of x when y = -2.

(d) Write down the coordinates of
the points where the line meets
the axes.

3.1.10 The y and x intercept

Activity 3.10

e Consider the linear functions
3x + 2y =4 and x—y = 3.

* Make separate tables of values for the
functions for values of x: -2 < x < 4.

» Choose an appropriate scale for both
axes.

* DPlot the points and join them to form
two straight lines.

* If your lines intersect, state the
coordinates of the common point.

* Does the line 3x + 2y = 4 meet the
axes? If so, state the coordinates,
where:

(1) It meets the y — axis.
(i) It meets the x — axis.
* Repeat bullet 6 for the line x —y = 3.

—

From activity 3.10, a line which is neither
vertical nor horizontal meets the two axis
at two points. The two points are

1) The y-intercept and
i) The x — intercept respectively

From your activity, the line whose equation
is 3x + 2y = 4 meets the y — axis at (0, 2).
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Similarly, the line whose equation is
X —y = 3 meets the y — axis at the point
(0, -3).

The points such as (0,2) and (0, -3) are
called the y-intercepts.

These intercepts can be obtained without
drawing the graphs as follows:

The function 3x + 2y =4
2y =-3x+4
3
y=(3)x+2
On the y — axis, x =0
Swhenx =0,y = (—g) x0+2
=2
.. the y — intercept is the point (0, 2), also
written as the y — intercept is 2.

Similarly, we have seen the linex—y = 3

meets the y — axis at (0, -3).

The functionx-y=3= -y=-x+3
y=x-3

The function y = —i)x + 2 is called the

y-intercept form of the equation 3x + 2y
=4

In general, the general equation of a line
can be written in the form y = mx + ¢

where m and c are constants and c is the
y-intercepts.

We can use a method similar to the one
above to find the x — intercept.

Activity 3.11

Find the x — intercept and y — intercepts.

*  Use the functions
y—-x=2,y-2x-4=0,
y+x+3=0,y=3x-2,
y+2x=5,y—-x=1

e Draw the graphs of the given
functions.
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*  Copy and complete the table below.

Function y-intercept | x-intercept

y—x=2
3y—-6x—-12=0
y+x+3=0
y-3x=-2

2y +4x =10

2y +x=2

Table 3.4
—

Exercise 3.5

1. In this question, write each question
in the form y = mx + c. Hence make a
table of values for each question and
represent the equations graphically
(a) 5x+2y=0
b)y-3x-1=0
(c) 2x+y=3
(d) 4x—-2y+3=0
(e) 2x+3y=3
(f) 5=5x-2y
(g) 2x+3y=6
(h) 8—7x-4y=0
Use your graph to find the value of x
and y intercept in each case.

2. Find the y-intercept of the following

without drawing the graphs.
(a) y=3x+7

(b) 7-2x =4y

(c) 4y +x-8=0

(®2y+%x+ =0

O\~

@)gy—15=§x
(f) -10 (x +3) = 0.5y
(g) y=5x—-4

(h) 2y +x=7

(1) 5x+6y—-4=0
() 2y-8=17x



3. Find x-intercepts of the lines in
question (2) above.

3.1.11 The gradient of a straight line

A bus conductor wishes to move some
luggage to the roof rack of his bus. To
get onto the roof, he uses an extendable
ladder which he places in position AC, as
shown in Fig. 3.20.

Fig. 3.20

The height BC of the bus is 2.8 m and

the distance AB is 2 m. For every one

metre that the conductor moves horizon-

tally, what is the corresponding vertical

distance?

This may be expressed in ratio form as:
Vertical distance _ 2.8

- =14

Horizontal distance ~ 2

Suppose that the conductor extends the
ladder further so that it is in position DC
(dotted). Will he find the climb to the top
of the bus any easier? Why?

If the ladder is in position DC, and given
that BD = 2.5 m, what is the corresponding
vertical distance for every one metre that
the conductor moves horizontally?

You should find that the ratio

Vertical distance

- - isn 1.12.
Horizontal distance § now

. Vertical distance .
The ratio, . - 1S a measure
Horizontal distance

of steepness or slope. It is known as
gradient. Gradient measures how steep

an incline is.

Notice, therefore, that gradient is higher
for a steeper incline.

3.1.12 Determining the gradient of

a line through known points
The gradient of a straight line is deter-
mined in the same way as that of the
inclined ladder in Fig. 3.20.
In Fig. 3.21, OC is a straight line through

the origin.
Y

Fig 3.21

In moving from O to C, we move 1 step
vertically for every two steps that we move

horizontally.
Thus the gradient of line OC is
Vertical distance  _ 3 _ 1

Horizontal distance 6 2

Activity 3.12

(a) Draw the line whose equation is
given as 2y — 3x = 4

(b) From your graph, find the
y-intercept.

(c¢) Identify any three points A, B, C on
the line such that A(x;, y,), B(x,,
y,) and C(x5, y5).

(d) Using points A and B, find the
vertical distance y, —y, from A to B
and the horizontal distance, X, — X,
from A to B.
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_yl
—X

and in their

y
(e) Find the ratio —

simplest form. !

() What do you notice about the three
Y3— Y Y3-Y,

quantities in o=x, and =%, ®

above?

(g) Using the bus example method,
what is the gradient of the line?

(h) Now, express the function
2y—-3x=4inthe formy =mx + c.
State the values of m and c.

(i) Comment on the value of m.

From your activity 3.12, you should
have observed that :

Y2_Y1 _ Y3_yl _ Y3_yZ

2 =% Xy = a5 X5 =23

—

For any line passing through points

P(x,, y) and Q(x,, v,) as shown in
Fig. 3.22.

Q(x, , ¥,
253 Salntaieinieiiee el

LT 7 -

Fig. 3.22

Vertical distance

Gradient = . -
Horizontal distance

_ change in y-coordinate
corresponding change in x-coordinate

Yo=Y
X%

1. If an increase in the x-coordinate
causes an increase in the
y-coordinate (Fig. 3.23(a)), i.e.
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the line slopes upwards from left
to right, the gradient is positive.

Vi

Positive
gradient

Increase

Fig. 3.23(a)

2. If an increase in the x-coordinate

causes a decrease in the y-coordinate
(Fig 3.23 (b)), i.e. the line slopes
downwards from left to right, the
gradient is negative.

yi
Start

Increase

Negative

|

|

|

} Decrease
gradient }

Fig 3.23 (b)

Activity 3.13

On a Cartesian plane plot the points:
(@ (3,5),(7,8) (()(2,5),4,7)
(C) (O: 4): (29 O) (d) ('13 4)9 (3: ‘1)
(e) ('13 2)3 (13 '1)

Calculate the gradients of the line
segments joining the respective pairs
of points. In each case describe the
inclination of each line segment.

—

Example 3.3

Determine the gradients of line segments
AB and AC in Fig. 3.24.



’)

X C
4 X B(6, 4)
2_
0 7 4 G 3 *
Fig. 3.24
Solution

Point A 1s (4,0) and point B is (6,4). Using

these points, we get

. . __ change in y-coordinate
Gradient of line AB = change in x-coordinate

_4-0 _ 4 _

= %-4 ~ 22
Point A is (4,0) and C1s (0, 6). In moving
from left to right, 1.e. from C to A, line AC
slopes downwards.
The change in y—coordinate is 6 — 0 = 6, and

the change in x—coordinate is 0 — 4 = 4.

Gradient of line AC = > = 1.5

3.1.13 Gradients of vertical and
horizontal lines

Let us now investigate what happens
when we find the gradient of vertical or
horizontal lines.

Activity 3.14

1. On squared paper, draw the line
y = 3.

2. Identify two points on the line and use
them to find the gradient of the line.

3. Draw another line whose equation is
X = 2.

4. Using any two points on the line, find
the gradient of the line.

5. Comment on your answer to (4)
above.

From activity 3.14 you should have
established that the gradient of the line
y=31is0.

i.e. vertical distance = 0

horizontal distance = ¢ where ¢ # 0

Vertical distance _ 0 _ 0
Horizontal distance c

For the line x = 2, the vertical distance = ¢

where ¢ # 0, but the horizontal distance =0

Vertical distance

. c
radaient = - - = —
Gradient Horizontal distance 0

The quantity is not defined

.. The gradient of the line x = 2 is not
defined i.e. does not exist since division
by zero is not possible.

For a line x = k, where % is a constant,
gradient is not defined.

For a line y = ¢, where c is a constant,
gradient = 0.

Example 3.4

Find the gradients of lines DE and EF in
Fig. 3.25.

b7
D(1,5) E4,5)
2.5+
. X
0 2 4
F4, 2)

Fig. 3.25

Solution

Moving from D to E, the

change in x-coordinate is 4 ——1 = 5,
change in y-coordinate is 5 — 5 = 0.

gradient of ine DE 1is g =0
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Moving from F to E, the

change in x-coordinate is 4 — 4 = 0,

change in y-coordinate is 5 — -2 =7
gradient of line EF 1s % But

the value of Z s undefined. See note
below. Thus the gradient of line EF 1s
undefined.

Note:

g = 2 means that 2 (quotient) multiplied
by 3 (divisor) equals 6 (dividend).

Similarly, % = 0 means that 0 (quotient)
multiplied by 7 (divisor) equals 0
(dividend), which is true.

But % = 0 would mean 0 (quotient)

multiplied by 0 (divisor) equals 7
(dividend), which is not true.

. . . . X
Likewise, if x is any number, 0 has no
meaning.

Thus, = 0 while > is undefined.

We notice that:

1. If, for an increase in the
x-coordinate, there is no change
in the y-coordinate, i.e. the line is
horizontal, the gradient is zero. (all
lines parallel to x axis).

2. If there is no change in the
x-coordinate while there is an
increase in the y-coordinate, i.e.
the line is vertical, the gradient
is undefined or does not exist.(all
lines parallel to y axis).

Exercise 3.6

1. For each of the following pairs
of points, find the change in the
x-coordinate and the corresponding
change in the y-coordinate. Hence
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find the gradients of the lines passing
through them. You may plot the
points first.

(@) (0,2), 3,49

(b) (0,2), (5,0)

(© (2,72), (2,0

(d (1,72), (1,8)

(e) (1,2), 3,72)

(H (0,72), (0,3)

(g) (2,78) (2,8)

(h) (2,0), 3,0)

. Find the gradient of the line which

passes through each of the following
pairs of points.

(@) (3,5), (9,8)
(b) (2,5), (4,10)
() (7,3), (0,0)
(d 1,5), (7,2)
(e) (0,4), (4,0)
® (2,3), 5,5)
(g) (7,3), (8,72)
(h) (3,74), 3,74
1 (L 4), (3,71
G G, G 1)

. Find the gradients of the lines /; to

in Fig. 3.26.
y
SA
4 gt
s
3.
I3
2
1
h
0 X
- =1 1 3 4
u a

Fig.3.26



4. In each of the following cases, the
coordinates of a point and the
gradient of a line through the point
are given. State the coordinates of
two other points on the line.

(@ (G,1,3 (b)) 4,5,
© (2,3),1 ) (5,5,
(e) (4,3),undefined

®H (4,3),0
5. A square has the vertices of A (6, 1)
B(6,6) C(1,6) and D (1, 1)
(a) On a squared paper, plot the
points A, B, C and D.
(b) Calculate the gradients of:
i) AB i) BC
iii) DC iv) AD
v) AC vi) BD
(c) Comment on your answer.

3.1.14 Gradient and y — intercept

We have just seen that we can find
the gradient of a line if we know the
coordinates of any two points on the line.
It is possible to determine the gradient of
a line by rearranging its equation so that
it is in the form y = mx + c.

Activity 3.15

Carry out the following activity:

1. Find the coordinates of any two
points on the line whose equation is
3x—y=2

2. Use the two points to determine
the gradient of the line.

3. Express 3x — y = 2 in the form
y=mx + c.

4. How does the gradient of the line
compare with the coefficient of x
in (3) above?

5. Determine the x and y —intercept.

From your activity, you should have found
that:

i) The gradient of the line is 3.

ii) The coefficient of x in y = mx + c is
equal to the gradient of the line i.e.
m = 3.

iii) y — intercept is -2

iv) x — intercept is %

Note that it is possible to determine

the gradient and intercepts of the line
3x —y = 2 without looking for any points
or drawing the graph.

Now consider the equation 3x —y = 2
3x—-y=2
-y =-3x + 2 - < after adding -3x to both
sides
y =3x-2 <« after multiplying each term
by -1
= The coefficient of x = 3
Hence its gradient = 3

The y — intercept of the line is — 2 and the
constant term iny = 3x — 2 is -2

.. Gradient = coefficient of x = 3

y - intercept = the constant term = -2
The x — intercept can be determined
by expressing the equation in the from
x=ky+c

Thus, x — intercept = ¢

In general, for the equation of a line in
y=mx+c

1) The gradient of the line = m

i1) The y-intercept = ¢

Example 3.5

Use the y-intercept form to determine the
gradient and the y-intercept of the line
whose equation 1s

(a) 4x -3y =9 (b) 5x+7y—14= 0
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Solution
(1) 4x-3y=9
4x — 4x — 3y = 9 — 4x (subtract 4x
from both sides)
3y =-4x + 9
% = % + % (divide both sides
by -3)
Yy = %x -3
y= %x—Sisintheformy =mx +c

4
Lm= andc = -3

.. gradient of the line is %
and y — intercept s -3

(i) Sx+7y—14=0
Sx + 7y = 14 (add 14 to both sides)

7y = -5x + 14 (subtract S5x from both
sides

_ Sx+ 14
y = = 7
-5 14

=Xt

.. Gradient = %

Yy — intercept = 2

Activity 3.16

Rewrite each of the equations x — 2y =6,
2x+3y=6and 4x + 2y =5 in the form
vy =mx + ¢ (as we did in Example 2.5).
Find any two convenient points on
each line and draw the lines on squared

paper. Calculate the gradient of each
line.

Copy and complete Table 3.5.

Equation The form |m | ¢ | Gradient | y-intercept
of line y=mx+c
x—2y="6 =X 43 3 1 3
e o 2 2
2x+3y=06
4x +2y=5

Table 3.5
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y = mx + c is an equation of a straight
line where m represents the gradient
and c is the y-intercept of the line. The
y-intercept is the value of y at the point
where the line crosses the y-axis.
—
When we write the equation of a line in
the gradient-intercept form, we can easily
tell the gradient and y-intercept of the line
and hence sketch it, if need be.

Example 3.6

Find the gradient and y-intercept of the line
whose equation is 4x — 3y — 9 = 0. Sketch
the line.

Solution

4x—3y—9 = 01is equivalent toy = %x -3.
Comparison with y = mx + ¢ gives

g _ 4
gradient, m = 3

y-ntercept, ¢ = 3.
Fig. 3.27 is a sketch of the line.

/]

Fig. 3.27

Note that for an increase of 3 units in the

x-coordinate, the increase in the y-coordinate
1s 4 units. Hence, point (3,1) is on the line.



Note: The values of the gradient (m) and

y intercept determines the orientation
and position of a line in the cartesian
plane, as shown in Fig. 3.28 below.

Fig. 3.28

Exercise 3.7

1.

In each of the following cases,
determine the gradient and
y-intercept by writing the equation
in the form y = mx + c. Sketch the
line.

(a) 5x =2y
(b) y—3x—-1=0
(c) 2x+y=3

(d) 4x-2y+3=0
(e) 2x+3y=3
(f) 5=5x-2y
(g) 2x+3y=06
(h) 8-7x—4y=0

Find the y-intercepts of the lines
with the given gradients and passing

through the given points.
(@ 3, (2,6) () (2,3),2

© 2, 7,4 (@ 2,9,
(e) 0, (3,72)

1
2

(f)  Undefined, (1, 3)

3. Write down, the equations of lines
(a), (b), (c) and (d) in Fig. 3.29 in
the gradient — intercept form.

A
4N
3+ (a)
2 (d)
1L
(b)
A5 4 0 TN N
(c)
S
},
Fig. 3.29
4. Copy and complete table below.
Function y-intercept | Gradient
2y +3x =2
3x +4y =8
-15 + 9y = 3x
2x + 2y =7
2x—4y =6
5y -3x =2

Table 3.6

3.2 Linear equations
3.2.1 Meaning of linear equation

A mathematical sentence with the symbol
= is called an equation. Such a statement
expresses the equality of quantities.

An equation may be conditional or an
identity.

A conditional equation is one that
is satisfied by at least one value of the

83



unknown. For example there is only one
value of the unknown x which satisfies the
equationx + 11 = 15.

An identity is an equation which is true
regardless of what values are substituted
for the unknown. For Example;

(1) 2x+2=2%+1)
2x—-1)+3=2x+1
3x-2x+1)=x-1
are identities. Whatever value x takes,
the statement is true.

(i) (x + 7)? = 2x% + x + 1 is a conditional
equation since it is true only when
Xx="3o0rx=16.

A letter such as x used above is called
an unknown.

An equation in which the unknown has
power 1 (i.e. it is just x or y, etc.) is known

as a linear equation. For example:

x+3=17, 2m — 5 = 25, 2—3:&

are linear equations.

3.2.2 Meaning of letters in algebra

In algebra, we use letters and symbols to
represent unknown quantities. When used,
the letters may have different meanings
depending on the type of problem to
be solved. Generally, the first letters of
alphabet a, b, c.... are used to represent
constant values or numbers. The last
letters of the alphabet x, y, z are used to
represent unknown values to be solved.

Exercise 3.8

1. Which of the following are equations?

(a) 3-5+1x (b) 6-5=1
(c)5+2-6x (d) 4 x6x

(e) 3—9x () 3x8=24
(g) 16-9x=3+4x(h) 4+17-3x
(1) 6x4x=3x8() 17=13+4x

84

2. State whether the following are true
or false.

(a) 3+6=7+2 (b) 7-3=6-2

(c) 6+2=6 (d 5+6+1=11

(e) 10+7+4=13+4

(f) 5+6-3=9 (g) 3+5-2=8
3. State whether the following are true,

false or open.

(a) 2-5=3 (b) 8+ 13 =23
(c) 24+49=7 (d) 7-x=0
(e) 2=2x-3 (O 13-17=*7+73
(2) (2H=(3)=(9)

(6) x (5) _
(h) o -3

4. Copy and complete the following to
make them true.

(a) 4+7=  (b)
(©) 4-1= (d)

5+1=
6-6=

3.2.3 Solving linear equations
Consider the equation x + 13 = 19.

This equation may be true or false
depending on the value of the unknown.
For example, it is only true when x = 6,
but false when x = 3.

The value of the unknown that makes
an equation true is called the solution
of the equation.

To solve an equation means to find the
value of the unknown which makes the
equation true.

Solving linear equations involves changing
equations into simple equivalent equations.
For example the equation x + 7 = 5 is
equivalent to x = -2.

Thus, x + 7 = 5 is true only when x = -2.

-2 is called the solution of x + 7 =5



(a) Simple approaches to solving
linear equations

Activity 3.17

Copy and complete the table 3.7 below.

Equation Equivalent | Solution of

equation the equation
6+x=11 x=5 [5]
x—10=-6
x+ 12 =17
10x = 50

Table 3.7

We say that 6 + x = 11 is equivalent tox =

5 and the solution setof 6 + x =11 is [5].
—

From the above activity, you should have

identified different approaches to making

simple equivalent equations from given

equations. These are: -

i) Adding same number to both sides.

ii) Subtracting same number from both
sides.

iii) Multiplying both sides by the same
number.

iv) Dividing both sides by the same number.

Remember:

1. Adding to both sides a number
such as -4, means the same as
subtracting 4 from both sides.

2. Multiplying both sides by a number

1
such as 3 means the same as

dividing both sides by 3.

What do you think it means to multiply
both sides by a number such as 3.7?
Discuss.

Example 3.7
Solve the equations
(a) x +6=10
(¢) 2x =14

Solution

B x-4=14

(a) We are required to find a number to
which we add 6 to get 10.

The number is 4.
‘. The solution is x = 4.

(b) We are required to find a number from
which we subtract 4 to get 14.

The number is 18.
.. The solution 1s x = 18.

(c) We are required to find a number
which when multiplied by 2 gives 14.

The number is 7.
.. The solution is x = 7.

The method used in Example 3.6 is known
as the cover-up technique. Sometimes
we use the cover-up technique more than
once.

Example 3.8
Solve (a) 2x +3 =17
(b) 3+ 2x = 5x

Solution
(a)2x +3 =17
[]+3 =17
14+3 =17
so, 2x = 14 Check: 2x+3 =2x7+3
2x[] = 14 =14+3
2x7 = 14 =17

x =7
. Thus, 7 is the solution
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(b)) "3 +2x = 5x

3+ 2x = 5x
s05x—2x="3
3x =73

_ 3

o0 =
%=

Exercise 3.9

1.
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Copy and complete the following to
make them true.

(a) 18 =3 =[]
) 5+[1=7
©9-L=7
@ 3x =6
e) 6+[1=09
0 24=[l=6

(g) 4x [ =-12

h) 7+4+01=13

i) 3+4+01=10

G) 8+2+[]=6

k) 4+5-[]=2

() 4+6-[L1=2
m)6+L1+4=3

) 3+7+1=9-]
(0) 8+3+2=10+L]
(p) 6+5 =11-[]

(@ 6+6-3=12-[]
(r) 3+12-8=15+[]
State whether the following are true
or false.

(a) %=5whenx=24

(b) x —2=9whenx=7
(c) 20+ x =28 when x = 8
(d) 4x = 20 when x = 75
(e) 12 —-3x=0 whenx =14
(f) 8=9—-xwhenx=1.

3. Solve the following equations.

(a) x+6=20 (b)x+9=23
(c)16+x=25 (d)17+x=25
(e)x—3=12 Hx-5=1
(g)12=x=10 (h)14—x=38
(1) 4x =28 (G) Tx =42
(k)3x+4=12 (1) 5+5x=5

(m)2x+16=32 (n)7+x=63

(0)2x—-8=15 (p)18-3x=15
(r) 18—-x=10

() 12x-60=0

(@) x—12=60
(s) 30 + 3x = 9x

(b) Solving equations by the

balancing method

Activity 3.18

Research from the internet the balancing
method of solving linear equations. You
can also use a mathematics dictionary.
Compare your findings with those
illustrated in the text book.

—
Since an equation states the equality of
two things, it may be compared to a pair
of scales.
If the contents of the two scale-pans
balance each other, they will still do so if:

(1) equal amounts are added to both
sides,

(i) equal amounts are taken away from
both sides,

(ii1)) the contents of both sides are
doubled, or tripled, or halved, and
SO on.



Thus, if the two sides balance, they will
still do so if what is done on one side is

also done on the other.

Example 3.9
Solve the equation 8x — 6 = 5x + 9.

Solution

Imagine a pair of scales with 8x — 6 on
one side balanced by 5x + 9 on the other

(Fig. 3.30 (a)).

8 —6=5x+9
Add 6 to both sides: 8x— 6 + 6
= 5%+9+6

8& = Sx+15

Subrract 5x from both sides:
8x—5x= S5x+ 15— 5x

3x = 15
Divide both sides by 3:
3 _ 15
3 3
te. x =5 (Fig.3.30 (d))
(a)
I
(t)
S~ ~—

Fig. 3.30 (a) and (b)

(c) ()

‘ 3& 15 x 5

Fig 3.30 (¢) and (d)

Check:If x =5, 8x—-6 =8X5-6
= 40-6
= 34
and 5x +9 = 5%x5+9
=25+9= 34

Ex—-6=5x+9 whenx =35

The reason for adding 6 to both sides and
subtracting S5x from both sides 1s to get rid
of the 6 on the left-hand side (LHS) and
the 5x on the right-hand side (RHS). A
simpler equation is obtained, in which the
LHS contains only a term in x, while x does
not appear on the RHS.

The LHS of the equation 3x = 15 is divided
by 3 to give x. The RHS also has to be
divided by 3.

Example 3.10
Solve the equation
3x +34-8=11-9x—-13

Solution
3x +34-8=11-9x—-13
Simplifying both sides:

3x -8 +34=11-13—-9x
t.e. Sx+34="2-9x

Adding 9x to both sides:
Sx+34+9%x = 2-9x+ 9
4x + 34 = 2

Subtracting 34 from both sides:
Ix +34—-34 = 2-34
4x = 36
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Dividing both sides by 4
4 _ 36
4 = 4
x =9

Example 3.11
Solve %x =10

Solution

2x = 10

Multiplying both sides by 5:
BE3 =10x5

2x = 50

Duviding both sides by 2:
2 _ 50
2 2

ox =25

Exercise 3.10

Solve the following equations using the
balance method and stating the steps as
in Examples 3.9 and 3.10.

1. (a) x+113=153
(b) 24=x+13
(©) x+8=-12
(d) x+7="19

2. (a) x—17=37

b)) 11=x-7
(c) x—-2=74
(d) x—2=717

3. (a) x—72="24
(b) x+72="30
(c) 4=x-5
(d) 15+ 2x = 3x

4. (a) 24x =172
(b) +10 ="5x
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(c) ~25x = 200

(d) ~7 = 84x
5. (a) 6x—5=25
(b) 9x+8 =35

(c) Bx+5=-15
(d) “Tx—6="20

3.2.4 Linear equations involving
fractions

Earlier in this unit, we defined and

described linear equations in one unknown.

We also solved simple equations. In this

section, we will solve equations involving

fractions and brackets.

a+b x—4
C

and are
x+ 1

Expressions such as
called algebraic fractions.

In order to solve equations involving
fractions, we must remember how to
find LCM of numbers and algebraic
expressions.

Activity 3.19

Find the LCM of the following:

(a) 6,8,16 (b) 2,3,4

(c) 3y,4y,5 (d) x, 5%, 5

(e) 2,x—3,x+3 (f) 4ab,3a,2b
Decide which one of you will explain
to the class the procedure you used to

obtain your answers.
—

Example 3.12
Solve 2y +3=10+2
olve £y + =

2

Solution
2y+3=10+2
57" 7 2

LCM of 5,4 and 2 = 20
Multplying both sides by 20:



20(2vy+ 3)=20010+ 2
0(5y 4) 0(10 2)
8y + 15 =200 + 10y

Subtracting 10y from both sides:
8y +15-10y = 200+ 10y — 10y
2y + 15 = 200

Subtracting 15 from both sides:
2y+15-15 = 200-15
2y = 185
Dividing both sides by ~2
2y _ 185
2 2
sy =-921
Y 2

Note: Should there be a term like I%x n
the equation, always write it in the improper
fraction form, as %x, and then proceed as
in Example 3.11.

Exercise 3.11

Solve the following equations using the
balance method and stating the steps as
in Example 3.11.

. () 2-2=10 (b) 9-%=5
k _ 1 _ 1
(C) g—o (d) p—25—65
2. (a) 32 =x+12

(b) 47 =5q-+
(c) 2p-8=p-3
(d) t+7=17-4t
3. (a) 33+2+f=175-15f
(b) I3x+5 =2x+3
0.1

© %+ 2=12

N

4. (a) 24b-4=10-31b

1 1 41 1
) 1ih-4l =11+ ln

I
W

5. () £+43=3 (b) 3-

‘N
I

LAY}

1 _ 5l
(C);—2§ (d) p_1
3.2.5 Equations involving

brackets

Study the identities given below.
(i)at+(b+c) = a+b+c

(i)a+ (b -0 atb-c

(i) a— (b + ¢) a—b-c
(ivya—(b—-c) =a—-b+c

Use these rules to remove brackets before

solving equations involving brackets.

Remember that the dividing line, as in
3m + 2
4

, 1s both a division/and a bracket.

Sometimes brackets are used to hold
quantities together. For example if we
wish to multiply both x and 4 by 3, we
write 3( x + 4). The multiplication sign
is invisible just as it is in 4X which means
4 X x.3(x + 4) means “3 times everything
in the bracket.” So we have 3 X x and
3 X 4 and we write it as 3(x + 4) =
3x + 12.

Note: Observations

An expression such as —a (a + b) means
“multiply —a by each number inside the
bracket.”

Thus-a(a+b)=-aXa+-aXb
=-a’>—ab

Your skills in arithmetic operations apply
in algebra.

Remember

1) A positive number X a positive
number = a positive number
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i) A positive number X a negative
number = a negative number.

1i) A positive number + a negative
number = a negative number.

iv) A positive number + a positive
number = a positive number

Activity 3.20

Copy and complete the following:
4(x—-?)=4x-8
4x+?=-2(-x—-5) +2x
2(1-x)+?x®+3)=x+"?
2x-2)-6=202-4)
2xx+6)+5=__ +__
2x-3)+?=-2(x-4)

Did you observe the following:

1. That the multiplier outside the
bracket multiplies every number
inside the brackets?

2. Ifthe multiplier outside the bracket
is negative, the numbers inside
the brackets change signs to the
opposite?

—

Example 3.13
Solve the equation:
9x — (4x —3) =11 +202x —1).

Solution

I9x—(4x—-3) =11 +22x-1)
Removing brackets:
Ix—4dx+3=11+4x —2
Simplifying both sides:
S5x+3=4x+9

Subtracting 4x and 3 from both sides:
Sx— 4x=9-3

l.e.x =6
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Example 3.14
Sx +2 3 _ 7x+1

Solve the equation

4 2 3
Solution
S5x + 2 _i _ 7x+1
4 2~ 3

Mulniply both sides by 12 (LCM of 4, 2
and 3)

ie12x | Zr2)- 1= 12 (211
te. 3(5x+2)—-6%X3=4(7x+1)
Remouving brackets:

I5x +6—18=28x + 4

Simplifying LHS:
15x— 12 =28x + 4

Subtracting 28x from both sides and adding
12 to both sides:

15x —28x = 4+ 12

t.e. —13x = 16

Dividing both sides by ~13:

13 _ 16

3% T 3
S
.. X — 13

Example 3.15

Solve the following equations.
2x+7  7x+1

(a) 3 i - 0
2a+36 4
(b) a - _ g =0
Solution
@ F3-Eph=0
4(2x + 7)1_23(796 +1) =0 (US@ LCM
to get same
denominator)



42x+7) -3(7x+ 1) =0 (Multiply
both sides
by 12)
E8x +28-21x—3 =0 (Open
brackets)
—I13x+25 =0
—13x = -25
L =2 _ 12
SR E R
2a+36 4

® 5 =0

5(2a + 36) — 4a

S5a =0
5(2a + 36) —4a =
10a + 180 — 4a =
6a + 180 =
6a =180
a =730

Exercise 3.12
Solve the following equations.

1. 4d+(-d) =17

2. 12m+ (1-7m) =23
3. 23=7-3-41)
4. Bw-7)+ Bw+13)=0
5. 24— (543%) =8x + (4 - 5%)
6. 3bx—-1)=403x+2)
7. 5(3¢c+4)-3M@c+7)=0
8. 4Bk-1)=11k-3(k—-4)
9. 43x-5)-72x+3)+2(Bx+11)=5
10. 76x—-3) +10=23x—-5) + 3(5 - 7x)
x+ 1 x-2 _ 1
11. 5 - 3 = 3
1 14y-3 _ y-4
12. 3 5 = i
5-¢ _ c¢c—-4
13. 7 = 5 + 6

3x+1 _ 4x-3
14. 5 = —3 +3

15.3y - 2(2y - 5) = 12

16. p_3 _3(P—1)= %

12 8 5

17. 225 20635 -2) +4
x—1 _ 5x+1

18, 2L 1= 3

19. 2(4-2y) - 22— 4y) =2

3 2 _
20. (8-42)-5(3-22)=1

X 1 11 _ 5x-1
21. 5+12x—20— 3

7e—5 2e—1 _ 4e-3
22 5 10 ~ 15

2 3 _ 1
23.§+§—4y

3.2.6 Forming and solving linear
equations

To solve a word problem in which a
number is to be found:

(1) Introduce a letter to stand for
the number to be found (the
unknown).

(i1)) Form an equation involving this
letter by expressing the given
information in symbols instead of
words.

(iii) Solve the equation to get the
required number.

Activity 3.21

Some practical problems can be solved
by forming equations.

Solve the following problems by forming
an equation in each case.

Explain either in words or on a diagram
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what your letter stands for and always

end by answering the question asked.

a) The width of a rectangle is x cm. Its
length is 4 cm more than its width.
The perimeter is 48 cm. What is the
width?

b) A cup of ice cream costs x shillings
and a cone costs 3 shillings less. One
cup and two cones together cost 54
shillings. How much is a cup?

—

a) Worite the length of the rectangle in

terms of x.

* Draw a diagram to represent
a rectangle and on it mark the
dimensions.

*  Write down an equation for the
perimeter of the rectangle.

* Solve the equation for x.

»  State the width of the rectangle.

b) Write down the cost of a cone in

terms of x.

e  Worite down the cost of a cone in
terms of x.

e Write down an equation for the
total cost of the cup and the 2
cones.

e Solve the equation for x.

e State the cost of a cone of ice
cream.

At the end of your activity, compare your
results with the working shown below.

a) The width is x cm
the length is (x + 4)cm.

(x+4) cm

X cm X cm

x+4) cm
Fig 3.31
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x+x+4) +x+(x+4) =48
4x + 8 =48

Take 8 from both sides: 4x = 40
Divide each side

Therefore the width is 10 cm

b) A cup cost x shillings

A cone costs (x — 3) shillings
x+2(x-3)=54
x+2x—6=54
3x —6 =54
Add 6 to both sides: 3x = 60
Divide each side by 3: x = 20

Therefore a cup of ice cream costs 20
shillings

Example 3.16

The sum of two numbers is 120 and their
difference 1s 18. Find the two numbers.

Solution
Let the smaller number be x.
Then, the larger number is x + 18.
Sum of the two numbers = x + (x + 18).
le.x+ (x+18) =120
x+x+18=120

2x + 18 =120
2x =102
ox =51

Thus, the smaller number s 51 and the
larger number is 51 + 18 = 69.

Example 3.17

Tom and Mary share 450 FRW so that
Mary gets 54 FRW less than Tom. Find
their shares.

Solution
Let Tom’s share be x FRW/
Then, Mary’s share is (x — 54) FRW/



Together, they have 50 FRW,

“x+x-—54=450
2x =450 + 54
2x = 504
ox =252
Thus, Tom’s share is 252 FRW and Mary’s

share 1s 54 FRW less 1.e.
(252 — 54) FRW = 198 FRW/

Example 3.18

Jack has 116 FRW and Jane has 64 FRW/
How much must Jane give Jack so that
Jack shall have 4 times as much as Jane?

Solution
Suppose Jane gives Jack x FRW/

Then Jack has (116 + x) FRW and June
has (64 — x) FRW/
116 + x is 4 times as big as 64 — x,

te. 116 + x =4(64 —x)

116 + x =256 — 4x

x+4x =256-116

S5x = 140
x =28

Thus, June must give Jack 28 FRW.,

Example 3.19

When 55 is added to a certain number and
the sum 1s divided by 3, the result is 4 times the
original number.What is the original number?
Solution

Let the number be x.

Adding 55 and dividing the sum by 3 gives

x+355 = 4y
ox+ 55 =12x
55=12x—x
55=11Ix
x=5

Thus, the number is 5.

Exercise 3.13

Find an answer to each of the following
problems by forming an equation and
solving it.

1.

10.

When I double a number and add 17,
the result is 59. What is the number?

When a number is added to 4 times
of itself, the result is 30. Find the
number.

The difference of two numbers is 5
and their sum is 19. Find the two
numbers.

Mr Ali has 7 marbles less than
Mohammed and they have 29 between
them. How many does each boy have?

. When a number is doubled and 4

added, the result is the same as when
it is tripled and 9 subtracted. Find the
number.

. The length of a rectangle is 3 times

as long as it is wide. The total length
round its boundary is 56 cm. Find its
length and width.

Erick is twice as old as Peter, John is 3
years younger than Erick. The sum of
their ages is 32. Find their individual
ages.

Mr Chiwa and Mr Dziko share
1 470 FRW such that Dziko receives
190 FRW less than Mr Chiwa. Find
their individual shares.

Find a number such that when it is
divided by 3 and 2 added, the result
1s 17.

A number is such that when 3 is

subtracted from three-quarters of it,
the result is two thirds of the number.

Find the number.
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3.3 Inequalities

We are familiar with the equal sign, =
Remember that an algebraic statement
which has an equal sign, e.g. 3a = 6, is
called an equation.

In real life, we often compare quantities
and objects. This is so because the
quantities exist either as “greater than”
or “smaller than” or “more than” or “less
than”. For example:

* Mary runs faster than John.

* My pair of shoes is smaller than that
of Mayamke.

* A tin of maize costs less than a bag.

3.3.1 Inequalities symbols

In Primary 6, you were introduced to
simple inequalities with one unknown.
In this section we will review inequality
symbols and representation of inequalities
on a number line.

Statements involving phrases such as
“less than”, “greater than” and “smaller
than” can be written using inequality
mathematical symbols.

In this section, we are concerned with

statements which involve the following
symbols:

> meaning ‘greater than’, e.g. 6 > 2
means 6 is greater than 2.

< meaning ‘less than’, e.g. 3 < 7
means 3 is less than 7.

\%

meaning ‘greater than or equal to’
(or ‘not less than’).

IA

meaning ‘less than or equal to’, (or
‘not greater than’).

Statements containing these
symbols are called inequalities or
inequations.
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For example, x < 2, x > 3, y <73,
y > 10 are inequalities and can be
illustrated on a number line as shown
below.

x<2
VAR S —
2 "1 0 1 2
x>3
- — 7"

x<3
<% T ® } } } b
-5 4 3 2 -1 0 1

Fig. 3.32

These are also called simple inequality
statements.

A statement such as x > 2 means ‘all
numbers that are greater than 2°, which
is a range of values. Just as we represent
individual numbers on a number line, we
can also represent such a range of numbers
on a number line as shown in the following
examples.

Example 3.20

Hllustrate each of the following on a number
line:

(a) x>3 b)) x=3
(¢c) x<72 (d x<72
Solution

(@) x> 3: >3

T
< T T T T

0 1 2 3 4 5 6
Fig. 3.33

In Fig. 3.33, the number 3 is not included
in the list of numbers to the right of 3. The
heavy arrow shows that the values of x go
on without end. The open dot (0) is used to
indicate that 3 1s not included.



Fig. 3.34

In Fig. 3.34, number 3 is included in the
list of the required numbers. The closed dot
() s used to show that 3 is part of the list.

() x<72:

x<72
< f 2 } } } }

<

4 3 2 "1 0 1 2

Fig. 3.35

In Fig. 3.35, the number ~2 is not included.
(d x<72:

x<72
< f ’ } } } }

<

4 3 2 "1 0 1 2

Fig. 3.36
In Fig. 3.36, the number ~2 is included.

We can formulate inequalities from its
representation on a number line.

Example 3.21

Whrite the following using inequaliry signs
(Fig. 3.37)

() $S—F—F—F=

b)) —F—F—FT1 >

() 7>

Fig. 3.37

Solution

(a) x>71 (b)) x<1 () 0<x<H4

Exercise 3.14

1. Rewrite each of the following
statements using either < , <, > or >
instead of the words.

(a) 5 1is less than 7

(b) 5 is greater than 2

(c) 71 1is less than O

(d) ~2 is greater than 3

(e) x is greater than or equal to 4
(f) yis less than or equal to 5
(g) a is not less than 3

(h) b is not greater than 0

(1) 71 is not less than p

(7) 10 is not greater than ¢

2. Copy and complete each of the
following statements by inserting the

correct symbol, < or >.
(a)7+3011 (b)6-3015
(©13+20016 (d)12-4013
(e)3x4[18 f) -4 x 30112

(g 6x 200 6x2
(h)39 +30139 +73

3. Illustrate each of the following
inequalities on a number line.

(a)x>5 (b)x<0 (c)x>73
(d)x<4 (e)x>705 (f) x<2.5

4. Write each the following using
inequality signs in (Fig. 3.38).
<t 1 T T
(@) o 1 2 3 4

E—9 | | |
L T

C < } } T T T —>»

( ) 0 1 2 3 4 5 6
<! i Se— ——. J Iy

(d) 4 3 2 -1 0 1

<! @ T T T T D o
(e) -5 4 3 2 -1 0 1
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Fig. 3.38
3.3.2 Compound statements

Activity 3.22

Illustrate the pairs of inequalities (a) 1 <
xandx<5 (b)-5<xandx<2 (c) 0 <x
and x < 5 on a number line. Combine
each pair of inequality into a simple
inequality. Consider (a) -4 < x < 5
(b)-1>2x>-3 (c) 3<x<8. Illustrate
these inequalities on separate number
lines.

—

Sometimes, two simple inequalities
may be combined into one compound
statement such as a < x < b. This
statement means that a < x and x < b or
x>aand x <b.

Example 3.22

Whrite the following pairs of simple inequality
statements as compound statements and
tllustrate them on number lines.

(@) x<3,x>73

b)) x>1,x<2

Solution
(a) x<3,x> 3 becomes 3<x<3
(Fig. 3.39).
*. x lies between ~3 and 3, and 3 s
included.
<! P ] ] ] : : ® >
4 3 2 1 0 1 2 3 4

Fig. 3.39

(b)) x>71,x <2becomes 1 <x<2
(Fig. 3.40).

x lies between ~1 and 2.

<! 1 @ Q 1 »
< T T »>
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Exercise 3.15

Write each of the following pairs of simple
statements as a compound statement and
illustrate the answer on a number line.

1.

(a) x>2,x<4
b)x<3,x>20
(c)x<5,x>72
(d)x>"1,x<1

() x<15,x>70.5
() x<2.2,x>1.8

(a)x<i,x20

3 1
1X<2%

1 1
(c)x<35,x>25

1 2
(d)x>§,x<§
(e) x>70.75,x<0.75

1 -1
H x<45,x>—

(b) x>

3.3.3 Solution of linear

inequalities in one unknown

Solving an inequality means obtaining all
the possible values of the unknown which
make the statement true. This is done in
much the same way as solving an equation.

Remember

We defined the inequality “x is greater
than y written as X > y” to mean X — y
is positive.

Activity 3.23
Copy and complete the following:

X>y<xX—Vyis
& xEt+ta)—(yta)is
a is any real number

where

< x+a) — (yta)



if a is a positive number, then
ay

if a is a negative number, then
ay

a>b andx>y= a+x
+y.

X >y ax

X>y<&ax

X>y, y>Z=X Z.

Now, do a similar exercise with the
inequalities <, <, > one at a time.

Now, you are ready to summarize the
basic rules for manipulating inequalities.

The basic rules for manipulating
inequalities are:

1.

We may add the same number to
both sides of the inequalities.

We may multiply both sides of
an equality by the same positive
number.

If both sides of an inequality are
multiplied by the same negative
number, the inequality is reversed.

We may add corresponding sides
of the same type i.e. if x > y and
a>b,thenx+a>y+b.
Inequalities of the same type are
transitive i.e. a > band b > ¢
means a > C.

3.3.4 Manipulating algebraic

inequalities

In order to solve inequalities, we must
familiarize ourselves with the inequality
rules that we have just discussed in this
section.

Activity 3.24

Choose any four positive numbers a, b,
x and ysuch thata<band x<y.

Determinea—xand b —y.

What can you say about the inequality

relating a —x and b — y?

Is it true that if a < b and x < y then

(a-x)<(b-y)?

Observations

You should have observed that if:

i) a<b andx<y=a-x<b-y

ii) if a<b
and x <y

= a-x<b-y

Example 3.23

Solve the inequality 2 (x — 1) > x + 2 and
represent your solution on a number line.

Solution
2(x—1) >2x+ 2 <«— expand LHS

2x—2 2 x +2 «— add + 2 to both sides

2x 2x +4
2x —x 2 x—x + 4 «— subtract x from
both sides
x >4

x>4
<l | | | | | | | | | | | (I
il | | | | | | | | | | | =
01 2 3 4 56 7 8 910 11

Fig. 3.41

On the number line, 4 has been shaded

because 1t 1s part of the inequality.

Example 3.24

Solve the following inequalities.

(a) x—-3<7 (b)) x+5>11
Solution
(a) x—3<7

= x-3+4+3<7+ 3(Adding 3 to

— x<10 both SidéS)
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Thus, x < 10 is the solution of the
mequality x — 3 < 7.
b)x+5>11

= x+5-5>11-15 (subtracting 5
from both sides)
= x> 6.

Example 3.25

Solve the following inequalities.

(@ 3x—4>5 ® Lx+5<14
Solution
(a) 3x—4=25
= 3x—4+4>5+4
= 3x2>9
3x 9 .. .
= F23 (Dividing both sides
by 3)
= x23
® Lx+5<14
= Zx+5-5514-5= 7x<9
= %xx4£9><4 = x<36

Example 3.26
xX=2
3

Solve the inequaliry 96-5—6 > +5

Solution

In order to solve the inequality, we need to
remove the denominator and then simplify
the terms in the inequality.

+6 -2
Thus * > X

2 3

+ 5  muluply all the
terms by the
LCM
2

6(x%6)>6(x; Y+5(6) LCM=6
3(x+6)>2(x—-2) +30
3x + 18 > 2x — 4 + 30 expand the terms
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3x +18 > 2x + 26
3x—2x>26—18
x>8

Exercise 3.16

Solve the following inequalities and
represent the solutions on number lines.

1. (a)x+4>11 (b)x-6<5

2. (a)2x—8<4  (b)3x+4>19
3. ()3>4x—2  (b)7<5x+ 12

4. (a)3-2x<5 (b)4-5x>"11
5.(2) 56-3>4 (b) tx+2<1

6. (1) 4>2-2x (b)"2x+4<76
7. (@) dm—-3<T7m (b)2m+1=>5m—-10
8. (a)2-2p>13-3p

(b) 3 +p<dp+i

9. (a) 3¢g>2-4q

(b) Lg+2<8-2gq

10. (2) ~§5r<5

b)4- 2r> 3-

11. (2) 2(1 + %) + 3(x — 2) > 25
(0)3(4-3x)— (Bx—3)<2

r

ST

3.3.5 Solving simultaneous
inequalities
Inequalities that must be satisfied at

the same time are called simultaneous
inequalities.

Activity 3.25

*  Solve the inequalities 2x < x + 5
and x + 4 > 3.

*  Represent the two solutions on the
same number line.

+  What can you say about the two
solutions?



e  Express these solutions as a single
inequality.

—
From the activity above, the solution of
the inequality is x < 5.
Thatofx +4 >3 isx > -1.

Fig 3.42 shows the solutions marked on
a number line.

A

Yy

[ N |
I hd I I I
1

[
1
o1 2 3 4 5

[e)}

Fig. 3.42
The two solutions overlap between -1
and 5.
Thus -1 <x <5.

This means the inequalities 2x <x + 5 and
X + 4 > 3 have been solved simultaneously
i.e. the values between -1 and 5 satisfy
both the inequalities at the same time.

Example 3.27

Solve the following pair of simultaneous
inequalities.
3-x<52x-5<7

Solution
3—-x<5

= «x<2

= x>2 ... O]
Also2x—-5<7

= 2x<12

= x<6 ... (11)

Combining (1) and (i), we have 2 <x <6.
Thus, x lies between ~2 and 6.

This 1s represented on a number line as in
Fig. 3.43.
<! & T T T T T T T

T
3 2 1 0 1 2 3 4 5

N 1O
\

Example 3.28

Solve the inequality:
3x—2<10+x<2+ 5

Solution
Ix—2<10+x<2+ 5x

Split the inequaliry into rwo simultaneous
mequalities as:

3x-2<10+x ............ O]

and 10+ x<2+5x .cceeunnn... (i)
Solve each separately.
3x—2<10+x

= 3x-x<10+2
= 2x<12

= X<6  iiiiiinen... (111)
10+ x <2+ 5x

= 10-2<5x-x

= 8<4x

= 2<X  iieiieeaeen.. (1v)

Combine (111) and (1v) to get 2 <x <6

This 1is represented on a number line as in
Fig. 3.44.

Exercise 3.17

Solve the following simultaneous
inequalities and represent each solution
on a number line.

1. (a) 2x<10,5x>15
(b)3x<9,2x>0

2. (a)x+7<0,x-2>710
(b)x=23,2x-1<13

3. (A)4x—-33<71,2<3x+1
(b)2x-5<22<5x-6
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4. (2)3x—4<8+x<2+T7x
(b)ox+2<3x+8<27x-1

3.3.6 Forming inequalities from
word statements

Inequality symbols can be used to change
word statements into algebraic statements.

Activity 3.26

*  Research from any suitable source
the process of forming and solving
linear inequalities.

*  What key words must you be on the
lookout for in the given problems?

* Do your knowledge and skills in
forming and solving equations help
you?

*  Discuss your findings with your

partner.

—

Example 3.29

Mary has 25 books. Jane has more books
than Mary. Write an algebraic statements
for this.

Solution
If Jane has b books then b > 25.

Example 3.30

The distance from town A to town B is
260 km and that from town A to town D
s 80 km.

If from rtown C to town A is a shorter
distance than from town A to town B, and
from town C to town A 1s a longer distance
than town A to town D, write an algebraic
statement for this.
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Solution

Let the distance from toun A to town C be x km.
Then, x < 260 and x > 80

Hence, 80 < x < 260

Example 3.31

The area of a square is greater than
36 cm?. Write an inequality for

(a) the length
(b) the perimeter of the square.

Solution

We must first define our variables, just as
we do when forming equations.
Let the length of the square be x cm.

Area of the square = x°.

(a) x*>>36
= Vx2>36
= x>6

(b) Perimeter = 4x
Since x > 6,
then 4 x x >4 x 6
l.e. 4x > 24

Exercise 3.18

Write down each of the following

S

tatements as mathematical sentences

using appropriate symbols.

1.

When two is added to a certain
number, the result is greater than ten.

2. When five is added to a number, the

result is less than twice the number.

Multiplying a number by six, then
adding five, gives a greater result than
multiplying the number by five, then
adding six.



4. The sum of three consecutive whole
numbers is more than 260.

5. The area of a square is less than its
perimeter.

6. The square of a number is less than
the number cubed.

7. The radius of a circle is not more than
4 cm. What can you say about the
circumference?

3.3.7 Application of inequalities
in life

Inequality can be applied in real life

situations.

Activity 3.27

e Think of a situation in your life
where you have had to use your
knowledge and skills of inequalities
to solve a problem.

e Share your experience with your
partner.

e  Discuss with your partner whether
there was any other way to handle
your problem.

e  Would you like to share the same
with the rest of the class.

e  You are now ready to go through
the examples and the exercise.

—
Example 3.32

Lucy was given mangoes. She gave away
three of them. When she divided by 2 the
number of the remaining mangoes, the
number was less than 17. What 1s the
maximum number of mangoes that she
could have been given?

Solution
Let the total number of mangoes be m

She gave away 3 mangoes

.. Number of mangoes remaining = m — 3

Dividing (m — 3) by 2 gives us, mZ;S

This number 1s less than 17.

Thus, mZ;S <17

Multiplying by 2; "> x 2 <17x 2
m—3= <34

Adding 3: m <37

.. Maximum number of mangoes must

be 36.

Example 3.33

Peter wants to order for some special tools
for his business. The cost of each tool s 2
398 FRW. The cost of delivering the whole
order 1s 1 499 FRW. How many of these
tools can he order, if he has only 15 000
FRW to spend?

Solution
Cost of each tool = 2 398 FRW
Let the number of tools ordered be n

.. Cost of x tools 1s 2398 FRW X n =
2 398 FRW n

Cost of delivering this tools is 1 499 FRW

.. Total cost will be 2 398 FRW n + 1 499
FRW

Since total cost cannot exceed 15 000 FRW
we have 2398 n + 1 499 < 15 000
= 2398 n < 15000 - 1499
2398 n < 13501
0 < 13 501
2398

Since one cannot buy part of a tool, then the
number of tools used must be a whole number

n=35

=5.63 (2 dp)
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Exercise 3.19

1.

102

Mohammed scored 60% in a
mathematics quiz. When a physics
score is doubled, the score is still less
than the score in mathematics. What
is the maximum marks she could have
scored in physics?

On a trip to united kingdom a
manager had five times as much
money as the secretary. When the
manager spent £100, he still had more
than the secretary. What is the least
amount that the secretary was having.
(Pounds (£) is the currency used in
UK, 1£ = 0.00123 FRW).

Joan’s age is 25 less than her father’s
age. If her father is 50 years old, what
is the maximum age (to the nearest
whole number) that she could have
been seven years ago.

Abraham has 5 000 FRW in his

savings. He wants to have at least

2 000 FRW at the end of the season.

He withdraws 255 FRW each week

for use.

(a) Write an inequality to represent
this situation.

(b) In how many weeks can he
withdraw the money.

One taxi in Rwanda charges 2US$§
basic charge plus 1.5 US$ per km
travelled to foreigners touring Rwanda.
Judy has 200 US$ for travels and
cannot spend more this for the taxi.
(US$ stands for US dollar, currency
used in USA. 1 US$ =0.001337 FRW).
(a) Write an inequality for the
situation.
(b) How many km can she travel
without exceeding the limit (to
the nearest km).

A company manufactures one
specific sparepart. The total cost of

producing # spare parts is 3 600 £ plus
1.4 £ per spare part produced. If
each part is sold at 4.2 £ what is the
maximum number of spare parts that

must be produced to make a profit?
(£ stands for UK pound,

1£ = 0.00123 FRW).

Jimmy charges 7 500 FRW for
renting his premises for parties. He
also charges 825 FRW per person
attending the party. Jane has 22
500 FRW and wants to have a party
at Jimmy’s premises. What is the
maximum number that can attend
Jane’s party?

Mutoni keeps dogs and cats in her
place. The number of cats is three
times the number of dogs. What is
the greatest number of cats if the total
number does not exceed 587

Kalisa plans to buy a car 21 months
from now. At present he has saved
450 000 FRW.The cheapest car he can
buy costs 3 250 000 FRW. What is the
minimum amount (whole number)
that must he save per month for this
period of time to be able to buy such
a car?

Summary

1.

Linear function/equation — Is the
relationship between two variables,
say X and y whose graphs represent a
straight line.

Number line —is a graph/picture of all
the negative and positive numbers.

Plotting of points is the marking of
points in the Cartesian plane.

The general equation of a line is
written in the form y = mx + ¢ where
m and c are constants and c is the y
intercept.



10.

11.

12.

y-intercept is the point where the
line which are neither vertical nor
horizontal cross the y-axis.

x-intercept is the point where the lines
that are neither vertical nor horizontal
cuts the x-axis

The gradient of a straight line is

Vertical distance

Horizontal distance i.e the

the ratio, of

measure of steepness or slope

Vertical distance

Gradient = Horizontal distance

From the general equation of the line
y = mx + ¢, c is the y-intercept and
from x = ky + ¢, ¢ = the x-intercept.

Equation is a mathematical sentence
with a symbol =.

A conditional equation is an equation
that is satisfied by at least one value of
the unknown e.g x + 11 = 15.

An identity — is an equation which
is true regardless of what values are
substituted for the unknown.

Inequalities/inequations — these are
mathematical statements that involves

<

phrases such as “less than”, “greater

I <

than”, “smaller to”, “greater or equal

»

to”.

Unit Test 3

1.

Determine the gradient of a line
passing through the following pairs of
points:

(a) (8,3), (4" 1)
(b) (3,73), (4 1)
(© (4,72), (4,3)
(d) (2,9),(0,4)

Find the gradient of each of the
following lines whose equations are:

(@) y=2x-3
© -2xe
(c) 3x—2y—%=0
(d) 2y=5

() x=9

X
4y 3y=1
® 7X75Y7 5

. Solve the equations

(a) 3(2x+1)-5(x-2)=2(3-2x)

3x—1 2x + 1
(b) 2 = 3

2x—5 4x + 1
(©) 3 = 5

d 5+ (4+x) =8

. (a) Using any suitable scale, draw the

graphof y+ 1 = 2x from x =-3
to x = 3.

(b) On the same axes, draw the line
which passes through the points
(-2,5) and (2, 1).

(c¢) Find the coordinates of the point
of intersection of the two lines.

. (a) Draw the graph of 2x —y = 4.

(b) Calculate the gradient of your
line.

(c) State the coordinates of the point
where the line meets
(1) the x-axis
(i1) the y-axis
(a) Without drawing the graph, find
the gradient and the y-intercept
of the line 3y - %x = 6.

Find a number such that when it is
divided by 3 and 2 added, the result
is 17.
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8.

10.
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A man earns three times as much as
his wife earns. After spending three
fifths of their combined income, the
couple have 10 000 FRW left. How
much does the man earn?

. The difference of two numbers is 5

and their sum is 19. Find the two
numbers.

Solve the simultaneous linear
inequalities.
(a) x—-4<3x+2<2(x+5)

(b) -5<2x+1<5

11.

12.

Solve the simultaneous linear
inequalities x + y < 4, y < 2x,
2y — x >1. List the points with
integral coordinates that satisfy the
inequalities.

Solve the inequalities

(2) 3—Tx<2x+21

(b) 2(3x + 1) > 4(x— 1) > 12



4

PERCENTAGE, DISCOUNT,
PROFIT AND LOSS

Key unit competence

By the end of this unit, I should be able
to solve problems that involve calculating
percentage, discount, profit and loss and
other financial calculations.

Unit outline

. Percentages

*  Discounts

. Commission

* Loans and saving

Introduction

In our day to day lives, we get involved in
activities of either buying or selling goods
or services using money. Such activities
are called transactions. There are many
terms that are used to describe various
aspects of such transactions. In this unit,
we will learn a number of these terms and
how to calculate their values in financial
transactions.

4.1 Percentages

Activity 4.1

1. You must have come across the
term percentage in lower classes.
"Tell your class partner its meaning.
Let both of you agree on the correct
definition of the term.

2. Discuss with your partner on
how to convert the following into
percentages:

5
@ 2 (b) |
(c) 450 FRW out of 1 000 FRW

0.75

3. Discuss and list down business
related terms which are expressed
and referred to in terms of
percentages.

Learning point

A percentage is a fraction whose
denominator is 100. The symbol for
percentage is %. For example 47%

means 27 , 23% means 23 and so on.
100 100

We can express the decimal number 0.25
as a percentage as follows:
— 25 _ 5ro
0.25= 155 = 25%
.. . 3
Similarly, to express the fraction ;;as a
percentage, we multiply the numerator

and denominator by 100.

3 -3 100 _ 15
20 20 100 100
=15%

Alternatively,

Just multiply the (%action > by 100%
. . 1 20
(which is equal to 15)

3 =159
50 x 100 15%

Example 4.1

Express each of the following as a percentages:

(@) ;_g ) 0.24

Solution

@ ¥ o= 7 or100%
17

= 55 x 100 = 85%

() 0.24 =0.24 of 100% = 24%
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Example 4.2
What is 12% % of 28000 FRW?

Solution
12% % =12.5%

12.5% of 28 000 FRW = 11275 X 28 000 FRW

= 3500 FRW

Example 4.3

Express 4 000 cm’ of milk as a percentage
of 8 litres of milk.

Solution

Express the quantities in the same units.

For example, express both quantities in cm’.
Ilhwe = 1000cm’

S8litres = 8000 cm’®

4 000 cni® .

000 o 0 @ Percentage is

4000 —

$000 < 100 = 50%

Hence 4 000 cm? of milk is 50% of 8 litres
of mulk.

Exercise 4.1
1. Express the following fractions as

percentages:
@ 2 ®» 2 © 2
@ 2 @ X oo 2
® +

2. Express the following decimals as
percentages:
(a) 0.36 (b) 0.45
(c) 0.81 (d) 0.04
(e) 0.125 (f) 0.08
(g) 0.025 (h) 0.8
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Express the first quantity as a
percentage of the second quantity in
each of the following:

(a) 20 cm, 50 cm

(b) 30 cm, 5 m

(¢) 54 mm, 25 cm

(d) 6 cm?, 24 cm?

() 105 mm?, 42 cm?

(H) 400g,1kg

(2) 9 000 cm?, 4 litres

(h) 25 m, 2 km

(i) 3m,12m

Find the value of:

(a) 30% of FRW 350

(b) 12% of 9 km

(c) 84% of 450 g

(d) 33%% of 252 m?

(e) 12% % of 4.88 cm

() 21% of 40 kg

Mutanguha scored 27 marks out of
the possible 45 in a mathematics test.
What percentage was this?

In a survey of 100 cars, 45 were
white, 25 were blue and 30 were red.
Express each of these numbers as a
percentage of the total.

110 of the surface of the earth is water.

Express this as a percentage.

A farmer has 150 birds in a flock. 80
of them are female. What percentage
of birds are:

(b) female?

A businessman keeps a record of the
number of items he sells in one day.
Of the 200 items he sold, 45% were
newspapers, 26% were books, 15%
were sweets and the remaining were
other assorted items. Calculate the
number of each item he sold.

(a) male?



10. From the world bank statistics of the
year 2014, our country Rwanda had a
forest cover of 18.4% while Zimbabwe
had 38.7%. If the areas of the two
countries are 26 338 km? and 386 350
km? respectively, determine the area
under forests in each country.

Trees are very important for
A our survival. They facilitate
rainfall formation, provide
food, purify the air. Let’s keep
increasing our forest cover by

planting more trees and caring
for them.

4.2 Discount

Activity 4.2

You may have heard or even used the
term discount. Do a research from
business books and the internet on:

1. The actual meaning of the term
discount and the quantities used
to calculate the discount.

2. The possible reasons why a business
person or service provider may
decide to give some discount to the
customer.

3. Present your findings to your
classmates in a class.

Discussion

It is obvious that a price is set for any
good or service meant for sale. This
price is known as the marked price. By
a simple definition, the marked price,
also known as the list price, is the price
initially quoted by the seller to the buyer.

However, there are cases where the seller
may sell the good or service to a buyer
at a price lower than the marked price.

The amount reduced from the marked
price is known as discount. The exact
price for which an item is sold after a
discount is known as the sale price.

Thus,

Learning points
Discount = marked price — sale price.
From which we get:

Sale price = marked price — discount
And;
Marked price = sale price + discount

Usually, discount is expressed as a
percentage of the marked price as,

Percentage = MDIEC+HF X 100%
discount arked price

The percentage discount is also called
the rate of discount. Thus, actual
discount = marked X rate of

price discount.

Some reasons why sellers may give a

discount to a product includes:

»  Toencourage the customers to buy
more.

*  Toencourage the customers to buy
in cash.

 To encourage the debtors to pay
within a short credit period.

Example 4.4

Find the sale price of a watch whose marked
price is 3 000 FRW if 20% discount 1s
glven.

Solution

Marked price = 3 000 FRW,

Discount rate = 20%

Discount = marked price X rate of discount

— 20
=3 000 FRW X )

= 600 FRW
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Sale price = marked price — discount
= 3 000 FRW — 600 FRW
=2 400 FRW
OR
Sale price = (100—20) % of marked price

— 80
S o X 3 000 FRW

2 400 FRW

Example 4.5

Find the rate of discount of an item that
sells for 3 800 FRW and 1s on sale for
3400 FRW,

Solution
Marked price = 3 800 FRW,
Sale price = 3 400 FRW
Discount = marked price — sale price
= 3 800 FRW — 3 400 FRW

= 400 FRW
Rate of discount = _ Discount s 10094
marked price
_ 400 FRW .
= Ssoorrw < 1007
=10.53%

Example 4.6

A trader allows a 5% discount on cash
purchases. How much will a customer pay
for a suit priced ar 59 500 FRW?

Solution

Discount = marked price X rate of discount

— 5
=59 500 FRW x i

=2975 FRW
Sale price = marked price — discount
=59 500 FRW — 2 975 FRW
=56 525 FRW

OR
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Sale price = (100 — 5) % of marked price

— 95
= 7w %X 59 500 FRW

=56 525 FRW

Activity 4.3

A stationary dealer offers two discount

options for anyone buying exercise
books.

1. 11% discount on the total cost of
the books purchased.

2. Gives one free book for every 9
books purchased.

In groups of two, student, discuss the
best discount option between the two
options.

Exercise 4.2

1.

The marked price for a sofa set is
24 000 FRW. If it is sold at a discount
of 20%, calculate

(a) The discount.

(b) The sale price.

A radio costs 2 400 FRW. If it is sold at
a discount for 1 920 FRW, find the:
(a) Discount.

(b) Rate of discount.

A shirt is sold for 4 000 FRW when a
discount of 30% is allowed. Find the:
(a) Marked price.

(b) Discount allowed.

A television costs 54 000 FRW. If a
customer paid 43 200 FRW after
being allowed a discount, find the:
(a) Discount allowed.

(b) Rate of discount.

The selling price for a wardrobe is
192 000 FRW. A discount of 20% is
allowed for cash payment. Calculate
the marked price.



6. The marked price of a jacket is 7 440
FRW. In the winter sale, the price is
reduced by 15%. What is the sale
price of the jacket?

7. A coatis priced at 5 400 FRW. During
a sale offer, 2 400 FRW is allowed as a
discount. What percentage discount
was allowed on the sale of the coat?

8. A motorcycle dealer bought two
motorcycles at 680 000 FRW and
504 000 FRW after being allowed
15% and 10% discount respectively.
Find the:

(a) total discount given.

(b) selling price of the second
motorcycle if he made a profit of
20%.

4.3 Commission

Activity 4.4

. Suppose you are the manager in
charge of sales in a company.

* Discuss in your group, ways
you would use to reward your
sales people who sell more than
the target given them, without
necessary increasing their monthly
basic salary or retainer.

*  How would you ensure that they
get the extra reward for the extra
sales they bring? What name would
you give to such a form of payment.

Commission is the money paid to sales
or agents representative for the sales
made. For example, an insurance agent
gets a commission for selling insurance
policies. Company sales representative
gets commission for selling the company’s
goods. The more the sales, the more the
commission a sales representative gets.

Example 4.7

An insurance sales lady sold insurance
policies worth 440 000 FRW. If her
commussion is 9%, of the totral sales, how
much money did she get?

Solution
.. _ 9
Commussion = — X 440 000
= 39 600 FRW

Example 4.8

A company’s sales representative sold
goods worth 6 760 000 FRW in a certain
month. The representative earns a salary of
150 240 FRW and gets a commission
of 10% of sales above 5 200 000 FRW,
Calculate how much the sales representative
earned that month.

Solution
Commussion

= 11700 X (6 760 000 — 5 200 000) FRW

— 10
= 109 % 1 560 000 FRW

= 156 000 FRW

Total earming = salary + commission
= (150240 + 156 000) FRW
= 306 240 FRW

Example 4.9

A saleslady received a commission of 5%
for the first sale of 80 000 FRW and 6%
for sales above 80 000 FRW. In one month
she made sales amounting to 168 000 FRW,
Find her total commussion that month.

Solution
Commussion for the first 80 000 FRW

= Iioo x 80 000 FRW = 4 000 FRW
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Commuission for excess of 80 000 FRW

= ]_(6)0 X (168 000 — 80 000) FRW
_ 6

= = X 88 000 FRW

5 280 FRW

1otal commission earned that month

= (4000 + 5 280) FRW
=9 280 FRW

Exercise 4.3

1.

. Jane is an

. After touring Rwanda,

Peter receives a monthly salary of
120 000 FRW plus a commission
of 12% on all sales. Last month he
made sales worth 1 200 000 FRW.
How much did he earn that month?
Mrs. Uwamahoro sells charity tickets.
She gets 160 FRW for every 8 tickets
she sells. How much will she get for
selling 480 tickets?

. A mobile money agent received a

commission of 40 000 FRW for a
transaction worth 1 280 000 FRW.
Find the rate of his commission.

insurance agent and
receives a monthly salary of 128 000
FRW and a commission of 15% on
all the policies she sells in a month.
In a certain month she sold policies
worth 14 762 400 FRW. What was
her total earnings that month?

a tourist

exchanged 680 000 FRW at the bank

into sterling pounds. If the exchange

rate was 1 008 FRW = UK/1 and

the bank charged a commission of

5%, find:

(a) how much was
commission?

(b) how much the tourist received to
the nearest UK/L?

the bank’s
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4.4 Profit and Loss

Activity 4.5

1. Discuss what you understand by
the words profit and loss.

2. In the following transactions,
identify the buying price and the
selling price. Determine whether a
profit or loss was made in each of
these transactions.

(a) Habanabashaka bought a radio
for 14 000 FRW and sold it for
17 500 FRW.

(b) Charloite sold a dress for
24 500 FRW. She had bought
it for 26 700 FRW

3. Letone of you present your finding
in step 1 and 2 to the rest of the
class

Learning points

If one buys an item and sells it at a
higher price than the buying price, then
we say that a profit has been made.
Thus, profit is the extra amount gained
after selling a commodity at a price
higher than the buying price i.e.
Profit = selling price (SP) — buying
price (BP)

On the other hand, if one sells an item
at a lower price than he/she bought
it, we say that the person has made a
loss. Thus, loss refers to the amount
of money lost when a property is sold
below the actual buying price. i.e.
Loss = buying price (BP) —selling price
(SP)




Example 4.10

A salesman bought aTV for 122 500 FRW
sold it at 147 000 FRW, How much profit
did he make?

Solution

Buying price = 122 500 FRW

Selling price = 147 000 FRW

Profit = selling price — buying price
=147 000 - 122 500
=24 500 FRW

Example 4.11

A dealer sold 1 000 bottles of water at 140
FRW each, to clear the stock. What profit

or loss did she incur if she had bought each
bottle at 175 FRW,

Solution
Buying price =175 FRW,
selling price = 140 FRW

This means she made a loss
Loss = Buying price — selling price
(175 — 140) FRW = 35 FRW per bottle.
Total loss =35 FRW X 1 000
= 35 000 FRW

Example 4.12

A profit of 75 FRW is obtained for each litre
bottle of soda sold at a price of 450 FRW. If
there are 100 bottles, find the price at which
the bottles were bought.

Solution

Each bottle has a profit of 75 FRW, The
total profit for 100 bottles is 75 X 100 FRW
=7 500 FRW,

The selling price for each bottle 1s 450 FRW,

The total selling price for 100 bottles is

450 x 100 = 45 000 FRW,

Buying price = (45 000— 7 500) FRW
= 37 500 FRW

Thus, the bottles were bought at a price of
37 500 FRW,

4.5 Percentage loss and
percentage profit

Percentage profit is the ratio of profit to
the buying price expressed as a percentage.

__Profit 5 100%
Buying price

Similarly, percentage loss is the ratio of
loss to the buying price expressed as a
percentage.

Percentage loss = __Loss _ x100%
Buying price

Percentage profit =

Example 4.13

Calculate the percentage loss for an item
bought ar 2 000 FRW and sold at a price
of 1 850 FRW,

Solution

Buying price =2 000 FRW,

Selling price =1 850 FRW

Loss = buying price (BP) — selling price (SP)
= (2000 -1 850)FRW

= 150 FRW
Percentage loss = ___los % 100%
buying price
— 150
= X 100
= 7.5% loss

Example 4.14

Jane bought 12 pairs of shoes at 1 400
FRW each and sold them at 2 000 FRW
each. Calculate

(a) Her percentage profit.
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(b) The percentage loss she would
have made if she sold each shoe at

1 200 FRW,

Solution
(a) There are 12 pairs of shoes.
The total buying price
=12 X 1400 FRW
=16 800 FRW
The total selling price s
2000 FRW X 12 pairs = 24 000 FRW
Profit = selling price — buying price
=24 000 FRW— 16 800 FRW
=7 200 FRW
Percentage profit

— Profzt mac'le x 100%
Buying price

_ 7200 0
= =7 X
6s00 < 100%

=42% or 42.86%
(b) Total selling price would be:
1200 FRW x 12 = 14 400 FRW
Loss = Buying price — Selling price
=16 800 FRW — 14 400 FRW

= 2400 FRW
Percentage loss = Lo 100%
Buying price

2 400
= "7V % Y
16 800 100%

= 14.29% loss

Example 4.15

The total percentage profit of each cell phone

bought ar 48 000 FRW 1s 20%.

(a) At what price does the business person
sell each cell phone?

(b) Find the total amount of money the
business person will get after selling
all the stock of 200 cell phones.
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Solution
(a) Percentage profit = 20%,

Buying price = 48 000 FRW

Percentage profit = _SP=BP  100%

BP
o/ = SP-48000 . 1000
1_ S.P—48000
5 48000

By cross multiplication

48 000 X 1 = 5(selling price — 48 000)

(Dividing by 5 both side)

9 600 = selling price — 48 000

Selling price = 9 600 + 48 000
=57 600 FRW

(b)  The total amount of money obtained

is 57 600 FRW x 200
=11 520 000 FRW

Exercise 4.4

1.

2.

3.

4.

A student bought 10 Mathematics
books from a book store selling each
book at a price of 400 FRW. If each
book was bought at a price of 260
FRW, find the percentage profit.

An item was bought at 2 000 FRW
and sold at 2 600 FRW. Find the
percentage profit.

A company buys and sell cars. During
a certain month, the company sales
were 80% of the buying price. Find
the amount of money invested if the
total sales were twenty-eight million
Rwandan Francs.

Neza bought 50 bottles of water at
200 FRW each and 100 bars of soap
at 120 FRW each. If he sold each
bottle at 340 FRW and each bar of
soap at 116 FRW each, how much
profit or loss did he get?



5. 28000 FRW was obtained from selling
1 000 pieces of one metre electrical
wires. If the percentage loss from this
sale was 15%, find the buying price.

6. Gahigi bought an item at
100 000 FRW. He sold it making a
loss which was 1 of the buying price.
Find the percentage loss.

7. The percentage loss for an item sold
at 9000 FRW is 12%. Find the buying
price and the loss obtained.

8. How much money should a business
person invest so as to make a profit
of 40000 FRW equivalent to a
percentage profit of 25%?

4.6 Loans and savings

Activity 4.6

You are aware that successful people,
businesses or institutions usually save
money in banks and take loans to
finance their operations.

Discuss:

1. Advantages of saving money. Why
is it better to save money in a bank
and financial institutions rather
than keeping it elsewhere?

2. The advantages and the
disadvantages of taking loans.

3. Some ways of managing your

finances well.
l

In our daily life, we need money to carry
out most of our financial engagements.
However, this money may not be available
hence we resort to borrowing from
financial institutions. The financial
institution charges us a fee for using this
borrowed money. This charge is known
as interest

On the other hand, we may deposit (save)
our surplus money with the bank for a
specific period of time. The bank then pays
us a fee for using our money called interest.

Activity 4.7

Tell your class partner the meaning of
the following terms: principle, rate, time
of investment and interest as used in the
determination of loans and savings.

—
The fee paid for borrowing or depositing
money for a specific period of time is
called interest, denoted by I.

The total amount of money borrowed
from a financial institution or deposited
to earn interest is called the principal,
denoted by P.

The ratio of interest earned to the principal
borrowed or deposited for a specific period
of time is called the rate denoted by R.
Rate is usually expressed as a percentage
per annum (p.a) or year.

The duration over which a given sum of
money is borrowed or deposited to earn

some interest is known as time, denoted
by T.

4.7 Simple interest
Activity 4.8

(a) Remind your class partner what
simple interest is and its formula.

(b) Listen to your partner as he/she
reminds you and in turn correct/
confirm what he/she says.

(c) Discuss how you would find the
simple interest. Lucy borrowed
2 000 000 FRW from bank for
three years at an interest of 15%

p.a.
—
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Simple interest is the amount charged
when one borrows money or loan from
a financial institution which acrue yearly.
This interest is a fixed percentage charged
on money/loan that is not yet paid.

This interest is calculated based on the
original principal or loan and is paid at
regular intervals.

Example 4.16

Fohn borrowed 4 800 FRW from a local
bank ar 10% p.a to start a small-scale
business. Find the simple interest for the
first and second year. Hence find the total
interest for the 2 years.

Solution
Principal = 4 800 FRW; Rate = 10%
Interest for the first year = 1%00 X 4 800

= 480 FRW
Total interest for two years
= (480 + 480) FRW
= 960 FRW

From, above example, we see that when
the principal (P), rate in percentage (R)
and time in year ('T) are given, then simple
interest (I) for the given period is given by:

R PRT
= X —— X = o0
1=P 100 100

The total amount (A) paid back by the
borrower or the financial institution on
the expiry of the interest period is the sum
of the principal and the interest earned.

Thus, amount (A) = principal (P) +
interest (I).
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Example 4.17

Find the simple interest earned from 3 400
FRW borrowed for 3 years at the rate of
10% p.a.

Solution

PRT _ 3400 %10 X3 FRW
100 100

=1 020 FRW

Interest, I =

Example 4.18

Gatete borrowed 32 000 FRW from a
lending institution to start a business. If
the institution charged interest at a rate
of 8% p.a, calculate the simple interest
and the total amount she eventually paid
back after 4 years.

Solution

Ingeresy. | = PRT = 32000 x 8 x 4 FRW
>* 7 7100 100

=10 240 FRW

=32 000 + 10 240 FRW
=42 240 FRW

Amount, A

Example 4.19

Calculate the principal that will earn a
simple interest of 32 400 FRW in 3 years
at the rate of 6% p.a.

Solution
_Px6x3
32 400 FRW = —
_ 18P
32 400 FRW = 7

P =180 000 FRW



Example 4.20
For how long, to the nearest year, must
160 000 FRW be invested in a financial

institution to earn a simple interest of
19 200 FRW at 4.5% p.a.?

Solution
19 200 FRw = 199 0001(>)<04.5 xT
1 920 000 FRW = 720 000T
T =2.666
= 3 years

Example 4.21

Calculate the rate in percent per annum, at
which 14 400 FRW will earn 3 240 FRW

n 3 years.

Solution
_ 14400 x 3R
3 240 FRW = e
324 000 FRW = 43 200R
R=7.5%

Exercise 4.5

1. Find the simple interest earned on

each of the following:
(a) 24 000 FRW for 3years at 8%

p.a.
(b) 28 860 FRW for 5 years at 6%

p.a.

(c) 26 400 FRW for 1 year 3 months

at 4% p.a.
(d) 44 000 FRW for 2% years at 5%

p.a.

2. Calculate the amount earned on each

of the following:
(a) £8 400 for 2 years at 10% p.a.
(b) 26 928 FRW for 3years at 8%

p.a.
(c) 48 000 FRW for 3% % p.a.

3.

5.

6.

7.

Calculate the rate of simple interest

on each of the following:

(a) 33 600 FRW earning 2 520 FRW
in 2 years.

(b) £162 earning £43.20 in 4 years.

(c) 72 000 FRW earning 2 400 FRW
in 6 years.

(d) 9 600 FRW earning 960 FRW in
3 years.

Calculate the principal that will earn
an interest of:
(a) 28 000 FRW in 2 years at 14%

p.a.
(b) 8 000 FRW in 6 months at 10%

p.a.
(¢) 24 000 FRW in 1% years at 8%

p.a.
(d) 60 800 FRW in 3 years at 8%
p.a.
Find the time to the nearest year in
which:
(a) 33 800 FRW will earn
2 000 FRW at 8% p.a.
(b) 6 600 FRW will earn
24 000 FRW at 10% p.a.

(c) 100 000 FRW will earn

20 800 FRW at 8 % p.a.
(d) 300 000 FRW will earn

48 000 FRW at 7% p.a.
If 720 000 FRW is invested for 9
months at an annual simple interest
rate of 15%.

(a) How much
earned?

interest will be

(b) Whatis the amount of investment
after 9 months?

A businessman obtained a loan of 200
000 FRW from a bank that requires
him to pay back 24 000 FRW after 6
months. What is the interest rate?
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8. Calculate the value of P from the

. .1 _ PRT ..o _
equation: I T00° if 1 51 200

FRW, T = 16 years and R = 16%.

4.8 Tax

Activity 4.9

In groups of 4 learners, discuss the
following:

1. (i) What are taxes?
(i1)) How many taxes do you know?
Give examples of each category.

2. What happens when you import
goods from another country into
Rwanda? What taxes are you
expected to pay? How are the tax
rates determined.

3. Whatis the name of tax charged on
products like alcoholic beverages
and tobacco. How are they charged

on?
l

Taxes are two types:

(a) Direct taxes e.g. income tax and pay
as you earn.

(b) Indirect taxes e.g withholding taxes,
excise duty, value added tax and so
on.

(a) Indirect taxes

Indirect taxes are levied on goods and
services. Examples of such taxes include:
value added tax (VAT), excise tax, stamp
duty, withholding tax etc. The details
concerning rates of these taxes are outlined
in the country’s tax guidelines. Other
sources of taxable income include loyalties,
dividends, interest and professional fees.

Customs duty: This is a tax levied on
goods and services. This tax is collected
by the customs authority and comprise of
import duty, import excise duty, VAT other

116

assessed taxes etc.

Custom duty is payable on imports of
foreign goods. There are guidelines on
the criteria of assessing tax. Just like any
other tax, this tax is used to raise revenue
for the government expenditure and also
as a means to restrict/reduce imports to
protect local industries.

Custom duty is charged depending on the
value of the goods, weight, dimensions and
source of those goods. Incase of cars and
machinery, tax is charged depending on
the size of the engine. This tax is a certain
percentage of cost of goods.

Excise duty: It is a tax charged on specific
goods produced or consumed within the
country. Petrol and intoxicating liquor and
tobacco, perfumes etc are some examples
of goods subject to excise duty. Assessed
taxes are duties not strictly in the category
of excise duty but are classified under
that heading because they are levies on
particular services within a country e.g.
motor vehicles licenses, trade licenses etc.
The rates and the amounts to be paid are
determined by the tax authority.

Example 4.22

A car worth 900 000 FRW was subjected to
the import duty (Custom duty) at a rate of
40% followed by a VAT ar 18%. Calculate
the total amount of tax charged.

Solution

_ 40 x 900 09y

w
= 360 000 FRW
New value of the car is:
=900 000 + 360 000
=1 260 000 FRW

Customs duty

var = 12000 s
-1
=226 800 FRW



Total cost of the car
= 1260 000 + 226 800
=1 486 800 FRW

Total tax = 14 86 800 — 900 000
= 586 800 FRW

Total tax can also be obtained by adding
the two taxes i.e. Customs duty + VAT

=360 000 + 226 800
= 586 800 FRW

(b) Withholding tax

This is a type of tax deducted from certain
specified payments. The deduction is done
by the person doing the payment and then
remitted to the administration. Currently,
this tax is charged on dividends, interest,
royalties, technical service fee among
others. Tax on dividends is charged at
10%; tax on interest and loyalties at 15%
as an advance tax.

WITHHOLDING TAX RATES

Nature of payment Rate in
percentage
(%)

Royalties 15

Rent in excess of 30

1 000 000 FRW

Payment of any supplies to 30

traders and institutions e.g food

Commission 10

Payment of carriage and haulage | 20

Payment to contractors/ 4
subcontractors

Payment for public 15
entertainment

Payment in excess of 15
FRW 30 000 casual labour

Payment of services 15
Payment of tobacco sales 3

Bank interest in excess FRW 15

10 000

Fees 10
Table 4.1

(c) VAT (Value Added Tax)

Activity 4.10
Carry out the following discussion

» Tell your partners what Value
Added Tax is.

*  Obtain a supermarket receipt of
goods bought. What is the rate of
V.A.T from the receipt.

*  Are there goods that are exempted
from V.A.'T?

*  Who pays V.A.'T? How does V.A. T
get to Rwanda Revenue Authority?

This is an indirect tax on goods calculated
by adding a percentage to the value added
to a product at each stage of production.
The whole cost of the tax is eventually
passed on to the consumer of the finished
products. Currently the standard rate of
VAT in Rwanda is 18%. VAT is payable
by those who supply taxable goods and
services and those who make a turnover of
taxable goods of 20 million FRW or more
per annum. VAT is also charged on some
imported goods and services as may be
guided by the tax authority. The importer
is mandated to charge VAT and then remit
it to the tax department.

A withholding tax of 5% of the value of
goods imported for commercial use is
paid at custom on the cost insurance and
freight value before the goods are released
by customs.
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A withholding tax of 3% of the sum
of invoice excluding value added tax
is retained on payments or by public
institutions to the supply of goods and
services based on public tenders.

Example 4.23

A manufacturer produces a product at a
cost of 20 000 FRW and sold it at 28 000
FRW to a wholesaler. Calculate the value
of VAT that he paid to the tax authority.

Solution

Cost of manufacturing and materials
= 20 000 FRW

Selling price of the product
= 28 000 FRW

Value added = 28 000 — 20 000 FRW
= 8 000 FRW

Therefore, VAT s charged on 8 000 FRW
ar the rate of 18%

Therefore, VAT

(8 OQI%(; 18) FRW

(80 x 18) FRW
= 1 440 FRW

Example 4.24

An author earned a royalry of 980 250
FRW before an advance tax was deducted.
If the tax was charged at a rate of 20%,
calculate:

(a) How much tax was he charged?
(b) His earming after the tax.

Solution
(a) Advance tax means withholding tax

The rate of 20% means for every 100 FRW,
the tax charged is 20 FRW

Tax on 100 FRW = 20 FRW
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Tax on 980 250 FRW = &21%&22

=196 050 FRW
(b) Earning before tax = 980 250 FRW
Tax = 196 050 FRW
Earnming after tax
=980 250—-196 050
= 784 200 FRW

Exercise 4.6

1. A machine is sold at 8 000 FRW plus
VAT. If VAT is charged at 18%, how
much would one pay for the machine?

2. The price of three seats set inclusive
of VAT is 58 250 FRW. What is the
price of those seats exclusive of VAT?

3. A washing machine costs 48 000 FRW
exclusives of VAT. Given that VAT is
charged at 18%, how much will the
machine cost including VAT?

4. If the value added tax is charged
at 18%, find the tax payable if a
commodity is priced at 5 000 FRW
inclusive of VAT.

5. A machine costs 699 000 FRW with
a VAT at 16.5% inclusive. Calculate
the cost of the machine before VAT
was added.

6. A town council imposes different taxes
on different fixed assets as follows:

Commercial property 25% per year
Residential property  15% per year
Industrial property 20% per year.

An investor owns a residential
building on a plot all valued at
80 000 000 FRW an industrial plot
worth 75 000 000 FRW and a
commercial premise worth 12 500 000
FRW. How much tax does the investor
pay annually?



7. A company declares a final dividend
of 10.54 FRW per share. Given that a
shareholder holds 18 000 FRW shares,
calculate:

(a) His gross dividend.

(b) The withholding tax charged on
the dividend at 15%

(¢) The net amount due.

8. a) An author paid a withholding
tax of 1 080 000 FRW on his
royalty. Calculate:

1) Her gross royalty
i1) Her net royalty

b) An author earned a royalty of
11 763 000 FRW after tax.
Calculate:
1) His gross royalty.
i1) The tax charged on the royalty.

4.9 Insurance

(a) What is insurance?

Activity 4.11

Discuss the following:
1. What is insurance.

2. Why do people insure goods or
themselves?

3. What are some of the mandatory
forms of insurance in Rwanda?

4. Give examples of other forms of
insurance.

5. Are these benefits of insurance that
you know of?

e

A home is probably one of the most
expensive purchases a person can make.
To enable a person to protect himself/
herself against risks of heavy loses, the
owner makes annual payments to an

insurance company so that the company
can compensate the owner should the risk
occur. The owner is paid a sum of money
at which the damage or loss is assessed.
The sum to cover the risk is paid annually
and is called the premium. The contract
signed between the company and the
insured is called the insurance policy.
The premium is calculated based on the
value insured and the likelihood of the
risk occurring.

Some forms of insurance are compulsory.
For example, the owner of a car must
insure against third party risks so that
anyone who is injured, or has his or her car
damaged as result of his negligent driving
may receive compensation.

Another principal form of insurance is life
insurance. This may be classified as:

(1) A whole life policy, which in return
for an annual premium secures a lump
sum payment at death. This form of
insurance benefits the dependent of
the policy holder.

(i1)) An endowment policy, which in
return for an annual premium for a
fixed period of time secures a lump
sum payment at a definite age e.g.
at retirement. In this case, the policy
holder is the beneficiary.

However, if the insured person dies
before the policy matures, the whole or a
fraction of the amount paid in premiums
is returned to the insured person’s estate.

(b) Benefits of insurance

In return for the premiums that the
insured person pays during the period
of insurance, there are certain benefits
that he/she enjoys, for example, when a
car is insured against third party risks or
even comprehensively, there is possible
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compensation in case of an accident.
Similarly, in life assurance, the sum
assured accrues a bonus annually which
is paid together with the assured amount
when the policy matures.

In asset management, the invested funds
accrue interest which is payable annually.
The investor has a choice to receive his
interest at the end of the year or to re-
invest it to earn more.

There are many other schemes that
offer specific benefits depending on the
individual companies and the products
that they offer.

Points to note

1. It is illegal to knowingly insure a
property for more than its value.

2. TItisillegal to insure against a risk in
which the insurer has no financial
interest.

Other forms of insurance include: medical,
burglary and loss of household property
and so on.

Example 4.25

A businessman insures goods valued at
426 250 000 FRW at the rate of 13 640
FRW for every 3 410 000 FRW worth of

goods.What annual premium does he pay?

Solution
Premium for 3 410 000 FRW is 13 640 FRW

Premaum for 426 250 000 FRW
426 250 000
= 3410000 X 13640

= 1705000 FRW

He pays an annual premium of
1 705 000 FRW
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Example 4.26

A man took a life insurance policy for

2 728 000 FRW on his 25th birthday. He
paid a premium of 35 740 FRW yearly.
He died at the age of 65 years. The company
paid into his estate the whole amount of his
nsurance policy. How much more than his
premium contribution did the company pay
into the man’s estate?

Solution

From age 25 years to age 65; 40 premiums
were paid. Amount paid in premiums:
35740 x 40 = 1 429 600

Policy value was 2 728 000 FRW
Difference: 2 728 000 — 142 960 =
1 298 400 FRW

The company paid 1 298 400 FRW above
his contribution premiums.

Example 4.27

The annual insurance on a car is 180 000
FRW. The owner 1s allowed a 20% non-
claim bonus because he had not made any
claims during the previous year. How much
premium did he pay for the year.

Solution
No-claim bonus = IZTOO X 180 000
= 36 000 FRW

The owner will pay in premium less the
no-claim bonus.

Insurance premuum = 180 000 — 36 000
= 144 000 FRW



Exercise 4.7

1.

Goods in transit worth 95 480 FRW
were insured against damage at
682 FRW in every 27 200 FRW worth
of goods. Find the premium for
insuring the goods.

. John takes out a 20-year 8 360 000

FRW endowment policy and pays 71
600 FRW in 1 672 000 FRW of the
coverage. Find the total premiums.

. Anne’s policy is 5 270 FRW per year

for each 1 672 000 FRW of goods
coverage. If the goods are estimated
to have a replacement value of
11 787 600 FRW, find the premium.

A property sells for 810 920 000
FRW. The new owner has taken a
policy coverage of 418 000 000 FRW.
What would be your advice to him
regarding the coverage?

A business premises was insured for
24 500 000 FRW. The insurance
company promised to pay 50% of
the sum insured incase the premises
got destroyed. How much money will
the company pay if the premises is
destroyed?

A businesswoman insures her business
at 14%. If the business was worth 1
250 000 FRW.What annual premium
does she pay?

A home valued at 300 000 000 FRW is
to be insured. The insurance company
quotes a premium of 3 000 FRW per
1 000 000 FRW. How much will the
owner pay in premiums per year?

Summary

1.

2.

Percentage is a fraction whose
denominator is 100.

Discount is the amount reduced from

10.

11.

the marked price of a commodity.

Commission is the money paid to
sales agents or representatives for
sales made.

Profit is the extra amount gained after
selling a commodity at a price higher
than the buying price.

Loss is the amount of money lost
when a commodity is sold below the
actual buying price.

Percentage loss is the ratio of loss
to the buying price expressed as a
percentage.

Percentage profit is the ratio of profit
to the buying price expressed as a
percentage.

Interest is the fee paid for borrowing
or depositing money for a specific
period of time. It is a fixed percentage
charged on unpaid loans.

Principal is the total amount of money
borrowed from a financial institution
or deposited to earn interest.

Rate is the ratio of interest earned to
the principal borrowed or deposited
for a specific period of time.

Simple interest is the amount charged
when one borrows money or loan
from a financial institution which
accrue yearly.

Unit Test 4

1.

Convert into percentage:
@ o (b) 0.35

2 5
(d) 11 (e) =
(a) What is 7 % % of 50 000 FRW?

(b) 22% of a given area is 99 cm?.
What is the complete area?

© 2>
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. A trader borrowed money from a

bank at a rate of 12% per annum. He
was to repay the money in 3 years.
If his total interest for this duration
was 1 800 000 FRW, what amount of
money had he borrowed?

. A businessman bought 100 pairs of

shoes at 2 000 000 FRW and made a
loss of 7%. Calculate the selling price
of each pair of shoes.

A businessman imported a car valued
at 1 000 000 FRW. An import duty
was levied at 50% and VAT on the
value after duty at 16.5%. He then
sold the car making a profit of 30%.
How much money did he receive?

Calculate the rate of simple interest

on each of the following:

(a) 8 200 000 FRW earning 4 200
FRW in 6 years.

(b) 2 421 00 FRW earning 2100
FRW in 2 years.

(c) 31 000 FRW earning 370 FRW
in 4 years.

(d) 40 800 000 FRW earning 4 000
FRW in 7 years.

. A pharmacist bought medicine worth

27 000 000 FRW and sold them
at 29 800 000 FRW. What was his
percentage profit?

A man takes out a whole life insurance
policy for $§ 100 000 on his 25th
birthday by paying a premium of $ 1
310 a year. If he dies at the age of 64
years and 8 months, how much more
does the company pay his estate
than he has paid in premiums to the
company? ($ = Us dollar. 1 US § =
1.0013377 FRW)

9.

10.

11.

12.

A car owner pays an annual premium
of 90 000 FRW. He is allowed a non-
claim bonus of 2521 %. How much
does he pay in premiums that year?

Mrs Mitako had a beauty shop in
Kigali. She employed a sales agent to
sell the beauty products around the
town. The sales agent earned a salary
of 49 000 FRW and a commission
of 6% for all the goods sold. In one
month, the sales from the agent were
50 429 000 FRW. How much did she
pay the agent.

The marked price of a blouse in a
shop was 7 000 FRW. The seller
offered a discount of 7.5% on sales
above 3 blouses. A customer bought
8 pieces of the blouses. How much
did the customer pay?

Calculate the selling price of a car
whose discount was 8% and a marked
price of 7 029 000 FRW.

13. A sales agent earns a commission

14.

of 15% for selling goods worth
2 220 000 FRW and above. During
a certain month, goods worth 82 101
200 FRW were sold. How much was
the agents commission that month?

A shareholder who holds a total of

30 000 shares he received a net

dividend of 13 500 FRW in a certain

year. Given that dividends are taxed

at 15%, Calculate:

a) The shareholder’s net dividend.

b) The dividend declared by the
company per share.

c¢) The amount of money he paid in
withholding tax.



5 | RATIO AND PROPORTION

Key unit competence

By the end of this unit, I should be able
to solve problems involving ratio and
proportion.

Unit outline

*  Ratio, proportion and sharing.

*  Applying ratio and proportion in
practical and everyday contexts.

*  Direct and indirect proportions

Introduction

There are many situations in real life
that involves ratios and proportions. For
example, two people who jointly invest
some money into a common project in
a particular ratio share the proceeds (or
profit) in the same ratio. In primary 6, you
were introduced to ratios and proportions.
In this unit, we will learn about them and
solve problems involving them.

5.1 Ratios

To help us remind ourselves what ratios
are, let us go through Activity 5.1.

Activity 5.1

1. Tell your partner what a ratio is.

2. Through a discussion with your
partner, express the following
relationships with ratios.

(a) John and Lucy partnered to save
money for some time and later
buy a taxi. For every 800 FRW
that John saved, Lucy saved 120
FRW. In what ratio were their
contribution? What another
simplest ratio is same as this?

Let us learn to save and accumulate
resources to do a bigger thing in
future.

(b) Jane and David sold milk to a
vendor in the morning. Jane
sold 4 500 ml while David sold
7.5 litres. In what ratio are their
milk sales?

A ratio is a mathematical statement
which shows how two or more
quantities or numbers compare.

For example, if the age of Joseph is 21
years, and his father is 63 years old, we
say the ratio of Joseph’s age to his father’s
age is 21 to 63 written as 21 : 63.

Ratios can also be expressed as fractions.

For example, the ratio of Joseph’s age to

1

. . .21
his father’s age as a fraction is g3 =3

This means that the father is 3 times as

old as the son.

Note:

A ratio compares quantities of the same
kind, and the units for all the quantities
involved must be the same. Ratios are
usually expressed in their lowest form
and have no units.

In general, if a and b are two quantities
of the same units, then the ratio of
a to b is written as a : b and can be
expressed as a fraction as T

Example 5.1

A business lady mixes every fifteen kilograms
of sorghum flour with nine kilograms of
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cassava flour in order to increase quality
and maximize profit. Represent her mixture
of flour with a ratio.

Solution
Sorghum flour : Cassava flour
15 kg : 9 kg (are in the same units)

In ratio form we write as 15:9 ( note that
a ratio has no units).

Example 5.2

150 cm® of water are contained in 15 litres
of a chemical. Find the simplest ratio of
water to the chemical.

Solution

Since quantities of a ratio must be of the
same unit, we need to convert litres to cubic
centimetres.

1 lLitre =1 000 cm’
15 litres =1 000x 15
= 15000 cm®

Amount of water
Amount of chemicals

150 cm?
= 15000 cm’®

Required ratio =

_ 1
~ 100
The ratio 1s 1:100.

5.1.1 Simplifying Ratios
Activity 5.2

Diane and Alexis had 2 heaps of
10 mangoes each. They shared the
mangoes as follows:

*  From the first heap of 10 mangoes,
Diane picked 3 mangoes for every
2 mangoes that Alexis picked until
the heap was finished.
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*  From the other heap of 10 mangoes,
Diane took 6 mangoes for every 4
mangoes that Alexis took.

(a) How many mangoes did each of
them get from each heap?

(b) In what ratios did they share the
mangoes in the two heaps?

(c) What can you say about the two
ratios?

In simplifying ratios, the two quantities
of a ratio may be multiplied or divided
by the same number without changing
the value of the ratio.

For example, 6 : 8 can be multiplied by 3
toget3x(6:8) =18:24.

Similarly, the ratio 4 : 26 can be divided
by 2 to get § :2—26=2:13.

Example 5.3
Express the ratio 15 : 45 in its simplest form.

Solution
15 :45
Divide both values with their GCD

The GCD of 15 and 45 is 15
15:45= 8 =1 273

4 3
3

Therefore, the ratio 15:45 can be simplified
to 1:3.

Example 5.4
Express the ratio % = % as a fraction in its

simplest form.

Solution

The given ratio is =

Wi
|
AW
1l
Wit
X
SUEN
Il
oo



Multiply both quantities of the ratio, by the
LCM of the denominators 1.e; 12. :

2x12:3x12
3 48
=8.‘9=§

Example 5.5
Complete the following ratios

9 ?
(a) 4:7=12:? (b) 13° 5

Solution

If two ratios are equal, one ratio is a multiple
of the other. We use the multiplying factor
to find the missing value.

(a) 4:7=12:?
multiplying factor = 1742 =3

missing value =7 X 3 =21

4:7=12:21
9
@) 1375

multiplying factor = % =4
missing value = 9 X 4 = 36
2 .36
13 ° 52
Example 5.6

Given the ratio a : b = 5 : 2, and ratio
b:c=3:4,findtheratioa:b:c.

Solution
Rewrite the ratio a : b : ¢ as follows

a:b:c
5:2
3:4

Since b 1s a quantiry in both ratios, we make
the value of b the same 1n both ratios so as
to join the two ratios as one.

We do this by multiplying the first ratio with
the value of b in the second ratio and then

we multiply the second ratio with the value
of b in the first ratio.

a:b:c
(5 :2)x3 a:b:c
2(3:4) 15 : 6
6:8
since b is same, a:b:c
15:6:8

Activity 5.3

Individually, Match the ratios that are
equal

4:7 39:24
45 : 54 11:9
13:8 15:18
55:35 28 :49

—

Exercise 5.1

1.

Express the following ratios in their
simplest forms:

(a) 28:42

(b) 30:50

(c) 24 kg : 30 kg

(d)y 150 cm to 3 m
(e) 1 litre to 250 m/

(f) 45 min : 1% hours

(g) 2.6 kgto 130 g
(h) 160 cm? to 2 litres
(1) 28 days to 2 weeks

Simplify the following ratios:
(a) 2:0.4 (b) 0.9:0.18
(©) 0.3:0.12 (d) :10

3 3 1 41

Mutanguha had 120 chicken in his
farm. He sold 30 of them to buy a
dairy goat. What is the simplest ratio
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of the remaining number of chicken
to the original number of chicken?

4. A church has 325 males and 390
females. Find the simplest ratio of:

(a) the number of females to the
number of males.

(b) the number of males to the total
number of people in the church.

(c) the number of females to the total
number of people in the church.

5. Complete the following ratios:
(a) 3:8=9:_2_
(b) 4: _2_=28:63
(c) _2:30=5:6

(d) 45: 2 =15:39

, 7 21

© 3
35 _ 7

® 5=53

6. (a) fp:q=4:3andq:r=5:3,

findp:q:r.

(byIfx:y=3:4andy:z=5:2,
findx:y:z.

5.1.2 Sharing quantities using
ratios

Activity 5.4

Suppose two old men from your village

have come to you to arbitrate after they

disagreed over how to share 7 000 FRW

such that for every 2 FRW that the first

man gets, the other one gets 3 FRW.

(1) In what ratio would you share the
money between them?

@i1) Tell your partner how you would
share the money and how much
each would get.
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Let us all be crusaders of peace
wherever we are, rather than be the
ones to fuel disagreements.

There are many cases in real life where
people or organizations need to share
items or resources unequally but in a given
ratio. For example, a father may want to
share 24 acre of land among his two sons.
One of them who is disabled gets double
of what the other son gets. In such a case,
we share the quantity using the given
ratio. For example the father would share
the land in the ratio of 2:1. Assume the
whole land is first subdivided into equal
parts whose number is equal to the sum
of the two values in the ratio i.e. 2+1 =3
parts. The disabled son gets 2 parts out of
3 parts of the whole.

1.e. % of 24 acres = ;X 24 acres = 16 acres
1

The other son gets 1 part of 3 parts of
the whole. 3

. 1 _ 1 —

1.e.§ of 24 acres = %/X 24-acres = 8 acres.

Notice the two proportions add up to the
whole 18 + 6 = 24 acres.

We should always take care of
the needs of the disabled persons
and facilitate and empower them
where we can.

In general,

To share a quantity into two parts in
the ratio a : b, the quantity is split into
a + b equal parts. The required parts

a b .
become ; and Ean of the quantity.

L+ b




Example 5.7
Share 38 400 FRW between Linda and

Fean in the ratio 5:7 respectively.

Solution

38 400 FRW is to be shared in the ratio
5:7. It 1s split into 12 equal partsi.e 5 + 7
= 12 equal parts.

The amount Linda receives

o 38 400 FRW = 16 000 FRW

Fean recerves
1_72 X 38 400 FRW = 22 400 FRW

Example 5.8

Ingabire, Mugenzi and Shamarima have
jointly nvested in buying and selling of
shares in the Rwanda stock exchange
market. In one sale, they realised a gain
of 1 080 000 FRW and intend to share it
in the ratio 2:3:4 respectively. How much
did Mugenzi get?

Solution
Mugenzi’s share

—_ 3

= % x 1 080 000 FRW

=360 000 FRW

Exercise 5.2

1.

Divide the following quantities in the
given ratio:

(a) 1600 FRW (3:5)
(b) 24 ha (2:3:5)

(c) 327 kg (1:5:6)

(d) 775 chicken (14:11)

When 5 280 FRW is shared by Anne,
Shyaka and Elise in the ratio 2:4:5
respectively, what is the difference
between Elise’s and Anne’s share?

8 720 000 000 FRW allocated to a
certain department of a ministry
from the national budget is to be
shared between two sections A and
B, in the ratio 3 : 5 respectively. How
much will each department get?

A man and his wife share a sum of
money in the ratio 3 : 2. If the sum
of money is doubled, in what ratio
should they divide it so that the man
still receives the same amount?

Ann, Ben and Mike share 192 000
FRW. Ann has twice as much as Ben
and Ben has three times as much as
Mike. In what ratio are their shares?
How much did Ben receive?

55% of students in a school are boys.

(a) What is the ratio of boys to girls?

(b) How many girls are there if the
school has 400 students?

5.1.3 Application of ratios in scale
drawing

Activity 5.5

On a plan, the length of 20 m of a house
wall is represented by a length of 5 cm.
Discuss with your partner and determine
the scale of the plan to the actual house
in ratio form in its simplest form.

One way of representing the scale between
a drawing of an object or map and the
actual object is by use of a ratio. For
example, a scale of 1cm represents 5 m can
be written in ratio form as 1cm represent
500 cm (same units) hence 1:500.
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Example 5.9

A pupil drew the plan of her school to a
scale of 1:500.

(a) If the football field is 90 m by

70 m, find its length and width on
the drawing.

(b) If in the scale drawing a classroom

block 1s drawn as a rectangle 9 cm
by 2.2 cm, find its actual length and
width.

Solution

1:500 means that 1 cm represents 500 cm

or

1 cm represents 5 m.

(a) 5mis represented by 1 cm

90 m 1s represented by é X 90 cm

=18 cm
70 m 1s represented by é X 70cm =
14 cm.

The football field is 18 cm long and
14 cm wide.

(b) 1cm represents Sm

9 cm represents 5 X 9m = 45 m and

2. Find the actual length represented by

4.

a scale drawing length of,

(a) 7.3 cm when the scale ‘1 cm
represents 3 m’.

(b) 8.5 cm when the scale is ‘2 cm
represents 4 km’.

(c) 5.3 cm when the scale is ‘5 cm
represents 1 km’.

(d) 15.6 cm when the scale is ‘2 cm
represents 100 m’.

A physical planner drew the plan of

a dump site to a scale of 1 : 1 000.

If the site measures 60 m by 45 m,

find the dimensions of the site on the

plan.

A triangular plot measuring 200 m
by 180 m by 300 m is drawn on a
map and measures 4 cm by 3.6 cm
by 6 cm respectively. Determine the
scale used to draw the map.

5.2 Proportion

Activity 5.6

2.2 cm represents 5 X 2.2m = 11m

The classroom block is 45 m long and
11 m wide.

Exercise 5.3

1. Find the scale drawing length that
represents:
(a) 73 m when the scale is ‘1 cm
represents 10 m’.
(b) 73 m when the scale is ‘1 cm
represents 5 m’.
(¢) 1 km when the scale is ‘10 cm
represents 1 km’.
(d) 1.53 km when the scale is ‘5 cm
represents 2 km’.
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Consider the ratios given below.

(a) 3:5 (b) 9:15

Write ratios (a) and (b) in their simplest
form.What do you notice about the size
of ration (a) and (b)?

Discussion

The two ratios are equal

The ratio 3 to 5 is equal to the ratio

9 to 15. This can be written as é =2

or3:5=9:15. !

When the equivalence of two ratios
is written in this form it is called a
proportion, and it is read as ‘3 is to
5 as 9 is to 15’°. i.e a proportion is a
relationship between four numbers or




quantities in which the ratio of the first
pair equals the ratio of the second pair,
and is written as a:b = c:d and is read
as “aistobascistod”

Read these proportions:
2 _4 . — .
5 _ x

©3=35

Write these as proportions:
(a)4isto 7 as 12 isto 21
(b)2istoxas6isto 3

5.2.1 Properties of proportion

In a proportion, the second and third

values are called means and the first

and fourth values are called extremes.
extremes

eg. 3:5=6:10 5. 1
\ / T

means means extremes
(a) Cross product property

Activity 5.7
Consider the following ratio
4:5=8:10 (4.8

means  extremes
What is the product of the means?
What is the product of the extremes?

What do you notice about the product
of the exchange and means?

In a true proportion, the product of the
means is equal to the product of the
extremes.

4 x 10 =8 x 5 =40. In general,

C
. d
iIssameasaxXxd= bXc

a
b

This property is called cross product
property.

Example 5.10
Solve these proportions

3 _ 6 5 _ 2
@R ® =%
10 _ «x
© 3=7
Solution
3 _ 6 5 _ 2
@R ® =%
x=4 x=4
10 _ x
© 3=7
x=35

Example 5.11

Tomatoes are selling ar 3 tomatoes for 100
FRW, How much will 12 tomatoes cost?

Solution

.3 _ 100
Proportion: Tk

Solve: 3x = 12 100 FRW
3x = 1200 FRW
x = 400 FRW
i.e. 12 tomatoes will cost 400 FRW.

(b) Means or extremes switching

property
Activity 5.8
Consider the following ratios:

2:3=4:6
2 _ 4
3 6

Worite the numerators in fraction form.

Write the denominators in fraction
form.

Simplify the fractions in their simplest
form.

What do you notice about the size of
the fractions?
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Discussion

2=3-1
4 6 2
The new fractions are equal.
In general, % = % is the same as

This is called Means or Extremes
switching property.

Example 5.12
8 _ 4 : 8,
If 5= what is the value of 7

Solution

By means or extremes switching property
5
10

= or f =

8

Example 5.13
X _ Yy o . x
If 3T P find the ratio of 5

Solution

Using switching property of proportion
_ 5
-4

IR

(c)Inverse property of proportions

Activity 5.9
Consider the following ratios

2:3=4:6
2 _4
3 6

Interchange the numerator with
denominator in each side of the equation.

Simplify the proportion.
What do you notice about the value of

the simplest form of the fractions?
—

Discussion

Interchanging the numerator and

denominators we have,
3_6 6 _3

2 4 4 2
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The simplest form of g = % hence the
proportions are equal.

a _c . b _d
In general, o T g Issameas - = -

Example 5.14

9 _ 5 . . a
If - = Z,fmdthe ratio -

Solution

Applying inverse property
&
9 5

Applying switching property
a 9

b 5

(d) Additional property of
proportions

Activity 5.10

Consider the following:
a _ C
b d

Add 1 on both sides

Simplify the sum on both sides.

How do we call such property?

Discussion

Adding 1 both sides we get
241=S+1

b d +b +d
Simplifying we get “7— =

Similarly, 22> = <4

This is called additional property of
proportions

Example 5.15
5_ x g 13 _,
If - = 3—),fmdthe‘value0f 5 =

Solution
Applying additional property
5 _ &
st1= 5 + 1
5+8 _x+y
8§
13 — x+y
8 y



Exercise 5.4

1. Which of these are true proportions?

2 _ 4 8 _ 2
@3=5 Op=3

8 _ 6 . — .
(C)E_Z (d)3:2 =3:5
(e) 6:4 =2:1 () 1:3 =6:18

2. Solve the proportions:

3 _ X 8 _ 16
@z=n ®g=3

6 _ X . — .
(C)Z—l—2 (d)3:4 = x:8
() 3:4 =9:x (f) x:12 = 6:8

3. Find the unknown values in the
following proportions.

(a) 6:a=18:15
.~ _ Db
(b) 8.7—2_8
(©) 2=20:50
. _ P
(d) 21.16—4—8
4. Given that x : y = 3 : 5, find the ratios
(a) (2x—y):(2x + 3y)

(b) x+vy):(2x-y)

5. Giventhata:b = %: 4-11

(a) (a+b):(a+Db)
(b) (a—2b) : (2a—3b)
5.2.2 Direct proportion

Activity 5.11

Consider Table 5.1 below which shows
the relationship between the number of
pens and the cost of pens.

No. of pens 1 2 3 4 5
Cost (FRW) | 120 | 240 | 360 | 480 | 600

Table 5.1

1. What happens to the cost when the
number of pens is doubled.

2. If you divide the number of pens
by two, what do you notice about
the cost?.

3. What can you say about the relation
between the cost of pens and the

quantity of pens?
|

From Activity 5.11, you realize that
two quantities are such that, when one
quantity increases through a particular
ratio, the other quantity increases in the
same ratio, and vice versa. Such quantities
are said to be directly proportional.

eg, 2 _240 3 _360. 5 600
1 1207 2 240 3 360
Activity 5.12

1. Individually, use the values in table
5.1 to draw the graph of the number
of pens (N) against cost (C).

2. Describe the graph you have drawn
in 1 above.

From Activity 5.12, quantities N and C
are directly proportional. The graph of N
against C is a straight line passing through
the origin as shown in Fig. 5.1.

N

\

@]

(0]
Fig. 5.1

Problems of direct proportionality can be
solved by ratio or unitary methods.
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Example 5.16

The cost of 5 kgs of sugar is 2 880 FRW/
Find the cost of 3 kgs of the same sugar.

Solution

We can use ratios or unitary method to solve
this problem.

Ratio method
Let the cost of 3 kg be x

Then x : 2 880 = 3: 5 (the ratio of the cost is

equal to the ratio of the sugar in kgs)

X

. - S , 3
Using the ratios in fraction form: 2880 ~ 5

3
X = ng 880 FRW =1 728 FRW
Hence x, the cost of 3 kg =1 728 FRW

Unitary method
5 kg cost 2 880 FRW

2 880
1 kg cost e FRW
2880 x 3
b)
Notice that a decrease in the number of kg

of sugar bought leads to a decrease in the
cost in the same ratio.

3 kg cost FRW =1 728 FRW

Example 5.17

A train travels 120 km in 2 hours. How long
will it take to cover a distance of 480 km?

Solution
Ratio method

Let the time taken be x hours
Thenx : 2 =480 : 120

Using the ratio in fraction form;
48
X = ExZ = 8 hours

Unitary method

It takes 2 hours to cover 120 km
. . 2
1 km 1s covered in 120 h
2 X 480
=8h
120
Notice that an increase in distance covered
leads to an increase in the time taken in the
same ratio.

So 480 km will take

Example 5.18

Table 5.2 shows the distance (d) in kilometres covered and the time taken at constant speed.

Distance(d) covered in km 50 | 100 (150 |200 |250

Time(t) taken in hours 1 2 3 4 5
Table 5.2

Use a graph to find:

(a) The distance covered in 2hr 12 min.

(b)  The time taken to cover a distance of 180 km.
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Exercise 5.5

1.

At a steady speed, a car uses 5 litres
of petrol to travel 85 km. How much
petrol is needed to travel 70 km at the
same speed?

In a spring balance, the extension
in the spring is proportional to
the load. If the extension is 3.5 cm
when the load is 10 newtons, what
is the extension when the load is 4.5
newtons?

3.

A

250

200
-

5150
Q
g
s
£

100

50

0 1 2 3 4 5 6
Time, t (h)
Fig. 5.2
Solution

(a) From the graph, we see that the distance covered in 2h 12 min is 110 km.
(b)  From the graph we see that a distance of 180 km will take 3 hours 36 minutes.

If the mass of 16 cm? of a metal is
20 g, what is the mass of 30 cm??

A man earns 27 000 FRW in a 5-day
week. What is his pay for 3 days?

Nine milk bottles contain 4% litres of
milk. How much do six bottles hold?
Given that x and y are directly

proportional, copy and complete
Table 5.3 below.
1 2 4 5 10
10 25

Table 5.3
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7. It takes two hours for a motorbike
to cover a distance at 50 km/h. How
long will it take to cover the same
distance at 75 km/h?

8. The extension of a spring is directly
proportional to the force applied on
it. Table 5.4 shows the values of force
and the corresponding extensions
for a spring obtained by a Senior 1
student in an experiment.

Force (N) 0 0.3 10.6 |09 |1.2
Extension (mm) | 0 12 |24 |36 |48
Table 5.4

(a) Plot a graph of force against
extension.

(b) Use your graph to find:

(1) The extension produced by
a force of 0.4 N.

(i1)) The force required to
produce an extension of
40 mm.

5.2.3 Inverse proportion

Activity 5.13

Consider the relationship between the
speed and time taken by a car to cover
a fixed distance of 320 km. (Table 5.5).

Speed (km/h) |20 |40 [80 |160
Time (h) 16 |8 4 2

Table 5.5

Take 20 km/h to be the original speed.

(a) What do you notice when the speed
is doubled?

(b) Plot the graph of speed against
time.

(c) Describe the graph you drew to
your friend.

—
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From the graph you drew in Activity
5.13, you should have noticed that; two
quantities are such that if one quantity
increases in the ratio % the other quantity

decreases in the ratio g and vice versa.
The two quantities are said to be inversely
proportional.

The graph of speed (S) against hour (h)
is a curve of the form shown in Fig. 5.3.

PoWaV¥a¥

ZUY

=
(o)}
O

N
)
H

=
=i
YA
80
3
oY
2 40
T
0 4 3 12 16
Time (h)
Fig. 5.3

Problems on inverse proportion are solved
using either unitary, ratio or graphical

method.

Example 5.19

Four men working at the same rate can dig
a prece of land in ten days. How long would
it take five men to do the same job?

Solution
Unitary method
4 men can dig in 10 days

1 2 3 4 5 6 7 8 9

[T
prece of land

10 days




4 men dig 11—0 of the land in 1 day.

1 man digs (11—0 +~4 = 41—0) of the land in
1 day.

1 man takes 40 days to dig the entire land.
For 5 men = ? days (taken by one man)

= 8days

Ratio method

Five men take shorter time than four men
so we use the inverse ratio.

The number of men increase in the ratio 5:4

The days decrease in the ratio x : 10

. . . X 4
Usmg nverse ratuo, m = g

x=—=-x10

(N

= 8 days.

Example 5.20

9 men working in a factory produce a
certain number of pans in 6 working days.
How long will it take 12 men to produce
the same number of pans if they work at
the same rate?

Solution
Ratio method
The number of men increase in the ratio 12
:9=4:3(@:b)
The number of days thus decrease in the
ratio 3 : 4 1.e (b :a)
Let the number of days be x.
x:6=3:4
_ 3IX6

1 .
x=— = 45 working days

Unitary method

9 men work for 6 days

1 man works for 9 X 6 days = 54 complete
working days

X 6
12 men will work for S = 4% working

days.

Example 5.21

Table 5.6 shows the time taken to cover a distance of 120 km at various speeds.

Speed, x(km/h) |20 [30 [40 [60 [80 [120
Time, t(h) 6 |4 |3 |2 [1.5]10

Table 5.6

(a) Draw a graph of speed against time taken.
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(b)  Use your graph to determine:
(1) The time taken to cover the same distance at a speed of 75 km/h.
(11) The speed required to cover the same distance in 2.4 h.

Solution
(a)

120 A

100

80

(o)
(=)

Speed, x (km/h)

40

20

Oy

0 1 2 3 4 5
Time, t (h)

Fig 5.4

(b) From the graph:
(1)  The time taken to cover the same distance at a speed of 75 km/h is 1.6 h.
(11) The speed required to cover the same distance in 2.4 h is 50 km/h.
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Exercise 5.6

1.

12 taps can fill a tank in three hours.
How long would it take to fill the tank
if only 4 taps are working?

If 8 people can cultivate a piece of
land in 6 days. How long will it take
12 people to cultivate the same piece
of land?

Three men can build a wall in 10

hours. How many men would be
needed to build the wall in 7% hours?

If it takes 6 men 4 days to dig a hole
5 m deep, how long will it take 10
men to dig a hole 8 m deep?

Given that x is inversely proportional
to y, copy and complete the following
table.

X 1 2 14 |8 16 |32 | 64
16 4 1
Table 5.7

A school bought 120 books costing
960 FRW each. If the price of each
book was reduced by 280 FRW, how
many more books could be bought?

A cyclist averages at a speed of 27
km/h for 4 hours. At what average
speed would he need to cycle to cover
the same distance in 3 hours?

. The volume of a fixed mass of a gas

at constant temperature is inversely
proportional to its pressure. Table 5.7
below shows the volume of a given
mass of gas at different pressures
when the temperature is constant.

Pressure,|750 {500 [400 |300 |250
P (Pascals)

Volume, V|2 3 3.75 |5 6
(m?)

200 | 150 | 100
7.5 |10 |15

Table 5.8

(a) Draw a graph of V against P.
(b) Using the graph, find:

(i) P whenV =8m3.

(11) 'V when P = 350 pascals.
(c) CalculateV when P = 600 pascals.
Table 5.9 shows the acceleration
of different masses when a certain
constant force is applied to them. The

masses m (kg) and the acceleration a
(m/s?) are shown.

mkg |20 |15 |12 |10 |8
a (m/s?) |1 133167 |2 |25

6 5 2
3.33 |4 10

Table 5.9

(a) Draw a graph of m against a
(b) Use the graph to find:
(i) m when a = 3 m/s%.
(i1) the acceleration when the
mass is 9 kg.

(d) The mass when acceleration is
4.5 m/s.

Summary

1.

Ratio — It is a mathematical statement
of how two or more quantities or
numbers compare.

Simplifying ratios — This is where
two quantities of a ratio may be
multiplied or divided by the same
number without changing the value
ratio.

Sharing — To share a quantity into
two parts in the ratio a : b is where
the quantity is split into a + b equal

parts and the required parts become
a

a+b

and of the quantity.

a+b
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Direct proportion — It is the
proportion in which two quantities
are such that, when one quantity
increases through a particular ratio,
the other quantity increases in the
same ratio and vice versa.

Inverse proportion — It is the
proportion in which two quantities
are such that, when one quantity
increases in the ratio %, the other

. . . b
quantity decreases in the ratio Y

Unit Test 5

1.

It takes 32 men to complete a piece
of work in 10 days. How many extra
men are required to complete the
same work in 8 days?

A teacher shares sweets among 10
students so that each gets 6 sweets.
How many sweets would each student
have if there are 12 students?

The electric current (I) through
an electric conductor is directly
proportional to the voltage (V) applied
across the conductor. Table 5.10
shows the corresponding values of the
applied voltage (V) and the current
(A) through the conductor obtained
in an experiment.

Voltage (V) |0 [1.0|2.4]3.0(4.0|4.8]6.0

Current (A) |0 |0.30.8|1.0|1.3|1.6|2.0

Table 5.10
(a) Draw a graph of voltage (V)
against current (A).
(b) Use your graph to determine:

(i) The voltage required to
drive a current of 1.2A
through the conductor.

(i1) The correct current passing
through the conductor when
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4.

6.

7.

9.

a voltage of 3.5 is applied
across it.
In a hall, chairs are arranged in 35
rows of 18 chairs each.

(1) How many rows would there be
with 21 chairs in a row?

(11) How many chairs would there be
in each row if there were 15 rows?

Find the ratio a : b : ¢ in each of the
following:

(a) a:b=3:7andb:c=9:5
(bya:b=2:9andb:c=3:11
(c)a:b=4:5andb:c=2:5
(dya:b=1:3andb:c=9:13

A dispensary has 78 workers. 28 of

them are women and the rest are
men. Find the simplest ratio of:

(a) The number of female to the
number of male.

(b) The number of male to the
number of all workers.

(c) The number of female to the total
number of workers.

Simplify the following ratios

() 5:0.75  (b) 33:6¢
(©) 04:08 (&) =:3

The angles of a triangle are in the
ratio 2 : 5 : 3. Calculate the size of
each angle.

A farmer mixed two chemicals A and
B in the ratio 4:5. If the farmer used
20 litres of chemical A in the mixture,
what was the total quantity of the
mixture?

10. An architect drew a house plan to

a scale of 1 : 5 000. If the actual
room measured 6 m by 5 m, find the
dimensions of the room on the plan.



6 | POINTS, LINES AND ANGLES

Key unit Competence

By the end of the unit, I should be able to
construct mathematical arguments using
the angle properties of parallel lines.

Unit outline

* Segment and rays.

* Angles on a straight line.
* Angles at a point.

* Angles on a parallel line.

6.1 Points

Activity 6.1

With reference to a number line, define
the following:

(a) a point

(b) aline

In each case, use a diagram to illustrate
your findings.

Discussion

In geometry, a point marks a particular
position. A point has no size or dimension,
but for the sake of illustration it is
marked with a fine dot and labelled with
a capital letter.

Fig. 6.1 Illustrates a set of points on a
plane.

6.2 Lines

A line is a set of points which are joined
rogether. It is neither bent or curved.
Fig. 6.2 shows different lines in
different directions. The arrows are
meant to show that the lines continue
indefinitely.

RNV,

Fig. 6.2

Activity 6.2

Working in pairs, identify the differences
between the diagrams given in Fig. 6.3

Q
4>
(a)
S (b)
R
©
Fig. 6.3
Observations

From Activity 6.2, you should have

observed that

(a) Fig. 6.3(a) represents a line, which is
shown to continue in two directions
indefinitely. There are two points on
the line by which we can name the
line. We can denote it as line AD.

(b) Fig. 6.3 (b) shows a fraction of a line
that is defined by two points, P and
Q. It has a beginning and an end. The
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portion of a line PQ is called a line
segment. A line segment is also a set
of points.

(c) Fig. 6.3(c) shows a portion of a line
which has a beginning and no end.
Such a portion of line is called a half
line or a ray. A ray also is a set of points.

Note:

A line is unbounded. It extends into two
directions indefinitely.

A line segment is bounded at both ends
i.e. it has definite beginning and end.

A ray is bounded at one end. It has a
definite beginning but has no ending.

Example 6.1

(a) Draw a straight line PQ.
(b) Draw a half line PO.

(c) Draw a line segment PO.

Solution
Fig. 6.4 shows the required lines

(@) :IP (|2=
| | o

@ p Q
| |

© p Q
Fig. 6.4

Exercise 6.1

1. Study Fig. 6.5 below and answer the
questions that follow.

A

Fig. 6.5
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(a) Name four points.
(b) Name the straight lines.
(c) Name the line segments.
(d) Name the rays.
2. Use Fig. 6.6 below to answer the
following questions that follows.

T
S

P Q R

Fig. 6.6

(a) Name the half lines.
(b) Name the straight line or lines.
(c) Name the line segments.

6.3 Angles

In Primary 4, we learnt about angles. The
following activities reminds us of some
types of angles.

6.3.1 Types of Angles
(a) Right Angles

Activity 6.3

1. Tell your partner what you think a
right angle is.

2. Obtain a rectangular plain piece of
paper.

3. Fold the paper into two equal
halves. Fold it again into two equal
halves as shown in Fig. 6.7 below.

Fig. 6.7

What is the name given to the angle
formed (angle a)?



4. Use the paper folding you obtained
in step 3 to measure the angle
formed by two edges of your maths
textbook as shown in Fig. 6.8
below.

Fig. 6.8
What do you notice? Sketch the
angle formed in your exercise book.

5. Obtain a wall clock. Set the time at
3.00 o’clock as in Fig. 6.9.

Fig. 6.9

Compare the type of angle formed
between the minute hand and the hour
hand and the angle formed on the paper
folding you made in step 3.

What do you notice?

How do the two angles compare?

The symbol for an angle of 90° or a right
angle is L e.g. B right angled triangle.

Discussion

The angle formed by the square corner
of a paper folding is called a right
angle. Similarly, when a clock is set at
3.00 o’clock, the type of angle formed
between the minute hand and the hour
hand is a right angle.

Learning points

A right angle is equivalent to 90° on a
protractor as shown in Fig. 6.10 below.

(b) Acute angle

Activity 6.4

1. Set the clock at 2.00 o’clock.

Fig. 6.11

What type of angle is formed by
the space between the minute hand
and the hour hand?

What is the name given to this type
of angle?

2. Open your classroom door slightly
as shown in Fig. 6.12

Fig. 6.12

What type of angle is formed at the
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top between the frame and the top
edge of the open door?

3. Compare this type of angle with the
angle formed by setting the clock
at 1.00 o’clock. Comment on the
type of angle.

4. Compare the type of angle formed
in steps 1 and 2 with the right
angle. What do you notice?

Learning points

An angle which measures less than 90°
is called an acute angle e.g 60°, 20°, 88°,
12° and so on. Fig. 6.13

Angle ABC < 90° A
= x° < 90°
1.e.0<x°<90° g
B X C
Fig. 6.13

Learning point
The angle between the hour hand and
the minute hand at 6.00 o’clock is 180°

An angle which measures 180° is called
a straight angle. e.g.

£

A O B

Fig. 6.15

The marked angle at 0 is equal to 180°
i.e. ZAOB = 180°

(c) Straight angle
Activity 6.5

Carry out the following activities:

1. Set your clock at 6.00 o’clock as
shown in Fig. 6.14.

Fig. 6.14

(a) What type of angle is formed
between the minute hand and
the hour hand?

(b) What is the name of the type
of angle formed by the space
between the minute hand and
the hour hand?
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(d) Obtuse Angle

Activity 6.6
Carry out the following activities:

1. Setyour clock at 4.00 o’clock as in
Fig 6.16.

Fig. 6.16

What type of angle is formed
between the minute hand and the
hour hand?

What is the name given to such an
angle? Sketch the angle formed in
Fig. 6.16 above.

2.  Obtain a rectangular paper. Fold
it into two equal parts. Fold one of
the corners of the paper slightly as
shown in Fig 6.17 below.

Ly
Fig. 6.17
What is the name of angle formed?

3.  Sketch the angle and compare it with
a right angle. What do you notice?




Discussion

How does the angle formed compare
to a straight angle? Describe the angle
formed in relation to the 90° angle and
the straight angle.

Discussion

How does the angle compare with a
straight angle?

Describe this angle in relation to the
straight angle.

Learning point

An angle greater than 90° but less than
180° is called an obtuse angle e.g 120°,
08°, 164°, 178° 145° and so on. For
example, in Fig. 6.18 angle x°is greater
than 90° but less than 180°.

A

o

X

¢ B
Fig. 6.18

90° <x° < 180°

(e) Reflex angle

Activity 6.7
Carry out the following activities.

1. Obtain a clockface or a wallclock.
Set the time at 8.00 o’clock as
shown in Fig. 6.19.

Fig. 6.19

What type of angle is formed
between the minute hand and
the hour hand in the clockwise
direction?

Sketch the angle formed. What is
the name given to such an angle?

Learning point

An angle greater than 180° but less than
360° (full revolution) is called a reflex
angle e.g. 270°,200°, 168°, 344° and so
on. For example,

XO

[6)

Fig. 6.20
Marked angle AOB = x°

180° < x° < 360°

Exercise 6.2

1. Indicate the type of angle marked
with letters in each of the following
(Fig. 6.21)

(a) (b)
(c d
(e) ®
Fig. 6.21 S
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(8) & (0) v

Fig. 6.21

2. State the type of angles marked with
letters in each of the following (Fig.

6.22): /)
45°
f
Q q
(a) (b)
40° 45°
N\

40°

(© (d)

| k
1
()
64°
1 >

o

\

38°
®

Fig. 6.22

3. Using a ruler and a protractor draw:
(a) an acute angle of 35°
(b) aright angle
(c) an obtuse angle of 148°
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(d) a straight angle
(e) a reflex angle of 295°

6.3.2 Angles on a straight line

Activity 6.8

Carry out the following activities.

1. Draw triangle ABC. Drop a
perpendicular from point A to line
BC at D. Cut out triangle ABC
(Fig. 6.23).
A

Fig. 6.23

2. Fold the paper cut out in such a
way that vertex A lies exactly on
D. Label the fold line EF as in Fig.
6.24 below.

G DA H

Fig. 6.24
What is the name of the figure 6.24?

3. Fold triangle BED along its vertical
perpendicular such that that B lies
on D. Fold triangle FDC (Fig.
6.24) along its perpendicular FH
such that C lies on D as shown in

P;Eig. 6.25 below.

I8

G br(c H
B,D,A,C
Fig. 6.25



(a) What figure did you obtain?
(b) Measure angles a, b and c¢. What is
their sum?

(c) Comment on your answer.

e ————————————————————————————
Discussion
What is the sum of angles on a straight
line?
What is the sum of the interior angles
of a triangle?

Learning points

1. Angles on a straight line add
up to 180°. To mark a straight
angle, we use symbols such as:

b q
Fig. 6.26

2. Interior angles of a triangle add up
to 180°1.e.a° + b° + c° = 180°. Fig.
6.27.

Fig. 6.27

Example 6.2

Calculate the size of the angles marked with
letters in each of the following figures.

(a)

78°
X 43°

64°
(%)
68°
S
y
(C) 680
100°
(d) 320
118° /_~
Fig. 6.28
Solution
(a) x+78°+43°=180° (angles on a
straight line)
x+ 121°=180°
x=180°-121°
x =59°

(b)

(©

(d)

s + 68° = 180° (angles on a straight
line)

s = 180°— 68°

s=112°
100 + 68° +y = 180° (angles on a
straight line)
168° +y = 180°

vy =180°-168°

y=12°
118°+ 32° + 2 = 180° (angles on a
straight line)
150° + z = 180°
z = 180° - 150°

z = 30°
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Exercise 6.3

1. Calculate the size of each of the

angles marked with letters in Fig.
6.29 below.

(a) \mmo

(b) b

(d) d

(e)

15N

®

30°

Fig. 6.29
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2. In each of the following triangles, use
the relationship between the angles
of a triangle and the straight angle
properties to fill in the gaps.

a b d
C
Fig. 6.30
(a) a+b+c=
b+d=
Fig. 6.31
(b) e+f+g=__
h+__ =180°
m

Fig. 6.32

(c) k+___ +1=180°

m+/=___

6.3.3 Angles at a point

Activity 6.9

1.

Draw and cut out two triangles
of any measurement as shown in
Fig. 6.33 (a) and (b).

A

(a) a

Fig.6.33 B




(b) a

Fig. 6.33

2. On a plain piece of paper, mark a
dot/point.

3. Cut off all the angles of triangles
