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FOREWORD

Dear Student, 

Rwanda Basic Education Board (REB) is honored to present Year 1 Mathematics 
book for Science and Mathematics Education (SME)student teachers which serves 
as a guide to competence-based teaching and learning to ensure consistency and 
coherence in the learning of the Mathematics content. The Rwandan educational 
philosophy is to ensure that you achieve full potential at every level of education 
which will prepare you to be well integrated in society and exploit employment 
opportunities. 

The government of Rwanda emphasizes the importance of aligning teaching and 
learning materials with the syllabus to facilitate your learning process. Many factors 
influence what you learn, how well you learn and the competences you acquire. 
Those factors include the relevance of the specific content, the quality of teachers’ 
pedagogical approaches, the assessment strategies and the instructional materials 
available. In this book, we paid special attention to the activities that facilitate the 
learning process in which you can develop your ideas and make new discoveries 
during concrete activities carried out individually or with peers. 

In competence-based curriculum, learning is considered as a process of active 
building and developing knowledge and meanings by the learner where concepts 
are mainly introduced by an activity, situation or scenario that helps the learner to 
construct knowledge, develop skills and acquire positive attitudes and values. 

For efficiency use of this textbook, your role is to: 

• Work on given activities which lead to the development of skills; 

• Share relevant information with other learners through presentations, 
discussions, group work and other active learning techniques such as role play, 
case studies, investigation and research in the library, on internet or outside; 

• Participate and take responsibility for your own learning;

• Draw conclusions based on the findings from the learning activities. 

To facilitate you in doing activities, the content of this book is self-explanatory so 
that you can easily use it yourself, acquire and assess your competences. The book is 
made of units as presented in the syllabus. Each unit has the following structure: the 
key unit competence is given and it is followed by the introductory activity before the 
development of mathematical concepts that are connected to real world problems or 
to other sciences. 

The development of each concept has the following points: 

• It starts by a learning activity: it is a hand on well set activity to be done by 
students in order to generate the concept to be learnt; 

• Main elements of the content to be emphasized; 
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• Worked examples; and 

• Application activities: those are activities to be done by the user to consolidate 
competences or to assess the achievement of objectives. 

Even though the book has some worked examples, you will succeed on the application 
activities depending on your ways of reading, questioning, thinking and grappling 
ideas of calculus not by searching for similar-looking worked out examples. 

Furthermore, to succeed in Mathematics, you are asked to keep trying; sometimes 
you will find concepts that need to be worked at before you completely understand. 
The only way to really grasp such a concept is to think about it and work related 
problems found in other reference books. 

I wish to sincerely express my appreciation to the people who contributed towards 
the development of this book, particularly, REB staff, Lecturers, secondary school 
teachers and TTC Tutors for their technical support. A word of gratitude goes to 
Head Teachers and TTCs principals who availed their staff for various activities. 

Any comment or contribution would be welcome to the improvement of this text 
book for the next edition. 

Dr. MBARUSHIMANA Nelson 

Director General, REB 
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UNIT 1

Key Unit competence: Classify numbers into naturals, integers, rational 
and irrationals.

1.0. Introductory Activity 1

From the following diagram, discuss and work out the given tasks.

1. How many sets of numbers do you know? List them down. 
2. Using a mathematical dictionary or the internet, define the sets of numbers 

you listed in (1). 
3. Give an example of element for each set of numbers you listed. 
4. Establish the relationship between the set of numbers that you listed. 

SET OF NUMBERS
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1.1. Natural numbers
1.1.1. Definition

Activity 1.1.1

For any school or organization, they register their different assert for good 
management.

For example 

1. The number of desks may be 152
2. The number of Mathematics textbooks may be 2000. 
3. The number of classrooms is 15
4. The number of kitchen may be 1
5. The number of car may be 0
6. And so on

All of these numbers are elements of a set. Which set do you think, they can 
belong to?

Can you give other example of elements of that set?

CONTENT SUMMARY

Usually, when counting, people begin by one, followed by two, then three and so on. 
The numbers we use in counting including zero, are called Natural numbers. The set 

of natural numbers is denoted by { } 0, 1, 2, 3, 4, .= …  On a number line, natural 
numbers are represented as follows:

Application activity 1.1.1
1. Write down, first ten elements of natural numbers starting from zero.
2. Apart from recording assets, give two examples of where natural 

numbers can be used in daily life.
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1.1.2. Sub sets of natural numbers 

Activity 1.1.2

Carry out the following tasks. 

(a) Use a dictionary or internet to define the terms: even, odd and prime numbers.

(b) You are given the set of natural numbers between 0 and 20, 

(i) make a set of odd numbers. 

(ii) make a set of even numbers. 

(iii) make a set of prime numbers. 

(iv) identify even numbers which are prime numbers? 

(v) How many odd numbers are prime numbers? 

(c)  Represent the information from (b) in a Venn diagram.

CONTENT SUMMARY

There are several subsets of natural numbers:

(a) Even numbers

Even numbers are numbers which are divisible by 2 or numbers which are multiples 
of 2. Even numbers from 0 to 20 are 0, 2, 4, 6, 8, 10,12, 14, 16, 18 and 20. 

The set of even numbers is { }2,4,6,8,E =   and it is a subset of natural numbers.

(b) Odd numbers 

Odd numbers are numbers which leave a remainder of 1 when divided by 2. Odd 
numbers between 0 and 20 are 1,3,5,7,9,11,13,15,17 and 19. The set of odd numbers 

is { }1,3,5,7,O =   and it is a subset of natural numbers.

(c) Prime numbers 

Prime number is a number that has only two divisors 1 and itself. Prime numbers 
between 0 and 20 are 2, 3, 5, 7, 11, 13, 17 and 19. The set of prime numbers is 

{ }2,3,5,7,11,13,19,P =   and it is a subset of natural numbers.
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Application activity 1.1.2

Given E = {1, 4, 8, 11, 16, 25, 49, 53, 75}, list the elements of the following subsets 

(a) Even numbers 

(b) Odd numbers 

(c) Prime numbers 

Represent the above subsets on a Venn diagram.

1.1.3. Operations and properties on natural numbers

Activity 1.1.3

1. From the given any three natural numbers a ,b and c , investigate the 
following operations 

a) is a b+ always a natural number? Use example to justify your answer.

b)  is a b+ and b a+ always giving the same answer? Use example to justify 
your answer.

c) is ( )a b c+ + and ( )a b c+ +  always giving the same answer? Use example 
to justify your answer.

2. Given any three natural numbers a ,b and c , investigate the following 
operations: a b−  , a b−  and b a− ,  ( )a b c− −  and ( )a b c− −

What do you notice? Is always the answer an element of natural numbers? 
Justify your answer.

3. Given any three natural numbers a ,b and c , investigate the following 
operations : a b×  , a b×  and b a× ,  ( )a b c× ×  and ( )a b c× × , ( )a b c× +  
and ab ac+ , ( )a b c× −  and ab ac−

4. Given any two natural numbers a ,b  different from zero, investigate the 
following operations a b÷  , a b÷  and b a÷ ,   
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CONTENT SUMMARY 

Addition 
(i) Closure property:   The sum of any two natural numbers is always a natural 
number. This is called ‘Closure property of addition’ of natural numbers. Thus, 
is closed under addition. If a and b are any two natural numbers, then (a + b) is also 
a natural number. 

Example: 2 + 4 = 6 is a natural number. 

(ii) Commutative property:  If a and b are any two natural numbers, then,

 a + b = b + a. Addition of two natural numbers is commutative.

Example: 2+ 4 = 6 and 4 + 2 = 6. Hence, 2 + 4 = 4 + 2

(iii) Associative property:

If a, b and c are any three natural numbers, then a + (b + c) = (a + b) + c. Addition 
of natural numbers is associative.

Example: 2 + (4 + 1) = 2 + (5) = 7 and (2 + 4) + 1 = (6) + 1 = 7. 

Hence, 2 + (4 + 1) = (2 + 4) + 1

Subtraction

(i) Closure property: The difference between any two natural numbers need not be 
a natural number. Hence   is not closed under subtraction.

Example: 2 - 5 = -3 is a not natural number. 

(ii) Commutative property:  If a and b are any two natural numbers, then 

(a - b) ≠ (b - a). Subtraction of two natural numbers is not commutative.

Example: 5 - 2 = 3 and 2 - 5 = -3. Hence, 5 - 2 ≠ 2 – 5. Therefore, Commutative 
property is not true for subtraction.

(iii) Associative property: If a, b, c and d are any three natural numbers, then 

a - (b - d) ≠ (a - b) – d. Subtraction of natural numbers is not associative.

Example: 2 - (4 - 1) = 2 - 3 = -1 and (2 - 4) - 1 = -2 - 1 = -3 

Hence, 2 - (4 - 1)   ≠   (2 - 4) – 1. Therefore, Associative property is not true for 
subtraction.
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Multiplication

(i) Closure property:  If a and b are any two natural numbers, then a x b = ab is also 
a natural number. The product of two natural numbers is always a natural number. 
Hence 



 is closed under multiplication.

Example:  5 x 2  =  10 is a natural number. 

(ii) Commutative property: If a and b are any two natural numbers, then 

a x b = b x a. Multiplication of natural numbers is commutative.

Example: 5 x 9  =  45 and 9 x 5  =  45. Hence, 5 x 9  =  9 x 5. Therefore, Commutative 
property is true for multiplication.

(iii) Associative property: If a, b and c   are any three  natural  numbers, then                                   
a x (b x c)  =  (a x b) x c. Multiplication of natural numbers is associative.

Example: 2 x (4 x 5)  =  2 x 20  =  40 and  (2 x 4) x 5  =  8 x 5  =  40 ,

Hence, 2 x (4 x 5)   =   (2 x 4) x 5. Therefore,  Associative property is true for 
multiplication.

(iv) Multiplicative identity: a is any  natural number, then a x 1 = 1 x a   =   a. 
The product of any natural number and 1 is the whole number itself. ‘One’ is the 
multiplicative identity for natural numbers.

Example:  5 x 1 = 1 x 5  =  5

Division

(i) Closure property: When we divide of a natural number by another natural number, 
the result does not need to be a  natural  number.   Hence,   is not closed under 
division. 

Example:  When we divide the natural number 3 by another natural number 2, we 
get 1.5 which is not a natural number. 

(ii) Commutative property: If a and b are two natural then a ÷ b   ≠  b ÷ a. Division 
of natural numbers is not commutative.

Example: 2 ÷ 1  =  2 and 1 ÷ 2  =  1.5. Hence, 2 ÷ 1  ≠  1 ÷ 2

Therefore, Commutative property is not true for division.

(iii) Associative property: If a, b and c  are any three natural numbers, then 

a ÷ (b ÷ c)  ≠  (a ÷ b) ÷ c.  Division of natural numbers is not associative.

Example : 3 ÷ (4 ÷ 2)  =  3 ÷ 2  =  1.5 and  (3 ÷ 4) ÷ 2  =  0.75 ÷ 2  =  0.375 
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Hence, 3 ÷ (4 ÷ 2)  ≠  (3 ÷ 4) ÷ 2.  Therefore, Associative property is not true for 
division.

Distributive Property

(i) Distributive property of multiplication over addition :

If a, b and c  are any three natural numbers, then a x (b + c)  =  ab + ac. Multiplication 
of natural numbers is distributive over addition.

Example : 2 x (3 + 4)  =  2 x 3 + 2 x 4  =  6 + 8  =  14

2 x (3 + 4)  =  2 x (7)  =  14.  Hence, 2 x (3 + 4)  =  2 x 3 + 2 x 4

Therefore, Multiplication is distributive over addition.

(ii) Distributive property of multiplication over subtraction:
If a, b and c  are any three natural numbers, then a x (b - c)  =  ab – ac. Multiplication 
of natural numbers is distributive over subtraction.

Example: 2 x (4 - 1)  =  2x4 - 2x1  =  8 - 2  =  6

2 x (4 - 1)  =  2 x (3)  =  6.  Hence, 2 x (4 - 1)  =  (2x4) - (2x1)

Therefore, multiplication is distributive over subtraction.

Application activity 1.1.3

Using your own choice of natural numbers, carry out the following operations 
and deduce the properties: 

( ) ( )
( ) ( )

( )

1) ,            ,             

2) ,             ,              ,

3)

a b a b b a a b c a b c

a b a b b a a b c a b c

a b c ab ac

+ + = + + + = + +

× × = × × × = × ×

× + = +
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1.2 Integers 
1.2.1 Definition

Activity 1.2.1

Carry out the following activities 

1. Using a Maths dictionary, define what an integer is. 

2. What integer would you give to each of the following situation?

 (a)   A fish which is 50 m below the water level. 

(b)  Temperature of the room which is 42ºC. 

(c)  A boy who is 2 m below the ground level in a hole. 

(d)  A bird which is 3 m high on a tree.

CONTENT SUMMARY 

Integers are whole numbers which have either negative or  positive sign and include 
zero. The set of integers is represented by 



. Iintegers can be negative   
{-1, -2,-3, -4, -5, ... }, positive {1, 2, 3, 4, 5, ... }, or zero {0}

The set of integers is represented using Carly brackets as follow :    
{ ..., -5, -4, -3, -2, -1, 0, 1, 2, 3, 4, 5, ... }

Example 1:

Taking 4 steps forward can be considered as +4 (positive 4). This means it is 4 steps 
ahead of the starting point.

Taking 4 steps backward is considered as -4 (negative 4). This means it is 4 steps 
behind the starting point.

Example 2:

When measuring temperature, 5 degrees above zero degree Celsius is considered as 
+50C. This means it is 50C hotter than 00C ; 5 degrees below zero degree Celsius is 
considered as -50C. This means it is 50C colder than 00C. 

Integers can be represented on a number line as shown below
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When you move towards the left of the number line, numbers become smaller and 
smaller . This means -5 is smaller than -2 and -100 is less than -1. We can represent 
this as -5<-2 and -100<-1.

Application activity 1.2.1

John borrowed $3 to pay for his lunch.  

Alex borrowed $5 to pay for her lunch. 

Virginia had enough money for lunch and has $3 left over.

Place these people on the number line to find who is poorest and who is richest 
given that they will pay the same amount.

1.2.2 Sub sets of integers 

Activity 1.2.2

Discuss the following: 

From integers between 12 and +20, form small sets which contain; 

a. odd numbers

b. even numbers

c.  factors of 6 

d. multiples of 3. 

CONTENT SUMMARY 

Integers have several subsets such as set of natural numbers, set of even numbers, set 
of odd numbers, set of prime numbers, set of negative numbers and so on. 

Some of special subset of integers  are the following:

• The set of non-negative integers denoted 0
+
  and { }0 0,1, 2,3,+ =   ; this set is also called a set of whole integers.

• The set of positive integers denoted as { }1,2,3,+ =   The set of 

negative integers denoted as { }, 4, 3, 2, 1− = − − − − 
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Application activity 1.2.2

1. Which  of  the sentences below, correctly describes  the  set 

{ }, 5, 4, 3, 2, 1,0− − − − −

a. The set of whole negative numbers

b. The set of negative integers

c. The set of non-negative integers

d. The set of non-positive integers

2. From the following figure, the points P, Q, R, S, T and U are located. 

Among them, 

• Which are negative integers?
• Which are positive integers?
• Which are neither positive nor negative integers?
• Which are not integers?

1.2.3 Operations and properties on integers

Activity 1.2.3

1. Work out the following on a number line: 

(a) (+3) + (+2)    (b) –(5) + - (3)        (c) (+4) + (-3) 

(d) Which side of the number line did you move when adding a negative number 
to a positive number? 

(e) Which side of the number line did you move when adding the given numbers 
which are all negative?

2. Work out the following and show your solutions on a number line. 

(a) (-4)-(+3)    (b) (+5) – (+3)       (c) (–6) – (-6) 

(d) On your number line, which direction do you move when subtracting two 
negative numbers? 
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(e) In case you have two positive numbers that you are finding the difference, 
which side of the number line would you move?

3. Work out the following:

(a) (+5) × (-6)        (b)   (+5) × (+6)        (c) (-5) × (+6)      (d)   (-5) × (-6) 

(e) Did you obtain the same results in all the four tasks?

4. Work out the following and show your solutions on a number line. 

(a) (-4) ÷(+4)      (b) (+4) ÷ (+4)      (c) (–4) ÷ (-4)       (d) (+4) ÷ (-4) 

(e) Did you obtain the same results in all the four questions above?

CONTENT SUMMARY 

The table below shows how addition, subtraction, multiplication and division of 
integers are performed.

ADDITION

Addition of integers is best understood 
by illustrating the movements on the 
number line.
Example 
(-3)+ (+2)= -1

• Same sign
Add the numbers and copy the sign
• Different signs
Subtract the numbers and copy the sign 
of larger number.

SUBTRACTION

Subtraction of integers is best understood 
by illustrating the movements on the 
number line.
Example 
(+4)- (-3)= +7

1. Change the sign of subtrahend
2. Use the addition rule for integers

MULTIPLICATION
• Same sign
Product is positive
• Different signs
Product is negative

DIVISION
• Same sign
Quotient is positive
• Different signs
Quotient is negative
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Application activity 1.2.3

1. A common example of negative integer usage is the thermometer.   
Thermometers are similar to number lines, but vertical.  They have positive 
integers above zero and negative integers below zero.   Commonly, people 
recognize a temperature of -25°C as cold.   People use this number system 
to measure and represent the temperature of the air.     Also, if it is -23°C 
outside, and the temperature drops 3 degrees, what is temperature now?  If 
we picture the thermometer, we know that as the temperature drops, we look 
downwards on the thermometer.

2. By using internet or any reference books, find at least two other applications 
of integers in real life.

1.3 Rational and irrational numbers
1.3.1 Definition of rational numbers 

Activity 1.3.1

Observe the following figures and answer the related questions 

• Write the fractions of the shaded and unshaded parts 
• Fractions are elements of which set?

• Given integers a and b, with b a non-zero integer, is a
b

always a 
fraction? Support your answer with examples 

CONTENT SUMMARY

From any two integers a and b , we deduce fractions expressed in the form a
b

, where 
b  is a non-zero integer. A rational number is a number that can be expressed as a 
fraction where both the numerator and the denominator in the fraction are integers; 
the denominator in a rational number cannot be zero. As fractions are rational 
numbers, thus set of fractions is known as a set of rational numbers.

Application activity 1.3.1

From research on internet or using reference books, identify different type of 
fractions and give example for each type.
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1.3.2. Sub-sets of rational numbers

Activity 1.3.2

Knowing that a rational number is a number that can be in the form of  
p
q , where 

p  and q are integers and q  is not zero. Tell whether the given statements are 
true or false. Explain your choice.
1. All integers are rational numbers.
2. No rational numbers are whole numbers.
3. All rational numbers are integers.
3. All whole numbers are rational numbers.

CONTENT SUMMARY 

From the concept of subset and definition of a set of rational numbers we can establish 
some subsets of rational numbers; among them we have:

• Integers and its subsets: 0, , , ,...+ − +
     Natural numbers and its 

subsets: , ,+
  prime numbers, odd numbers, even numbers,…

• Counting numbers and its subsets: ,+
 square numbers, prime 

numbers, odd numbers, even numbers …

Application activity 1.3.2

Using Venn diagram, establish the relationship between the following sets: 
Natural numbers Integers and rational numbers.
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1.3.3 Operations and properties on rational numbers

Activity 1.3.3

1. From your own choice of three rational numbers ,a b and c , investigate the 
following operations 

a. is a b+ always a rational number? Use example to justify your answer.

b. is a b+ and  b a+  always giving the same answer? Use example to justify your 
answer.

c. is ( )a b c+ +  and ( )a b c+ +  always giving the same answer? Use example to 
justify your answer.

2. Given any three rational numbers ,a b and c , investigate the following 

operations : a b−  , a b−  and b a− , ( )a b c− −  and ( )a b c− −

What do you notice? Is always the answer an element of rational numbers? Justify 
your answer.

3. Given any three rational numbers ,a b and c , investigate the following 

operations : a b×  , a b×  and b a× , ( )a b c× ×  and ( )a b c× ×

4. Given any two rational numbers  ,a b and c , investigate the following operations 

: a b÷  , a b÷  and b a÷ ,  ( )a b c÷ ÷  and ( )a b c÷ ÷

CONTENT SUMMARY 

The following table shows how addition, subtraction, multiplication and division of 
rational numbers are performed 

Operation Calculations Properties 

Addition 
of Rational 
Numbers

For any two rational 
numbers a and b, a + b is 
also a rational number.

Closure property under 
addition

For any two rational 
numbers a and b, a+b= b+a.
Two rational numbers can 
be added in any order and 
the result remain the same

Commutative property under 
addition 
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For any three rational 
numbers a, b and c. 

(a + b) + c =  a + (b + c).  
Rational numbers can be 
added regardless of how they 
are grouped and the result 
remain the same. 

Addition is associative for 
rational numbers.

Subtraction 
of Rational 
Numbers

For any two rational 
numbers a and b, a – b is 
also a rational number.

Closure property under 
subtraction of rational 
numbers 

For any two rational 
numbers a and b, 

a – b ≠ b –  a. 

Subtraction is not commutative 
for rational numbers.

For any three rational 
numbers a, b and c. 

(a - b) - c ≠ a - (b – c).  

Subtraction is not associative 
for rational numbers

Multiplication 
of Rational 
Numbers

For any two rational 
numbers a and b, a × b is 
also a rational number.

Closure Property under 
multiplication 

For any two rational 
numbers a and b, 

a × b = b × a.

Two rational numbers can be 
multiplied in any order and 
the result remain the same 

Multiplication is commutative 
for rational numbers.

For any three rational 
numbers a, b and c. 

(a × b) × c =  a × (b × c) 
Rational numbers can be 
multiplied regardless of how 
they are grouped and the 
result remain the same. 

Multiplication is associative 
for rational numbers.

For any three numbers a, 
b and c.

a × ( b + c ) = (a × b) +( a × c)

Distributive property 
states that for any three 
numbers a, b and c we have 

a × ( b + c ) = (a × b) +( a × c)
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Division of 
Rational 
Numbers

For any two rational 
numbers a and b with b 
different from zero, a ÷ b is 
also a rational number.

But we know that any 
rational number a, a ÷ 0 is 
not defined. 

Closure Property under 
division for non-zero rational 
numbers.

For any two rational 
numbers a and b, 

a ÷ b ≠ b ÷ a. 

The expressions on both the 
sides are not equal

Division is not commutative 
for rational numbers.

For any three rational 
numbers a , b and c, 

a ÷( b÷ c)  ≠ (a ÷ b) ÷c. 

The expressions on both the 
sides are not equal

Division is not associative for 
rational numbers

Application activity 1.3.3

Read carefully the following text and make a research to find out two more 
examples where fractions or rational numbers are used in real life and then 
present your findings in written and oral forms.

“Imagine you are shopping with your $100 in birthday money. You 
really want a few items you have had your eye on for a while, but they 
are all very expensive. You are waiting for the items to go on sale, and 
when they do, you rush down to the store. Instead of being marked with 
a new price, though, the store has a large sign that reads: All items are 
currently 75% off. This sounds like great news, but without doing some 
Math, there is no way to know if you have enough money. Knowing 
that 75% is ¾ off the cost of each item is the best way to get started”.  
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1.3.4. Definition of irrational numbers 

Activity 1.3.4

1. Express this recurring decimal 0.66666as a fraction and explain how 
you get the answer. 

2. By using calculator, carry out the following; 

 (a)  2  (b)  3 5  

 Is it possible to express those numbers as fractions? Discuss your answer.

 Can you indicate the set for which the given number belong?

CONTENT SUMMARY

Some decimals are expressed as a rational p
q

. For example, 13 10.13 ,0.25
100 4

= = .

The recurring decimals such as 10.3333
3

=  fall under rational numbers. From 

Activity 1.4.1, you notice that, there are some decimals which do not recur. Their 

values keep changing and they go on without an end. For example, 1.732 83 050= 

, 3 4 1.587401=   

Similarly, there are some numbers which do not have exact values neither can they 
be expressed as fractions, for example  π etc. These numbers are called irrational 
numbers. 

An irrational number can be written as a decimal, but not as a fraction.

An irrational number has endless non-repeating digits to the right of the decimal 
point

Although irrational numbers are not often used in daily life, they do exist on the 
number line. In fact, between 0 and 1 on the number line, there are an infinite 
number of irrational numbers!
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Application activity 1.3.4

Using internet or reference books, from your own choice of appropriate numbers, 
verify and discuss if the given statement is always true, sometimes true or never 
true.

1. The sum of rational number and irrational number is irrational.
2. The product of rational number and irrational number is irrational.
3. The sum of two irrational numbers is irrational.
4. The product of two irrational numbers is irrational.
5. Between two rational numbers, there is an irrational number.
6. If you divide an irrational number by another, the result is always an 

irrational number.

1.4 Real numbers
1.4.1. Definition

Activity 1.4.1

From the following Venn diagram, representing the set of counting numbers, 
natural numbers, integers, decimals, rational numbers and irrational numbers, 
verify and discuss if the given statement is whether true or false.

1. The set of counting numbers is a subset of natural numbers.
2. The intersection of set of integers and counting numbers is the set of 

natural numbers.
3. The intersection of set of integers and natural numbers is the set of 

counting numbers.
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4. The union of set of natural numbers and counting numbers is the set of 
natural numbers.

5. The intersection of set of rational numbers and irrational numbers is the 
set of irrational numbers.

6. The union of set of rational numbers and irrational numbers is a set of 
irrational numbers.

CONTENT SUMMARY

The set of rational numbers and the set of irrational numbers combined together, 
form the set of real numbers. The set of real numbers is denoted by  . Real numbers 
are represented on a number line as infinite points or they are set of decimal numbers 
found on a number line. This is illustrated on the number line below

The real numbers are ordered. We say is a less than b and write a b< if b a− is 
positive. Geometrically this means that a  lies to the left of b  on the number line. 
Equivalently, we say b is greater than a and write b a> . The symbol a b≤ ( )or b a≥
means that either a b< or a b= and is read a less than or equal to b . In fact, when 
comparing real numbers on a number line, the larger number will always lie to the 
right of the smaller one. It is clear that 5 is greater than 2, but it may not be so clear to 
see that −1 is greater than −5 until we graph each number on a number line.
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Application activity 1.4.1

1. Choose an appropriate scale and graph the following sets of real numbers on 
a number line.

 a) {−3, 0, 3} b) {−2, 2, 4, 6, 8, 10} c) {−2.5, −1.5, 0, 1, 2.5}

 d) {0, 0.3, 0.6, 0.9, 1.2} e) {−10, 30, 50} f) {−6, 0, 3, 9, 12}

2. Some examples of applications of real numbers in our daily life are 
identified below. From research activity; find out at least 3 examples 
of other applications of real numbers in our daily life.
Real numbers help us to count and to measure out quantities of 
different items. For instance, in catering you may have to ask the 
client how many sandwiches they need for the event. Certainly, those 
working in accounts and other financial related jobs may use real 
numbers mostly. Even when relaxing at the end of the day in front 
of the television flicking from one channel to the next you are using 
real numbers.

1.4.2. Subsets of real numbers and intervals

Activity 1.4.2

Carry out research on sets of real numbers to determine its subsets and present 
your finds using a number line.

CONTENT SUMMARY 

The main subsets of real numbers are sets of irrational numbers, rational numbers 
and its subsets. Certain subsets of real numbers are called intervals, they occur 
frequently in calculus and correspond geometrically to line segments. For example, 
if a b< , the open interval from a to b consists of all numbers between a and b and 

is denoted by the symbol ( ),a b  or ] [,a b  and described as ( ) { }, :a b x a x b= < < .

For this case, the end points of the interval namely a and b are excluded. This is 

indicated by the round brackets ( )  and by the open dots as illustrated in the 
following figure 
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The closed interval from a to b are is the set described as [ ] { }, :a b x a x b= ≤ ≤ . 
Here the endpoints of the interval are included. This is indicated by square brackets 
and by the solid dots as illustrated in the following figure.

Application activity 1.4.2

Note that, in writing intervals, it is also possible to include only one endpoint in 
an interval. Included point is geometrically represented by the solid dot. From 
this notice, complete the following table.

Notation Set description
Geometrical 

representation

{ }:x a x b< <

[ ],a b { }:x a x b≤ ≤

] , [a +∞

[ , [a +∞

] , [b− ∞

] , ]b− ∞

] , [− ∞ +∞
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1.4.3 Operations and properties on real numbers

Activity 1.4.3

1. From your own choice of three real numbers ,a b and c , investigate the 
following operations 

a. is a b+ always a real number? Use example to justify your answer.

b.  is a b+ and  b a+ always giving the same answer? Use example to justify 
your answer.

c. is ( )a b c+ +  and ( )a b c+ +  always giving the same answer? Justify your 
answer by example.

2. Given any three real numbers ,a b and c , investigate the following operations 

: a b−  , a b−  and b a− , ( )a b c− −  and ( )a b c− −

What do you notice? Is always the answer an element of real numbers? Justify 
your answer.

3. Given any three real numbers ,a b and c , investigate the following operations 

: a b×  , a b×  and b a× , ( )a b c× ×  and ( )a b c× ×

4. Given any two real numbers  ,a b and c , investigate the following operations : 

a b÷  , a b÷  and b a÷ , ( )a b c÷ ÷  and ( )a b c÷ ÷
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CONTENT SUMMARY 

The following table shows how addition, subtraction, multiplication and division of 
real numbers are performed.

Operation Calculations Properties 
Addition of real 
Numbers

For any two real numbers a and b,    
a + b is also a real number.

Closure property under 
addition 

For any two real numbers a and b, 

a + b = b+ a . Two real numbers 
can be added in any order and the 
result remain the same 

Commutative property 
under addition 

For any three real numbers a, 
b and c. 

(a + b) + c =  a + (b + c).  Real 
numbers can be added regardless 
of how they are grouped and the 
result remain the same. 

Addition is associative for 
real numbers.

Subtraction of 
Real Numbers

For any two real numbers a and b, 
a – b is also a real number.

Closure property under 
subtraction of real 
numbers 

For any two real numbers a and b,                   
a – b ≠ b –  a. 

Subtraction is not 
commutative for real 
numbers.

For any three real numbers a, 
b and c. 

(a - b) - c ≠ a - (b – c).  

Subtraction is 
not associative for real 
numbers

Multiplication 
of real Numbers

For any two real numbers a and b, 
a × b is also a real number.

Closure Property under 
multiplication

For any two real numbers a and b, 
a × b = b × a

Two real numbers can be 
multiplied in any order and the 
result remain the same

Multiplication is 
commutative for real 
numbers.
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For any three real numbers a, 
b and c. 

(a x b) x c =  a x (b x c)

Real numbers can be multiplied 
regardless of how they are grouped 
and the result remain the same. 

Multiplication is 
associative for real 
numbers.

For any three numbers a, b and c. 
a × ( b + c ) = (a × b) +( a × c)

Distributive property 
states that for any three 
numbers a, b and c we have 

a ×(b + c) = (a × b)+(a × c)
Division of Real 
Numbers 

For any two real numbers a and b 
with b different from zero, 
a b b a÷ ≠ ÷  is also a real number.

But we know that any real 
number a, a ÷ 0 is not defined. 

Closure Property under 
division for real numbers 
different from zero.

For any two real numbers a and b, 
a b b a÷ ≠ ÷ . The expressions on 
both sides are not equal

Division is not 
commutative for real 
numbers.

For any three real numbers a , b 

and c, ( ) ( )a b c a b c÷ ÷ ≠ ÷ ÷ . The 
expressions on both the sides are 
not equal

Division is not associative 
for real numbers

Application activity 1.4.3

1. For each of the following operation, identify the properties being expressed

a. ( )3 2 5 6 15x x− = −  

b. ( ) 1 10.08 0.12 0.8 0.12
2 2

 + + = + + 
 

c. ( ) ( )3 5 2 3 5 2× × = × ×  but ( ) ( )30 5 2 30 5 2÷ ÷ ≠ ÷ ÷

d. 2 2π π− ≠ −  but 2 2π π+ = +

2. Discuss whether closure property under division for real numbers is satisfied.
3. Ngoma District wants to sell two fields on the same price. One has width of 

60 m  out of 160m  of length. Another one has the width of 100m as it is its 
length. Among these fields, what is biggest? Interpret your result.
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1.5. END UNIT ASSESSMENT 1

1. List three rational numbers between 0 and 1
2. Identify the sets to which each of the following numbers belong by ticking (˅) 

in the appropriate boxes (cells).

Represent (approximately) by a point on a number line each of the real numbers 
in Exercise 2.

Number Counting Natural Integers Rational Irrational Real

1 1−

2
1
7

3 0

4 7−

5 0.03

6 4
2

7
1
0

8
2
π

9
27
3

10 3 27−

3. An airplane flying at 22,000 metres descended 8,500 metres and then ascended 
5,000 metres. What is the new altitude of the airplane? 

4. What is the total width when 3 boards, each with a width of 1.5cm, are glued 
together? 

5. A retiree earned a pension that consists of three-fourths of his regular monthly 
salary. If his regular monthly salary was Frw520,000, then what monthly payment 
can the retiree expect from the pension plan? 
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6. Mary purchased 3 boxes of t-shirts for a total of Frw126,000. If each box contains 
24 t-shirts, then what is the cost of each t-shirt? 

7. Suppose that you have a long ruler fixed from the hole and graduated such that the 
point 0 corresponds to the ground level as illustrated on the following figure. 

What is the coordinate of the point position for an insect which is at 3 units below 
the ground level in a hole?  
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UNIT 2

Key Unit competence: Solve problems that involve Sets operations, 
using Venn diagram.

2.0. Introductory Activity 2
At a TTC school of 500 students-teachers, there are 125 students enrolled in 
Mathematics club, 257 students who play sports and 52 students that are enrolled 
in Mathematics club and play sports. 

If M stands for the set of students in Mathematics club, S stands for the set of 
students in Sports and U stands for all students at the school or universal set, 

1.  Complete the following table 

Symbol Description 
Value for this 
problem 

( )n M The number of elements in 
set M

( )n S The number of elements in 
set S

( )n M S∩ The number of elements 
in the intersection of sets 
M and S (all the elements 
that are in both sets-the 
overlap) 

( )n M S∪ The number of elements in 
the union of sets M and S ( 
all the elements that are in 
one  or both of sets) 

2. Create a Venn diagram to illustrate this information.

SET THEORY
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2.1 Sets and Venn diagrams

Activity 2.1

Given set  A = { 1, 3, 5, 7, 9 } and B = { 1, 2, 3, 4, 5 }, 
• Identify common elements for both sets. 
• Determine elements of set A which are not in set B
• Determine elements of set B which are not in set A
• Determine all elements in set A and set B
• Represent elements of set A in a Venn diagram
• Represent elements of set B in a Venn diagram 
• Represent elements of sets A and B using one Venn diagram 

CONTENT SUMMARY 

A well-defined collection of objects is called a set. Each member of a set is called an 
element. All elements of a set follow a certain rule and share a common property 
amongst them.

A set that contains all the elements and sets in a given scenario is called a Universal 
Set (U).

Venn Diagrams consist of closed shapes, generally circles, which represent sets. The 
capital letter outside the circle denotes the name of the set while the small letters 
inside the circle denote the elements of the set.

The various operations of sets are represented by partial or complete overlap of these 
closed figures. Regions of overlap represent elements that are shared by sets.

In practice, sets are generally represented by circles. The universal set is represented 
by a rectangle that encloses all other sets. 
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The given figure is a representation of a Venn diagram. Here each of the 
circles A, B and C represents a set of elements.

• Set A has the elements a, d, e and g.
• Set B has the elements b, d, g and f.
• Set C has the elements e, g, f and c.
• Both A and B have the elements d and g.
• Both B and C have the elements g and f.
• Both C and A have the elements e and g.
• A, B and C all have the element g.

The circular pattern used to represent a set and its elements is called a Venn diagram.

Venn diagrams are an efficient way of representing and analysing sets and performing 
set operations. As such, the usage of Venn diagrams is just the elaboration of a solving 
technique. Problems that are solved using Venn diagrams are essentially problems 
based on sets and set operations. 

Example
1. Given set A= {2, 4, 5, 7, 8}, represent set A on a Venn diagram.

Solution:

First, express the data in terms of set notation and then fill the data in the Venn 
diagram for easy solution. 

When drawing Venn diagrams, some important facts like “intersection”, “union” 
and “complement” should be well considered and represented. 
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Example: Consider the Venn diagram below.

List the elements of set M and N. 

Solution

{ }  M  ,  p,  r,  s,  t,  ua=

{ } N   , , , , x, y, zt u v w=
Application activity 2.1

Consider these two sets { } { }2,4,6,8,10 2,3,5,7A and B= =  . Represent them in 
a Venn diagram

2.2 Operations of Sets 

Activity 2.2

Consider a class of students that form the universal set. Set A is the set of all students 
who were present in the English class, while Set B is the set of all the students who 
were present in the History class. It is obvious that there were students who were 
present in both classes as well as those who were not present in either of the two 
classes. The shaded part shows the elements which are considered in the diagram.  
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Observe the diagrams and identify which one to represent the following:

• All students who were absent in the English class
• All students who were present in at least one of the two classes.
• All the students who were present for both English as well as 

History classes. 
• All the students who have attended only the English class and not 

the History class
• All the students who have attended just the History class and not 

the English class. 

CONTENT SUMMARY 

From the activity, we realize that two or more sets can be represented using one 
Venn diagram and from the representations, different sets can be determined.  To 
determine those sets, one may perform different operations on sets such as: 

• Intersection of sets 
• Union of sets 
• Universal sets
• Simple difference of sets 
• Symmetric difference of sets 
•  Complement of sets

a. The intersection of sets

The common elements which appear in two or more sets form the intersection of 
sets. The symbol used to denote the intersection of sets is ∩ . 
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The intersection of sets A and B is denoted by A B∩  and consist of those elements 

which belong to A and B that is { }A B x x A and x B∩ = ∈ ∈

Example: 

Given that set  and set { }A    5    the first letters of the alphabet=  and set 

{ }B    all the vowels= ;

(a) List the elements of each set. 

(b) Find A B∩

(c) Draw a Venn diagram to represent set A B∩

Solution:

{ }
{ }

{ } { } { }

A  ,  ,  ,  ,  
B  ,  ,  ,  ,  
A   ,  ,  ,  ,    ,  ,  ,  ,    ,  

a b c d e
a e i o u

B a b c d e a e i o u a e

=
=
∩ = ∩ =

The Venn diagram is as shown below.

b. The union of sets

Elements of two or more sets can be put together to form a set. The set formed is 
known as the union of sets. The symbol for the union of sets is ∪ .

The union of two set A and B, is denoted by A B∪  and consists of all the elements  which are members of either A or B or both A and B that is { }A B x x A or x B∪ = ∈ ∈

Example

Given the following sets { } { }  ,  ,  ,  ,  ,      ,  ,  ,  ,  A a b c d e f and B a b c h i= =
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a. Find the number of elements of the following sets: , ,A B A B∪ : 

( ) ( )
( ) ( )
( )

  

 

  ( )

i n A

ii n B

iii n A B∪

b. Draw Venn diagrams to represent A B∪  

Solution 

a. 

( ) ( )

( ) ( )

( ) { } { } { }

   6
          

   5
        

   ,  ,  ,  ,  ,  ,  ,  ,  ,    ,  ,  ,  ,  ,  ,  ,  
          ( ) 8

i n A

ii n B

iii A B a b c d e f a b c h i a b c d e f h i
n A B

=

=

∪ = ∪ =

⇒ ∪ =

b. 

a) Universal set

A set that contains all the subsets under consideration is known as a universal set. A 
Universal set is denoted by the symbolU .

Example

Consider a school in which one can find various categories of people such as pupils, 
teachers and other workers or staff.
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1. Use S to represent the set of people in a school. 

2.  Write all the subsets of S.

Solution

1. We can present the set of all people in the school with sets as follows: 

Set { }, , .    S pupils teachers workers=

Thus, set S contains all the subsets of the various categories of people in the school. 

Let us use sets P, T and W to represent the subsets of set S. 

{ }
{ }
{ }

  
  
   .

 ,    .

Set P pupils
Set T teachers
Set W other workers
Therefore P S T S and W S

=
=
=

⊂ ⊂ ⊂

2. Thus, the set  S is a universal set and is represented as: 

{ }, , .    S pupils teachers workers=

b. Difference and Symmetric difference of sets
i. Difference of sets

Difference between sets A and B written as  or  \A B A B− is the set of the elements of 

set A which are not in set B. It means that { },A B x x A x B− = ∈ ∉

Likewise   \B A or B A−  is difference between sets B  Aand . This is the set of 

elements that are in set B and not in set A. It means that { },B A x x B x A− = ∈ ∉  
A–B and B–A can be shown using a Venn diagram as follows: 
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ii. Symmetric difference of sets

The union of sets   A B and B A− −  is known as the symmetric difference between 

sets A and B. It is written in symbols as  A B∆  to mean ( ) ( )   A B A B B A∆ = − ∪ −  
A B∆  can be shown using a Venn diagram as follows 

Example:

Given that { }  3,  4,  5,  6,  7,  8A =  and { }  2,  4,  8,  12B = , find:

( )
( )
( )

   –  
  –  
   

a A B
b B A
c A B∆

Solution 

( ) { }
( ) { }
( ) ( ) { }

  –    3,  5,  6,  7
  –    2,  12
       2,3,5,6,7,12(

a A B
b B A
c A B A B B A

=
=

∆ = − ∪ − =

c) The complement of set

Complement of a set is the set of all elements in the universal set that are not members 
of a given set. The symbol for the universal set is U. 

The complement of A is denoted by /A  and consist of all those elements in the 

universe which do not belong to A that is { }/ ,A x x U x A= ∈ ∉
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Note that /A B A B− = ∩  where /B is the complement of B

Example

Given that { } ,  ,  ,  ,  U a b c d e=  and { } ,  A a b= , find  A′  where A′  is the 
complement of A.

Solution 

{ } { } { }/ ,  ,  ,  ,  ,  ,     ,  ,  U a b c d e A a b A c d e= = ⇒ = . 
This can be represented on a Venn diagram as shown by the diagram.

Application activity 2.2
1. Consider the sets 

{ } { } { }1,  2,  3,  5,  6,  8 ,   2,  4,  6,  8   1,  3,  5,  7A B and C= = = . Find and draw 
the Venn diagrams for: 

( ) ( )
( ) ( )
( )

       
     
 .

a B C b A C
c A B d B C
e A B

∩ ∩
∩ ∪

∪
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2. Given { }     U letters of the word elephatiasis= , Set { }   A all vowels= , Set 

{ }        B first five letters of the English alphabet=  find: 

)
)
)
)
) A B

a A
b B
c A B
d B A
e

−
−
∆

3. If { } ,  ,  ,  ,  ,  ,  U a e i o u c d= , { } { }  ,  ,     ,  ,  X a b e and Y c d e= = , find: 

( ) ( )
( )

   
  ( )
a X Y
b X Y

∩ ′
∪ ′

2.3 Analysis, interpretation and presentation of a 
problem using Venn diagram 

Activity 2.3

1. A survey was carried out in a shop to find the number of customers who 
bought bread or milk or both or neither. Out of a total of 79 customers for the 
day, 52 bought milk, 32 bought bread and 15 bought neither. 

a. Without using a Venn diagram, find the number of customers who: 

i. bought bread and milk 

ii. bought bread only 

iii. bought milk only 

b. With the aid of a Venn diagram, work out questions (i), (ii) and (iii) in (a) 
above. 

c. Which of the methods in (a) and (b) above is easier to work with? Give 
reasons for your answer.

2. The Venn diagram below shows the number of senior one students in a 
school who like Mathematics (M), Physics (P) and Kinyarwanda (K). Some 
like more than one subject in total 55 students like Mathematics.



38

 

a. How many students like the three subjects? 

b. Find the total number of senior one students in the school. 

c. How many students like Physics and Kinyarwanda only?

CONTENT SUMMARY

1. Venn diagrams are great for comparing things in a visual manner and to quickly 
identify overlaps. They are diagrams containing circles that show the logical 
relations between a collection of sets or groups.

Venn diagrams are used in many areas of life where people need to categorize or group 
items, as well as compare and contrast different items. Although Venn diagrams are 
primarily a thinking tool, they can also be used for assessment. However, students 
must already be familiar with them.
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Example:  In a room, there are 5 people a, b, c, d, e. Out of them, a, b and c are Males 
while d and e are Females. Also, a and e study science while b, c and d study English.

The set of males is M = {a, b, c} and the set of females is F = {d, e}

If we consider sets M and F, there is no common element between them. 

Hence, M ∩ F =ϕ

Such sets which have no elements in common are called disjoint sets.

• The set of science students is S = {a, e} and the set of English 
students is E = {b, c, d}

• If we wish to find out all female students who have taken science, 
we need to find out what is common in set F and set S. This is 
called an intersection of set F and set S and is denoted by F ∩ S. 
Here, F ∩ S = {e}
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Thus, an intersection of two sets is formed by the elements which are common to 
both sets.

• If we wish to find out those females who have not taken science. Here, 
we have to check the set F and remove all elements of set S present 
in this set. This is called the difference between two sets. S - F = {a}

Thus, difference of set A and set B is defined as the set of all elements present in A but 
not in B.

A - B = {x | x ( A and x ∉ B}

• If we wish to represent a set containing” either males or English 
students or both”. This would mean taking all the elements from 
set M and set E together into one set. This is called the union of 

set M and set E and is denoted by M E∪  . Thus, { }, , ,M E a b c d∪ =  
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Note:

Though  b  and  c  exist in both sets  E  and M  , they are written only once while 
writing the union. This is because no element is ever written twice while writing a 
set.

2. A Venn diagram plays a very important role in analysing the set problem and 
helps in solving the problem very easily. To well perform the task of solving 
problems using Venn diagram, we first express the data in terms of set notations 
and then fill the data in the Venn diagram for easy solution. Some important facts 
like “intersection”, “union” and “complement” should be well considered and 
represented when drawing Venn diagrams.

Example: Consider two intersecting sets A  and B  such that { }, , , , ,     A a b c d e f=   

and { }, , , , , , , , .        B a b c d g i j k l=

We represent the two sets in a set diagram as follow.

The number of elements in the union of sets A and B is given by: 

( ) ( ) ( )( )         n A B n A n B n A B∪ = + − ∩ .In the Venn diagram above,  

( ) ( )6, 9 =n A n B=  and ( ) 4 ( ) 6 9 4 11  n A B b n A B∩ = ⇒ ∪ = + − =  
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A Venn diagram makes the problem easier because we can represent the data 
extracted in each region and then calculate the values required. 

Example: Consider the Venn diagram showing the numbers of students who take 
the foreign languages German (G), Spanish(S) and French(F) in a college.

The total number of students taking languages is given by the union of the three sets 
as shown by the following formula.

( ) ( ) ( ) ( ) ( ) ( ) ( ){ }( )n G S F n G n S n F n G S n G F S F n G S F∪ ∪ = + + − ∩ + ∩ + ∩ + ∩ ∩( ) ( ) ( ) ( ) ( ) ( ) ( ){ }( )n G S F n G n S n F n G S n G F S F n G S F∪ ∪ = + + − ∩ + ∩ + ∩ + ∩ ∩( ) ( ) ( ) ( ) ( ) ( ) ( ){ }( )n G S F n G n S n F n G S n G F S F n G S F∪ ∪ = + + − ∩ + ∩ + ∩ + ∩ ∩

From the Venn diagram above, it is clear that:

( )93 95 165 18 20 20 75 15 353 113 15 255( )n G S F∪ ∪ = + + − + + + + = − + =

Application activity 2.3
Let U be the universal set containing all the natural numbers between 0 and 11. 
Hence, U = { 1, 2, 3, 4, 5, 6, 7, 8, 9, 10}

Let P be the set containing all prime numbers between 0 and 11. 

Thus, P= { 2,3,5, 7}

Let E be the set containing all the even numbers between 0 and 11. 

Hence, E={ 2, 4, 6, 8, 10}.

a. Find P E∪  and P E∩

b. Represent the above situations using a Venn diagram 
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2.4. Modelling and solving problems involve Set 
operations using Venn diagram

Activity 2.4

A survey was carried out in Kigali. 50 people were asked about their preferred 
hotel for taking lunch among Hilltop, Serena and Lemigo hotels. It was found out 
that 15 people ate at Hilltop, 30 people ate at Serena, 19 people ate at Lemigo, 8 
people ate at Hilltop and Serena, 12 people ate at Hilltop and Lemigo, 7 people ate 
at Serena and Lemigo. 5 people ate at Hilltop, Serena, and Lemigo. 

a. Model the problem using variables and represent the information on a 
Venn diagram. 

b. How many people ate at Hilltop? 

c. How many ate at Hilltop and Serena but not at Lemigo? 

d.  How many people did not eat from any of these three hotels?

CONTENT SUMMARY 

Pictorial representations of sets represented by closed figures are called set diagrams 
or Venn diagrams and they are used to illustrate various operations like union and 
intersection.

A Mathematician John Venn introduced the concept of representing the sets 
pictorially by means of closed geometrical figures called Venn diagrams. In Venn 
diagrams, the Universal Set U is represented by a rectangle and all other sets under 
consideration by circles within the rectangle. Venn diagrams are useful in solving 
simple logical problems.

A Venn Diagram is an illustration that shows logical relationships 
between two or more sets (grouping items). Venn diagram uses circles 
(both overlapping and non-overlapping) or other shapes. Commonly, 
Venn diagrams show how given items are similar and different.

Despite Venn diagram with 2 or 3 circles are the most common type, there 

are also many diagrams with a larger number of circles ( )5,6,7,8,10…  theoretically, they can have unlimited circles.
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Venn Diagram in case of two elements

Where;

x is the number of elements that belong to set A only

y is the number of elements that belong to set B only

z is the number of elements that belong to set A and B both (AÇB) 
w is the  number of elements that belong to none of the sets A or B 
From the above figure, it is clear that 

( )
( )
( )

 

 
(A )

    

   

n A x z

n B y z

n A B z
n B x y z

= +

= +

∩ =

∪ = + +

Total number of elements is x + y + z + w

Venn Diagram in case of three elements

A B

C

Only BOnly A

W

A,B
and C

A and
C not B

B and
C not A

A and 
B not C
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Where w is the  number of elements that belong to none of the sets A, B or C

Tip: Always start filling values in the Venn diagram from the innermost value or 
intersection part.

Example: 

150 TTC student-teachers were interviewed. 85 were were registered for a Math 
class, 70 were were registered for an English class while 50 were registered for both 
Math and English. 

Model this problem using variables and Venn diagram and find out the following: 

• How many student-teachers signed up only for Math class?
• How many student-teachers signed up only for English class?
• How many student-teachers signed up for Math or English?
• How many student-teachers signed up for neither Math or English?
• Solution 
• Let x be the number of student- teachers who signed up for both 

Math and English. 
• The number of student- teachers who signed up only for Math class 

is 85 – x. Knowing that x = 50, student- teachers who signed up only 
for Math is 35.

• The number of student- teachers who signed up only for English 
class is 70 – x. Knowing that x = 50, student- teachers who signed 
up only for English is 20.

• The number of student- teachers who signed up for Math or English 
is given by the total number of all student teachers in both sets. 
This is 35 +50 + 20 = 105

• The number of student- teachers who signed up for neither Math or 
English is given by the total number of all TTC student- teachers 
who were interviewed minus the total number of all student teachers 
in both sets. This is 150 - 105 = 45
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Application activity 2.4
The Venn diagram below shows the number of year two student-teachers in SME 
who like Mathematics (M), Physics (P) and Kinyarwanda (K). Some like more 
than one subject in total 55 students like Mathematics.

a. How many student- teachers who like the three subjects? 

b. Find the total number of year two student- teachers in SME. 

c. How many student-teachers who like Physics and Kinyarwanda only?

2.5. END UNIT ASSESSMENT 2

1. In a class, 15 students play Volleyball, 11play Basketball, 6 play both games 
and everyone plays at least one of the games. Find the total number of students 
in the class.

2. Out of 17 teachers in a school, 10 teach Economics and 9 teach Mathematics. 
The number of teachers who teach both subjects is twice that of those who 
teach none of the subjects. With the aid of a Venn diagram, find the number 
that teach: 

(a) Both subjects 

(b) None of the subject 

(c) Only one subject

3. In a class the students are required to take part in at least two sports chosen 
from football, gymnastics and tennis. 9 students play football and gymnastics; 
19 play football and tennis; 6 play all the three sports. If there were 30 students 
in the class, draw a Venn diagram to show this information. With the help of 
a Venn diagram, find out how many students did not participate in any of the 
sports.
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4. At a certain school, 100 students were interviewed about the subject they like. 28 
students took Physical Education (PE), 31 took Biology (BIO), 42 took English 
(ENG), 9 took PE and BIO, 10 took PE and ENG, 6 took BIO and ENG, while 
4 students took all three subjects.

• Represent the situation in the following   Venn diagram.

• Model the problem using variables and find out the following:
a. How many students took none of the three subjects?

b. How many students took PE, but not BIO or ENG?

c. How many students took BIO and PE but not ENG?
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UNIT 3
PROBLEMS ON RATIOS AND PROPORTIONS

Key Unit competence: Apply ratios, proportions and multiplier 
proportion change to solve real life related 
problems

3.0. Introductory Activity 3

In daily life people compare quantities, share proportionally things or objects for 
different reasons. Do you ever wonder why ratio and proportion are necessary in 
daily life situations?

For example, look at your classmates:

(a) Find out the number of boys, then the number of girls. Can you express 
the number of boys or girls in terms of fraction or ratio?

(b) Can you equally share a certain number of Mathematics textbooks to 
different groups in your classroom and then figure out the ratio of 
Mathematics textbooks per learner?

(c) Give examples where the concept of ratio and proportion are used in daily 
life situations 

3.1 Equal and unequal share, Ratio, Direct and 
indirect proportions.

3.1.1 Equal and unequal share, Ratio and proportion

Activity 3.1.1

1. Suppose that two brothers from your village received 7 000 Frw from their 
child who lives in the city. The condition to share this amount of money is that 
for every 2 Frw that the young brother gets, the other one gets 3 Frw.  The two 
brothers have come to you for help after they disagreed on how to share such 
money. 

(i) In what ratio would you share the money between them? 

(ii) Tell your partner how you would share the money and how much each 
would get.
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PROBLEMS ON RATIOS AND PROPORTIONS

2. Read carefully the following word problem and express the given data into 
fraction or ratio. 

a. John and Lucy partnered to save money for x time and later buy a taxi. For 
every 800 Frw that John saved, Lucy saved 120 Frw. In what fraction or ratio 
were their contributions? What other simplest fraction or ratio is same as 
this?

b. Jane and David sold milk to a vendor in the morning. Jane sold 4 500 ml 
while David sold 7.5 litres. In what fraction or ratio are their milk sales?

CONTENT SUMMARY
• Equal and unequal share

There are many cases in real life where people or organizations need to share items 
or resources equally or unequally. For example, a father may want to share 24 acre of 
land among his two sons. One of them who is disabled gets double of what the other 
son gets. In such case, the land is unequally shared. 

Assume that the whole land is first subdivided into equal parts (3 parts). The disabled 
son gets 2 parts out of 3 parts of the whole. 

i.e 
2 24
3

of  acres 
2 24
3

= ×
 
acres = 16 acres 

The other son gets 1 part of 3 parts of the whole. 

i.e. 
1 24
3

of
 
acres 

1 24
3

= ×
 
acres = 8 acres. It is clearly observed that the two 

proportions add up to the whole 16 8 24+ = acres.

Also, in every day situations, people should solve problems involving unequal sharing 
using knowledge of fractions.  

Examples: 

1. A book has 120 pages divided into 4 equal units. Aloys has read 
3
4

 of the 
book units, and Angelius has read 2 units. How much more has Aloys read? 

Solution 

To find the number of units read by Aloys , we calculate a fraction of a whole 

number. This is 
3
4

of 4 units which is 3units. It is clear that Aloys read 1 more unit 
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than Angelius. 

2. A book has 120 pages diveded into 8 equal units. Aloys has read 
3
8

of the 

book, and Angelius has read 45 pages. Explain why Aloys and Angelius 

have read the same amount of the book units? 

Solution 

• Through calculations, 120 pages divided into 8 equal units means 
that every unit has 15 pages 

• 
3
8

 of 8 equal units is equivalent to 3 units of 45 pages 

• 3
8

 of the book is equivalent to 45 pages . it is clear that  Aloys and 
Angelius have read both 45 pages of  the book 

Ratios:

The mathematical term ‘ratio’ defines the relationship between two numbers of the 
same kind. The relationship between these numbers is expressed in the form “a to b” 
or more commonly in the form :  a b

A ratio is used to represent how much of one object or value there is in relation to 
another object or value. 

Example: If there are 10 apples and 5 oranges in a bowl, then the ratio of apples to 
oranges would be 10 to 5 or 10: 5. This is equivalent to 2:1. In contrast, the ratio of 
oranges to apples would be 1:2.

Ratios occur in many situations such as in business where people compare profit to 
loss, in sports where compare wins to losses etc.

A comparison of two or more numbers is a ratio. You can write a 2-term ratio in 

fractional form when the second term is non-zero. Thus : , 0aa b where b
b

= ≠
 
and 

we read a is to b .
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To solve problems about ratios you need to know the following:

• The order of the terms of ratio is very important. If the order of the 
terms is changed, then the meaning of the ratio also changes.

• A ratio is in the lowest terms or simplest form if the terms of the 
ratio have no integral common factor. For example to write 4 :8 :12
in lowest terms, you divide each term by the greatest common factor 
of the terms.
Therefore, 

4 8 124 :8 :12 1: 2 : 3 : :
4 4 4

it means that=

• When you equate two ratios you are writing a proportion. A 
proportion is a relationship between four numbers or quantities in 
which the ratio of the first pair equals the ratio of the second pair, 
and is written as :   :a b c d= and is read as “a is to b while c is to d”
Therefore : : 4 :8 :12 1: 2 : 3a b c d and= = are proportions

• The proportion : :a b c d= is written as a c
b d

=
 
where a and d  are 

known as extremes of the proportion. While b and c are known as 

means
• The product of the extremes equals the product of the means. 

If , 0 0 ,a c b and d a d b c
b d

= ≠ ≠ × = ×

Example:

(a) Write ( ) ( )2 2 :x y ax ay− +  in lowest terms; 

(b) Find the mean proportional between 3 75and

Solution: 
(a) Factor the terms of the ratio: ( ) ( ) ( )( ) ( )2 2 : :x y ax ay x y x y a x y− + ⇒ − + +  

( )( ) ( )
( )

( ) ( )

:

: 0

x y x y a x y
x y x y

x y a where x y

− + +
⇒

+ +

− + ≠

(b) let x represent the mean proportion between 3 and 75, then 
23 225

75
15

x x
x

x

= ⇒ =

∴ = ±
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So the mean proportional between 3  75  15  15and are or+ −

Note : 

To share a quantity into two parts in the ratio :a b , the quantity is split into a b+  equal 

parts. The required parts become a
a b+

 and b
a b+

 of the quantity

Example
Share 38 400 Frw between Linda and Jean in the ratio 5:7 respectively.

Solution

38 400 Frw is to be shared in the ratio 5:7. It is split into 12 equal parts i.e 5 + 7 = 12 
equal parts. 

The amount of money  Linda receives is 5   38 400   16 000 
12

Frw Frw× =

The amount of money Jean receives is 7   38 400   22 400 
12

Frw Frw× =

Application activity 3.1.1
Ingabire, Mugenzi and Gahima have jointly invested in buying and selling of 
shares in the Rwanda stock exchange market. In one sale as they invested different 
amount of money, they realised a gain of 1 080 000 Frw and intend to uniquely 
share it in the ratio 2 : 3 : 4  respectively. How much did Mugenzi get?
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3.1.2 Direct and indirect proportions

Activity 3.1.2

1. Observe the table below that represents the relationship between the number of 
pens and their costs

No of pens 1 2 3 4 5
Cost (FRW) 120 240 360 480 600

(i)  Draw the graph of the number of pens (N) against cost (C). 

(ii) Describe the graph you have drawn in (i) above.

2. Consider the relationship between the speed and time taken by a car to cover a 
fixed distance of 320 km. 

Speed (km/h) 20 40 80 160
Time (h) 16 8 4 2

Take 20 km/h to be the original speed. 

(i) What do you notice when the speed is doubled? 

(ii) Plot the graph of speed against time. 

(iii) Describe the graph you drew to your classmates.

CONTENT SUMMARY 
• Direct proportion

The mathematical term ‘proportional’ describes two quantities which always have 
the same relative size or ‘ratio’. 

Example: An object weighs 2kg on the 1st day. If weight is proportional to age, then 
the object will weigh 4kg on the 2nd day, 6kg on the 3rd day, 8kg on the 4th day, 10kg 
on the 5th day and so on.

There are many phenomena in real life that involve a squared relationship.                                                  
For example: 

• The area (A) of a circle varies directly with the square of the radius 
r

• The value (V) of a diamond varies directly with the square of its 
mass (M) make the following comparison:
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Direct variation Direct square variation
y x∝  or y x 2y x∝  or 2y x
y=kx, where k is constant 2y kx= , where k is constant

y varies directly with x y varies directly with the square of x

y is directly proportional to x y is directly proportional to the square 
of x

1 2

1 2

y y k
x x

= = 1 2
2 2
1 2

y y k
x x

= =

Example: 

The volume of water rushing from a hose on a unit of time varies directly with the 
square of the diameter of that hose (if water pressure is constant). From a fire hose, 
with a diameter of 8cm, 400kl of water were obtained. For the same amount of time, 
how much water could be obtained from a garden hose 2cm in diameter? 

Solution: let V be the volume of water in kl, obtained in a unit of time. Let d be the 

diameter of that hose in cm; then  2 2 400 25400 8
64 4

V kd k k= ⇔ = ⇔ = =

Thus, the variation equation is given by 225
4

V d=

As d=2cm; the volume  ( )225 2 25
4

V V Kl= ⇔ =
 

Thus, the volume of water obtained from the garden hose is 25 Kl

• Indirect proportion
Consider this table:

Speed (v ) in km per hour Time (t) in hours
16 1
8 2
4 4
1 16

From this table we see that:

• If the speed v is increased, the time taken to travel 16km is decreased.
• If the speed is decreased, the time taken to travel 16km is increased
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The formula, 16vt =  can be written as 
16v
t

= and you can write 
1v
t

∝

This is read as: “ v  varies inversely with time or v  varies indirectly proportional 
with t”

In general, an inverse proportional is given as:
kxy k or y
x

= =  where k is the constant of variation, 0k ≠

If ( ) ( )1 1 2 2, ,x y and x y  satisfy the inverse variation, then you may obtain a proportion 

as follows: 1 1 2 2x y k and x y k= =

Thus, 1 2
1 1 2 2

2 1

x yx y x y or
x y

= =

Example: if s varies inversely or indirectly proportional with t and s=30 when t=25, 
then find the value of s when t is 150

Solution: write 
ks
t

=  where k is constant

When 

30, 25

30 750
25 25

s t
k ks k

= =

= ⇔ = ⇔ =

The variation equation is 
750 750, 150; 5

150
s t s

t
= = = =

Therefore, 5s =  when 150t =
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Application activity 3.1.2

1. Find ( )( ) ( )( ): 9 2 3 6x y if x y x y+ − = + −

2. Express each of the following in lowest term or form: 

(a) ( ) ( ):ap aq bp bq+ +

(b) ( ) ( )2 2 :p q p q− +

3. If b  is directly proportional to 2c , then find the constant of variation if 72b =  
when 12c =  

4. Calculate the constant of variation for the following inverse variation:

(a) m varies inversely with n where m=25 when n=2

(b) p is inversely proportional to q where q=16 when p=4 

3.2 Calculation of proportional and compound 
proportional change 

Activity 3.2

1. Discuss with your classmate what you understand by the word multiplier. 

• Consider a shirt that is sold at a 20% discount. 
• What is the percentage of the selling price? 
• Convert this percentage you have gotten into fraction. What do 

you notice? 
2. Consider a shirt with a marked price of 500 Frw. After negotiating with the 

customer, the shirt is sold at a 10% lower. Discuss with your classmate the 
change in price and the new price (selling price) of the shirt in Frw.

3. Consider that 3 people working at the same rate can cultivate 2 acres of land in 
3 days. What do you think will happen if the working days are increased to five 
and people are still working at the same rate? Discuss.
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CONTENT SUMMARY 

Proportional change using multiplier

• Consider the price of a book being reduced by 15% , the percentage 
of the selling price is 100% –  15%  85%=

• 85%  converted to decimal gives 85 0.85
100

= =  

• We say that 0.85  is the multiplier of the price of the book.
Examples:

1. What is the multiplier for 15% increase? 

Solution 

A 15% increase means the final percentage for the quantity will be 

100%  15%  115%+ =  

115%  as a decimal 
115 1.15
100

= =

So 1.15 is the multiplier.

2. Increase 200 kg by 8% 

Solution 

8%  means the overall percentage will be 100%  8%  108%+ =

108% in decimals 
108 1.08
100

= =

Multiplier  1.08=

New value  1.08  200   216 kg kg= × =  

Note that the proportion of a given quantity can be reduced or increased:

i) A decreasing multiplier is a factor that reduces the proportion of a given quantity. 
To calculate the new price, we proceed as 

   =    ,New price initial price multiplier× where, ( )100
 

100
x

multiplier
−

=
 
 and x  is 

the percentage decrease on the cost price. 

ii) An increasing multiplier is a factor that increases the proportion of a given 
quantity. 
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To calculate the new price, we proceed as 

  =    New price initial price multiplier× , where 
(100 ) 

100
xmultiplier +

= and x  is the 
percentage increase on the cost price.

Example

1. For purposes of sales promotion, the price of a book has been reduced by 20% to 
3 600 Frw. What was the price before the reduction?

Solution

We are required to use the reverse process of decreasing the price by the given 
percentage. 

Let the old price by y  

Then ( )    100    % 20the new price of y= −

 80% of y= , 80%   = 3 600 of y Frw

 
80 3600 100y  3 600 4500

100 80
Frw y y Frw×

= ⇔ = ⇔ =

2. A farmer gets 80 litres of milk from his cow. The amount of milk from the cow 
reduced by 5% after illness. What is the new amount of milk produced by the cow? 

Solution 

Initial amount  80 litres=

Percentage decrease  5%=

Amount decreased  5%  80of litres=

5 80 4
100

× = litres  . New amount ( ) 80 –  4  litres=  = 76 litres

Compound proportional change or continued proportions.

Sometimes, a quantity may be proportional to two or more other quantities. In such 
case, the quantities are said to be in compound proportion or continued proportions.

The mathematical term ‘iteration’ means to repeat an operation. Iterations involve 
inputting a value into a function, receiving an output value, and then using this 
output value as the input value for the function. 

Example: To iterate the function 2x + 3, first you place any value of x into the function:

So if x = 1, then 2x + 3 = 5

Now you must take this output value of 5 and put it into the original function.
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Therefore, when x = 5 , then 2x + 3 = 13

By continuing these iterations, you will be presented with an infinite sequence of 
numbers:

5, 13, 29, 61, .......

Repeated proportional change is an extremely useful mathematical process because 
it can be used to calculate real world financial problems such as compound interest.

‘Compound interest’ refers to the interest added to a deposit or loan. The added 
interest will also earn interest as time passes. To calculate the compound interest of a 
loan, we may use repeated proportional change.

Example

(a) £500 is borrowed for 6 years at 5 % compound interest. Calculate the amount of 
compound interest which will be paid

Solution

(a) From the question, we know that 5% compound interest is added each year. This 
means that there will be 105% of the original amount borrowed at the end of the 
first year or 1.05.

With 1.05 as your multiplier, you can calculate the total amount of money borrowed 
after 6 years. The money was borrowed for 6 years, so you must raise 1.05 to the 
power of 6. Therefore:

Total amount of money borrowed is 500 x (1.05) 6 = 670.047= £670

The question has asked you to calculate the amount of compound interest. To do so, 
you must subtract the original amount borrowed (£500) from the value you have just 
generated:

670 - 500 = 170. As a result, the amount of compound interest which will be paid is 
£170

To calculate compound proportionality problems, one can use the unitary method 
or compound rule of three

Example: 9 men working in a factory produce a certain number of pans in 6 working 
days. How long will it take 12 men to produce the same number of pans if they work 
at the same rate?

Solution 

• 9 men work for 6 days 
• 1 man works for 9 × 6 days = 54 complete working days 
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• 12 men will work for 9 6 14
12 2
×

=  working days.
The proportion involving two or more quantities is called Compound Proportion. 

The following table is showing different quantities. Let us investigate different rules 
to solve compound proportions problem. 

Quantity 1 Quantity 2 Quantity 3
A B c
D E x

CASE1

If quantity 1 and quantity 2 are directly related and quantity 2 and quantity 3 are also 
directly related, then we use the following rule:

a b d e
c x
× ×

=

CASE 2

If quantity 1 and quantity 2 are directly related and quantity 2 and quantity 3 are 
inversely related, then we use the following rule:

b c e x
a d
× ×

=

CASE 3

If quantity 1 and quantity 2 are inversely related and quantity 2 and quantity 3 are 
directly related, then we use the following rule: 

a b d e
c x
× ×

=

CASE 4

If quantity 1 and quantity 2 are inversely related and quantity 2 and 
quantity 3 are also inversely related, then we use the following rule: 
a b c d e x× × = × ×

Example1:

195 men working 10 hours a day can finish a job in 20 days. How many men are 
employed to finish the job in 15 days if they work 13 hours a day?
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Solution:

Let x be the number of men required

Days Hours Men 
20 10 195
15 13 x 

Analysing the problem, one can find that the number of days and hours required for 
one person to finish the same job are many than the one used by 195 men.

1 10 195 20
1 1 195 20 10

195 20 1015 1
15

195 20 1015 13 200
15 13

day hours
day hour

days hour

days hours

→ → ×
→ → × ×

× ×
→ →

× ×
→ → =

×  or  

20 10 195 15 13
3900039000 195 200
195

a b c d e x
x

x x

× × = × ×
× × = × ×

= ⇔ = =

Application activity 3.2
1. What is the multiplier of 45% decrease?

2. Deborah’s salary last year was 15 000 Frw. This year it was increased by 20%. 
What is her salary this year?

3. In 2004 a company processed 800 tonnes of maize. In 2005, the company 
decreased production by 30 %. How many tonnes did the company process in 
2005?

4. Four men working at the same rate can dig a piece of land in ten days. How 
long would it take five men to do the same job?
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3.3 Problems involving direct and indirect proportions

Activity 3.3

Read carefully the given problems and discuss how can you solve problems 
involving direct and indirect proportions.

1.  F is directly proportional to x. When F is 6, x is 4. Find the value of F when 
x is 5.

2. A is directly proportional to the square of B. When A is 10, B is 2. Find the value 
of A when B is 3.

3. A is inversely proportional to B. When A is 10, B is 2. Find the value of A when 
B is 8

4. B is inversely proportional to the square of A. When A is 20, B is 3. Find the 
value of B when A is 5.

CONTENT SUMMARY 

Two values x and y are directly proportional to each other when the ratio x : y or 
x y∝  is a constant (i.e. always remains the same). This would mean that x and y will 
either increase together or decrease together by an amount that would not change 
the ratio.

Knowing that the ratio does not change allows you to form an equation to find the 
value of an unknown variable.

Example:

If two pencils cost $1.50, how many pencils can you buy with $9.00?

Solution:

The number of pencils (p) is directly proportional to the cost.

2 1.5 18 12
1.5 9

p p p= ⇒ = ⇒ =
 
pencils 

Two values x and y are inversely proportional to each other when their product xy is 
a constant (always remains the same). This means that when  x  increases  y  will 
decrease, and vice versa, by an amount such that xy remains the same.

Knowing that the product does not change also allows you to form an equation to 
find the value of an unknown variable
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Example:

It takes 4 men 6 hours to repair a road. How long will it take 8 men to do the job if 
they work at the same rate?

Solution:

The number of men is inversely proportional to the time taken to do the job. Let t  
be the time taken for the 8 men to finish the job. 
4 6 8 24 8 3t t t hours× = × ⇒ = ⇒ =  
Usually, you will be able to decide from the question whether the values are directly 
proportional or inversely proportional.

Problem solving plan 

1. Understand the problem: Think what information is given and what information 
is required

2. Decide on a strategy: List the strategies with which you think the solution can be 
found

3. Apply the strategy: Find the solution using the strategy you have chosen

4. Look back:

• Have you verified your solution?
• Are there other solutions?
• Can you solve a simpler problem?
• Have you answered the question as it was initially stated?

Example

1. The voltage V(volts) across an electrical circuit is directly proportional to the 
current I (Amperes) flowing through the circuit. When I=1.2 A, V=78V

a) Express V in terms of I

b) Find V when I=2A

c) Find I when V=162.5V

Solution

I=1.2 A, V=78V

V I
V kI

∝
=
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7878 (1.2) 65
1.2

65

k k

V I

= ⇒ = =

=

a) 65 2 130V V= × =

b) 
162.5162.5 65 2.5A

65
I I= ⇒ = =

Application activity 3.3

1. The area 
2

( )A cm of a square is directly proportional to the square of its 
perimeter ( )P cm . When 8, 4P A= =  .Find a formula for A in terms of P 
and P in terms of A

2. When a fixed volume of water is poured into a cylindrical jar, the depth ( )D cm  
of the water is indirectly proportional to the cross section area 2( )A cm of that 
cylindrical jar. When A=14, D=120

a) Find the formula for A in term of D

b) Find A when D=150

c) Find D when A=60

3.4. END UNIT ASSESSMENT 3

1. The force of attraction ( )F Newtons  between two sphere is indirectly 
proportional to the square of the distance ( )D metres  between the centres of 
spheres. When 2, 0.006D F= =

a) Express F in terms of D

b) Find F when 2.5D =

c) Find D when F=0.001 and give your answer correct to 3 significant figures

2. Find the missing(unknown) terms of each proportion:

a) 2 : 5 4 : x=

b) 8 : 4 20 : 4x=

c) 4 : 3 45 : 63x =
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3. Express each of the following in lowest terms:

a) 16 : 32 yxy−

b) ( )8 2 : 2k k k−
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UNIT 4
OPERATION ON POLYNOMIALS

Key Unit competence: Perform operations, on polynomials and solve 
related problems

4.0. Introductory Activity 4

1. Research on the definition of polynomial, discuss with your colleague to come 
up with a concise definition and make a presentation to the whole class.

2. The length of a rectangle is represented by 2 3 2x x+ +  , and the width is 
represented by 4x    . 

i) Express the perimeter of the rectangle as a polynomial. 

ii) Express the area of the rectangle as a polynomial.

3. Observe this shape.

Express the area of the full rectangle as a polynomial.
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4.1 Defining and comparing polynomials

Activity 4.1

Consider the following algebraic expression 

( )
( )
( )
( )
( )

2

3 2

4 3 2

   2

   2  3

     2 –  3

    2  3 –  1

    –  2  3 –  2

a x

b x

c x x

d x x x

e x x x x

+

+

+ +

+ +

Answer the following questions based on the expressions above. 

1. How many terms does each of the expression have? 

2. State the highest power of x in each expression. 

3. Using a dictionary or internet, find out the classification of polynomials based 
on the number of terms.

CONTENT SUMMARY 
Polynomial comes from poly- meaning “many” and -nomial meaning “term”.

A polynomial looks like this:
26 10 19xy x+ −    terms 

A polynomial can have:

• constants (like 6, 10, or -19)

• variables (like x , y, z,…etc)
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• exponents (like the 2  in 2y ), but only ,  ,  ,  ,  ...0 1 2 3 etc

That can be combined using operations such as addition, subtraction, multiplication 
and division.

A polynomial can never be divided by a variable such as 7
x

  

Let 0 1 2 1, a , ,..., ,n na a a a−  be real numbers. Then 1
1 1 0. . .n n

n na x a x a x a−
−+ + + +  is a 

polynomial in x  (with real coefficient). When 0 1 2 1, a , ,..., ,n na a a a−  are not all zero, it 
can be assumed that 0na ≠ and the polynomial has degree n

Example: 
27 4 4x x+ +   is a polynomial while 3y− is not a polynomial because it has a negative 

exponent ( 3− )

The classification of polynomials is based on the number of terms. The following 
table identifies the types of polynomial. 

Number of 
terms

Type of polynomial Example

One term Monomial 2x

Two terms Binomial 5 1x −

Three terms Trinomial 3 7a b c+ +
.......... ......... ..................
 n terms Polynomial

1
1 1 0. . .n n

n na x a x a x a−
−+ + + +  

where 0na ≠ and the degree 
0n ≥

The degree of a polynomial with only one variable is the highest exponent of that 
variable. For example, in 34  –    3x x +  the degree is 3 which is the highest exponent 
of x.

Note that: A polynomial containing two or more variables are said to be homogenous 
if every term is of the same degree. 

For example, 2 2 3    3 3   2  –  4xy x y x and x y z+ + + are homogenous polynomials 
of degree 3 and 1 respectively.
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Application activity 4.1
1. Identify each of the following expression as a monomial, binomial, trinomial 

or polynomial 

( )
( )
( )
( )
( )

2

3 2

2 2

2

2 3

 5 –  3 –  4

 3  –  6
 4
 4 –  6

 

a x x x

b ab c b
c x y
d ab
e x y

+

+

2. Which of the following are homogenous? State the degree of those that are 
homogenous. 

( )
( )
( )
( )

2 2

3 3 3

2 2

 
  2   2

 –  
–  3  –  40

a zx xy
b a b a b
c x y z
d x xy y

+
+ +

+

4.2. Operations on polynomials

Activity 4.2

1. Consider the expressions; 

( )
( )
( )

3 2

2

2

 3 –  13  4 –  2
 3  4

 5 –  3  3

i x x x
ii x x
iii x x

+
+ +

+

(a) Identify the terms that are similar in (i), (ii) and (iii) and group them together. 
(b) Combine the sets of terms in (a) above. 
(c) Simplifying each group to a single term. 
(d) Now add all the expressions together 

3 2 2 23 –  13  4 –  2    3  4   ( ) ( 5( )3  3) –  x x x x x x x+ + + + + +

2. Consider the polynomial expressions 

( )
( )

2

2

 1
 3  2  3

a x y
b x y

+ +
+ −

Given  2   3x and y= = , solve the expressions. Then Compare your findings with 
other classmates.
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3. Open the brackets correctly and simplify the following expressions. 

( ) ( )
( ) ( )
( ) ( )
( ) ( )

 4   5  3
 4 – 5  3
 4 – 2 5  3
 4 – 2  3 – 5

a a a
b a a
c a a
d a a

+ +
−

+
−

Comment on your answers and compare your results to those of other members 
of the  class.

4. Through a discussion with your partner divide the polynomial 
2  9  18  3x x by x+ + +  Hint: Try the long division method. 

 Compare your result with those of other classmates.

CONTENT SUMMARY 
a) Addition and subtraction of polynomials

When simplifying algebraic expressions by adding or subtracting, first collect or 
group the like terms together. Simplification is usually easier if the positive like terms 
are separated from the negative ones. 

Example  

Simplify the expression 

2  –  4   5  –  3x y x y+

Solution 

To simplify the expression, you first collect like terms together for example, 

( )
( )

2  –  4   5  –  3
 2   5  –  4  –  3    
 7  –  7    

x y x y
x x y y like term together
x y combine like terms

+
= +
=

7  –  7x y  (This expression cannot be simplified further because 7   – 7x and y  are 
unlike terms)

Polynomials can be evaluated numerically if some numerical values are attached or 
attributed to the variable or variables. We use the method of substitution in the given 
expression and then simplify.



71

Substitution involves replacing variables, in an algebraic expression, with specific 
values. The expression may then be evaluated. 

Example 

If, find   3,    – 2    5x y and z= = = the value of 

( )
( ) ( )( )

2    

   3  –  4

a xy z

b x y x z

+

+

Solution

( ) 2     3  ( – 2)  25
                      = – 6  25
                      = 19

a xy z+ = × +
+

 

( ) ( )( ) ( )( )
( )( )

   3  –  4   = 3  ( – 2) 3  3 ( –  4)  5
                                         = 1 9 –  20
                                         = 1  ( –11)
                                         = –1

 

1

b x y x z+ + × ×

×

b. Multiplication of polynomials

The multiplication of polynomials has to follow these rules, therefore: 

1. If there is a positive (plus) sign just before a bracket, the sign of each term inside 
the bracket is unchanged when the bracket is removed (i.e. when the expression 
is expanded). 

2. If there is a negative (minus) sign just before a bracket, the sign of each term inside 
the bracket must be changed to the opposite sign when the bracket is removed. 
Removing the bracket is like multiplying each term by –1

In general, when expression in a bracket is multiplied by a number in order to remove 
the brackets, every term inside the bracket must be multiplied by that number. 

Thus, 

( )
( )

 
–  – –

a x y a x a y ax ay
and a x y a x a y ax ay

+ = × + × = +
= × × =
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Example

1. Remove the brackets and simplify: 

( ) ( ) ( )
( ) ( ) ( )

 7   3  –  4  –  2  –  9
 6  –    3  –  2   5  –  4

a g g h g h
b x y z x y z

+
+ +

Solution 

( ) ( ) ( ) 7   3  –  4  –  2  –  9  7   3  –  4  –  2   9a g g h g h g g h g h+ = + +

 7   3  –  2   9  –  4g g g h h= + +

 8   5g h= +

( ) ( ) ( ) 6  –    3  –  2   5  –  4 6  –    3  –  2  –  5   4
                                                                   = 6  –  2  –   –  5   3   4
                                                  

b x y z x y z x y z x y z
x x y y z z

+ + + +

+ +

=

                 = 4  –  6   7x y z+

2. Remove the brackets and simplify: 

( ) ( ) ( )2 3  –    4   2  –  3 2  –  3x y x y x y+ +

Solution 

( ) ( ) ( )2 3  –    4   2  –  3 2  –  3
                    = 2  3  –  2    4    4  2  –  3  2   3  3
                    = 6  –  2   4   8  –  6   9
                    = 6   4  –  6   8   9  –  2
   

x y x y x y
x y x y x y

x y x y x y
x x x y y y

+ +
× × + × + × × + ×

+ + +
+ + +

                 = 4   15   x y+

Notice how the signs obey the rules obtained earlier.

b. Division of polynomials

For the division of one polynomial by another to be possible, the degree of the dividend 
(Numerator) must be greater or equal than that of the divisor (denominator). 

Remember: 

Like in division of numbers, not all polynomials divide exactly, some will have 
remainders. 
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Suppose the polynomial to be divided is denoted by ( )f x , and the divisor by the 

polynomial ( )g x , we can denote the result of division as follow: 

( )
( ) ( )

f x RQ
g x g x

= +

Hence ( ) ( )  .   f x Q g x R= + , where Q  is the quotient and R  is the remainder, 
the division process terminates as soon as the degree of R  is less than the degree of 

division ( )g x . 

In division, order of the terms is important:

(i) Both the dividend and the divisor must be written in descending powers of the 
variable. 

(ii) If a term is missing, a zero term must be inserted in its place. 

Example

Given that ( ) 2    7   12f x x x= + +  and ( )     4g x x= + , divide ( ) ( )  .f x by g x

Solution 

Using skills of long division of numbers we write 2(   7   12)  (   4)x x x+ + ÷ +  in the 
form 

( )

( )

2

2

3
4 7 12

4

3 12
3 12

0

x
x x x

x x

x
x

+
+ + +

− + ↓

+

− +

i) Divide 2   x by x to obtain x .

ii) Multiply ( )  4x x +  and subtract then bring down the next term.

iii) Divide 3   x by x to obtain and multiply by   4.x +

iv) Subtract. 
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Thus  2(   7   12)  (   4) ( 3)x x x x+ + ÷ + = +

The division is exact, the quotient is   3x +  and there is no remainder.

Application activity 4.2

1. Given that   –  3    2x and y= = , find the value of the expressions below: 
( )
( ) 2

 3  –  6  –  4   8
 6  –  9   6  –  8

a x y x y
b x x x

+
+

2. Expand and simplify the following 

( ) ( )
( ) ( ) 2

  – –  2
 3
( )

(–  2 2 –  2  1)
a x y x y
b x x x

+
+

3. Divide 3 2 –20  6  –  4   2  –  4x x by x+  and state the quotient and the 
remainder.

4.3 Factorization of polynomials

Activity 4.3

Consider the following expressions:

( )
( )
( )
( )

2

2 2

 2   2  

 3   6

   

 9   15

a a b

b r r

c xy axy

d x y xy

+

+

+

+

For each expression above, identify the common factors for both terms and 
rewrite the expression in factor form. Compare your results with those of other 
classmates.

CONTENT SUMMARY 
In arithmetic, you are familiar with factorization of integers into prime factors.

For example, 15  3  5= × .

15 is called the multiple, while 3 and 5 are called its divisors or factors.

The process of writing 15 as product of 3 and 5 is called factorization.

Factors 3 and 5 cannot be further reduced into other factors.
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Like factorization of integers in arithmetic, one can make factorization of polynomials 
into other irreducible polynomials in algebra.

For example, 2   2x x+  is a polynomial. It can be factorized into ( )    2x and x + .

( )2   2      2 .x x x x+ = +  

So,     2x and x + are two factors of 2   2x x+ . While x is a monomial factor,   2x +  
is a binomial factor.

Application activity 4.3
Factorise each of the following expressions: 

( )
( )
( )

2

3 2

 2   4
 – 3  –  9
 3   6  –  9

a ab c
b b b
c x x x

+

+

4.4 Expansion of polynomials

Activity 4.4

Apply distributive properties to perform the following 

( ) ( )( )
( )

( ) ( )( )

 4 2

( )  4

1–  1

( ) 4x

i x x

ii x

iii x x

+

+

−

−

+

a) How many terms does each result have? 

b) Find out the common characteristics for the all above expressions. What is the 
highest and lowest exponent for the variable x in  all expressions?   

CONTENT SUMMARY 

Given the expression; ( )( ) 3  2x x+ + . Expansion of the expression takes the steps 
below: 

( )( ) ( ) ( ) 3  2   2   3  2x x x x x+ + = + + +  
2   2  3  6x x x= + + +  

2   5  6x x= + +  (since 2x and 3x are like terms). 
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This means that ( ) ( ) 3    2x and x+ +  are factors of 2   5  6.x x+ +

( )( )2   5  6   3  2x x x x⇒ + + = + +  (in factor form). 

Note: In 2   5  6,x x+ +

a) The coefficient of the highest degree of this trinomial is 1, 

b) The coefficient of the linear term is 5, the sum of the constant terms in the 
binomial factors, and 

c) The constant term is 6, the product of the constant terms in the binomial factors. 

Generally, 

In a simple expression like 2  ax bx c+ + , where  1a = , the factors are always of 

the form ( )( ) ,x m x n+ +  where m and n are constants. The expression 2  ax bx c+ +  
is factorizable only if there exists two integers m and n such that m n c× =  (product 
of the factors) and m n b+ =  (sum of the factors).

To factorise a trinomial whose form: 2  ax bx c+ + , where 1a = , follow the steps 
below. 

1. List all the possible pairs of integers whose product equals the constant term. 

2. Identify the only pair whose sum equals the coefficient of the linear term. 

3. Rewrite the given expression with the linear term split as per the factors in 2 
above. 

4. Factorise your new expression by grouping, i.e. taking two terms at a time. 

5. Check that the factors are correct by expanding and simplifying.

Example

Factorise 2   8   12.x x+ +

Solution 

In this example,   1,    8    12.a b and c= = =

1. List all the pairs of integers whose product is 12. These are: 

1  12 3  4 2  6× × ×  
1  –12  – 3  – 4 – 2  – 6× × ×
2. Identify the pair of numbers whose sum is 8. The numbers are 6 and 2. 
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3. Rewrite the expression with the middle term split. 
2 2  8  12   2  6  12x x x x x+ + = + + +

Factorize 2   2   6   12x x x+ + + by grouping. 2   2   6   12 x x x has+ + +  4 terms 
which we can group in twos so that first and second terms make one group and third 
and fourth terms make another group. 

2 .    2   6   12i e x x x+ + + In each group, factor out the common factor. 

Thus, 

( ) ( )2  2   6   12    2   6   2x x x x x x+ + + = + + +  We now have two terms, i.e. 

( )  2x x +  and ( )6   2 ,x +  whose common factor is ( )  2x +

( )2   8   12 (    2   6)x x x x∴ + + = + +  (Factor out the common factor ( )  2x +

Check that ( )( ) 2  2   6     8   12.x x x x+ + = + +

Note: Since all the terms in the example are positive, the negative pairs of factors of 
12 in 1 above could have been omitted altogether.

Note that: 
• If the third term in the split form of the expression is negative, we factor out 

the negative common factor. 

Example:

2 2  2 –  35   7 –  5 –  35y y y y y+ = +  (the third term is negative)

( ) ( ) 7  –  5  7y y y= + +  (we factor out –5 ) 

( )( )  7 –  5 .y y= +

• The order in which we write mx and nx in the split form of the expression does 
not change the answer.

Consider again the expressions ( ) ( )2 2  2  –  3x and x+ , expand and simplify them 

Each binomial expansion has three terms 

The first term is the square of the first term of the binomial 

The third term is the square of the second term of the given binomial 

The middle term is twice the product of the two terms of the binomial 
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( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 2 2

2 2 2

2

2

. .   2     2 2    2
   4   4

 –  3     2   – 3   –3
  –  6   9

i e x x x
x x

x x x
x x

+ = + × +
= + +

= + × +
= +

Just like we have square numbers in arithmetic, we also have square trinomials in 
algebra. 

Remember ( ) ( )( )2 2 2            2   a b a b a b a ab b+ = + + = + +

In this case 2 2   2   a ab b+ +  is a perfect square because it has two identical factors.

Remarks 

If a trinomial is a perfect square, 

1. The first term must be a perfect square. 

2. The last term must be a perfect square. 

3. The middle term must be twice the product of numbers that were squared to 
give the first and last terms. 

Example

Show that the following expressions are perfect squares and give the factor of each. 

( )
( )

2

2

 9   12   4 

 9  –  30   25

a x x

b x x

+ +

+

Solution 

(a) 29   12   4x x+ +

Condition (1): first term ( )229   3x x=

Condition (2): last term ( )24  2=

Condition (3): middle term ( )( )12   2 3 2x x=

( ) ( )( )
( )

2 2

2

29   12   4

 3   2 2 3   2

 3   2

x x

x x

x

∴ + +

= + +

= +
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(b) 29  –  30   25x x +

First term ( )229   3x x=

Last term ( )225  –5=

Middle term ( )( )–30   2 –5 3x x=

∴ 29  –  30   25x x +  is a perfect square which factorizes to ( )23  –  5 .x

Note: In 29  –  30   25,x x + middle term of the expression is negative, hence the 
constant term in the binomial factor must be negative.

Application activity 4.4

1. Factorize the following expressions: 

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

  1   3  1
3 2  1 –  2  1

 4 2  – 3 – 3 2  – 3
 4  6 –  6

3 4 –    6 4 –  

x x x
x x x

a a a
b b b

y y y

+ + +
+ +

+ +
+

i
ii
iii
iv
v

2. Show that the following are perfect squares. Hence state their factors. 

( )
( )
( )

2

2

2

 8  16
  12  36

–  14  49

x x
x x
x x

+ +
+ +

+

i
ii
iii

4.5. END UNIT ASSESSMENT 4

1. Classify the following expression into monomial, binomial or trinomial 

( )
( )
( )
( )

2 3

2 3

2

2

  –  25

 –
 2   3  –  
 – 5  6  3

 

a a b

b yx z
c a a c b
d x x

+
+ +
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2. Which of the following are homogenous? State the degree of those that are 
homogenous

( )
( )
( )
( )
( )

3 3 3 2 2

2 2

3 2 2 3

 6 –  5   6
     

  3   3
 2 –  7  –  30

  5  6  –  7  6

a x y z
b ab ac bc
c x y z a c ac
d a ab y
e x x y xy y

+
+ +

+ + + +

+ +

3. Expand and simplify the following 

( ) ( )
( ) ( )
( ) ( )
( ) ( )( )

2 2

2 2   3 –
  –  2 3 –  ( )2   
 – 2 –  3 –  1
 – –  2 2  3 –

a x y
b a b a ab b
c x x x
d x y x y

+
+

+

4. Factorize:

2

2

2 2 3

2

a)   
b) 3  3
) 21  –  6

d) 6   15 .   
e)9  –  45  
f) 4  14

ax ay
x z

c xy x
x xy

x y x
x x

+
+

+

+

5. Show that the following are perfect squares. Hence state their factors.

i. 2 29  24   16p pq q+ +

ii. 24   12   9x x+ +
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UNIT 5
LINEAR AND

QUADRATIC EQUATION AND INEQUALITIES

Key Unit competence: Solve algebraically or graphically 
linear, quadratic equations or 
inequalities

5.0. Introductory Activity 5

An equation is a statement in which the values of two 
mathematical expressions are equal while an inequality is a 
statement in which the values of two mathematical expressions 
are not equal. 

1. Make a research on internet or using Math reference books and make a 
short presentation on the following:

a. Linear equation in one unknown

b. Inequality in one unknown

c. Quadratic equation 

d. Find out two examples where linear and quadratic equations and 
inequalities are used in real life. 

2. Discuss and make a presentation on how to find the value of x such that 
the following statements are true

1 5x + =    ( )( )1 1 0x x+ − <    2 1 0x − =
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5.1 Linear and quadratic equations
5.1.1. Linear equations 

Activity 5.1.1

The following mathematical statements are always true for only one value of x.  
For each statement, find out the real value of x

1) 1 5x + =     2) 2 4 0x − =  

3) 2 1 5x + = −     4) 4 10x − =

CONTENT SUMMARY 
An equation is a statement in which the values of two mathematical expressions are 

equal. Consider the statement 0,ax b+ = where ,a b∈  and 0a ≠ . This statement 

is true when bx
a

= −  (the solution or the root of the equation 0ax b+ = ).  Thus, to 

find a solution to the given equation is to find the value that satisfy that equation. 

In general, linear equation in one unknown is of the form 0,ax b+ =  with a and b
constant and 0a ≠

Examples: Solve in set of real numbers

a) 6 14x + =

b) 4 5 20x x+ = +

c) 14x x= −

Solutions 

6 14x + =

14 6
8

x
x

⇔ = −
⇒ =

{ }8S =

4 5 20x x+ = +

4 20 5
3 15

x x
x

⇔ − = −
⇔ =

15
3

5

x

x

⇔ =

⇒ =

{ }5S =

14x x= −

2 14
7

x
x

⇔ =
⇒ =

{ }7S =
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Application activity 5.1.1
Solve the following linear equations in the set of real numbers

1) 5 9x + =    2) 6 5 5x + =  

3) 2 3x − =    4) 25 2 5x= −  

5) 5 1x− = −    6) 3 4 2 1x x− = +  

7) 5 9 1x x+ = +   8) 6 5 9x− − =  

9) 100 99x + =   10) 6 51 9x − =

5.1.2. Quadratic equations 

Activity 5.1.2

1. The following mathematical statements are always true for only some values 
of x.  Find out the real values of x in the following statement 2 2 24 0x x+ − =

2. Suppose that you own a plot of land and want to build a fence there. Let the 
area of the plot be 900 m2. You want your fence to have a length equal to twice 
its width. Let X be the width, then the length is 2X.  Knowing that the Length 
times width is equal to the area, how will you optimise the area of land you 
have?  Do you think the statement 2x2=900 can help you to find out the length 
and width of your fence? Explain your answer. 

CONTENT SUMMARY 

Equations of the type ( )2 0 0ax bx c a+ + = ≠  are called quadratic equations. 

There are three main ways of solving such equations:

a) By factorizing or finding square roots

b) By using the formula 
2 4

2
b b acx

a
− ± −

=

c) By completing the square

1. Quadratic equations by factorizing or finding square roots

The method of solving quadratic equations by factorization should only be used if is 
readily factorized by inspection. 

To factorize a quadratic equation, one can use the sum and product of its roots.
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Let x and y be two real numbers such that x y s+ =  and xy p= . 

Here y s x= −  and ( )x s x p− = . Or 2sx x p− =  or 2 0x sx p− + = . This equation 
is said to be quadratic equation and s, p are the sum and product of the two roots 
respectively. 

Quadratic equation or equation of second degree has the form  2 0ax bx c+ + = , 

where the sum of two roots is bs
a

= −  and their product is cp
a

= .   

Example 1: Solve in  : 2 2 24 0x x+ − = Example 2: Solve in  : 25 7 6 0x x+ − =
Solution

2 2 24 0x x+ − =  ( )( )6 4 0x x⇔ + − =

So, either 6 0x + = or 4 0x − = giving 

6x = −  or 4x = .

Solution

25 7 6 0x x+ − = 25 3 10 6 0x x x⇔ − + − =

( ) ( )
( )( )

5 3 2 5 3 0

5 3 2 0

x x x

x x

⇔ − + − =

⇔ − + =  

So, either 5 3 0x − = or 2 0x + = giving 
3
5

x =  or 2x = − .

Example 3:: Solve in  : 2 7 5 5x x− + = −

Solution 
2 7 5 5x x− + = −

2 7 10 0x x⇔ − + =

As we saw it, in this equation the sum of two roots is -7 and the product is 10. To 
find those roots we can think about two numbers such that their sum is -7 and their 

product is 10. Those numbers are -2 and -5. Thus { }2,5S =

2. Quadratic equations by the formula 

To solve this equation, first we find the discriminant (delta): 2 4b ac∆ = −

In fact,
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2

2

0ax bx c
ax bx c
+ + =

⇔ + = −

2 0ba x x c as a
a

 ⇔ + = − ≠ 
 

2 0b cx x as a
a a

⇔ + = − ≠  ( making the coefficient of  
2x  one)

2 2

22 4
b c bx
a a a

 ⇔ + = − + 
   

2

24
b
a

←
 

,is the squareof half thecoefficient of x  ,b
a

 
 
   

2 bin x x
a

+

2 2

2

4
2 4
b b acx
a a

− ⇔ + = 
   

2

2

4
2 4
b b acx
a a

−
⇒ + = ±

2

2

4
2 4
b b acx
a a

−
⇔ + = ±

 

2 4
2 2
b b acx
a a

−
⇔ + = ±

2

2

4 , 0
2 2

4 , 0
2 2

b b acx if a
a a

b b acor x if a
a a

−
⇔ + = ± >

−
+ = <

Simply,

2 4
2

b b acx
a

− ± −
=

.

Let 2 4b ac∆ = − , There are three cases:

• If 0∆ > , there are two distinct real roots:

1 2
bx

a
− + ∆

=
 and 

2 2
bx

a
− − ∆

=

• If 0∆ = , there is one repeated real root (one double root):

1 2 2
bx x
a

−
= =
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• If 0∆ < , there is no real root.

Example 1: Solve in  : 
2 2 1 0x x+ + =

Solution 
2 2 1 0x x+ + =

( )( )22 4 1 1 0∆ = − =

1 2
2 1

2
x x −

= = = −

{ }1, 1S = − −

Example 2: Solve in  : 
2 7 5 5x x− + = −

Solution 
2 7 5 5x x− + = −

2 7 10 0x x⇔ − + =

( ) ( )( )27 4 1 10 9∆ = − − =

( ) ( )
1 1

7 9 7 9
5, 2

2 2
x x

− − + − − −
= = = =

 
{ }2,5S =

Example 3: Solve in  : 
22 3 4 0x x+ + =

Solution 
22 3 4 0x x+ + =

( )( )23 4 2 4 23∆ = − = −

Since 0∆ < , there is no real root.

Then, S = ∅

Example 4: For what value of k will 
the equation 2 2 0x x k+ + =  have one 
double roots? Find that root.

Solution 
For one double root 0∆ = .

4 4k∆ = −  

4 4 0 1k k− = ⇒ =  
Thus, the value of k is 1.

That root is 2 1
2

x = − = − . 

3. Quadratic equations by completing the square

Before solving quadratic equations by completing the square, let’s look at some 
examples of expanding a binomial by squaring it.

• ( )2 23 6 9x x x+ = + + .

• ( )2 25 10 25x x x− = − +
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Notice that the constant  term ( )2k  of the trinomial  is the square of half of  the 

coefficient of trinomial’s x -term . Thus, to make the expression 2x kx+  a perfect 

square, you must add 
21

2
k 

 
 

 to the expression.

When completing the square to solve quadratic equation, remember that you must 
preserve the equality. When you add a constant to one side of the equation, be sure 
to add the same constant to the other side of equation.

Example 1: Solve 2 4 1 0x x− + = by 
completing the square

Solution 

2 4 1 0x x− + =   Rewrite original equa-
tion

2 4 1x x− =        Subtract 1 from both 
sides.

( ) ( )2 22 4 2 1 2x x− + − = + −   Add 

( )22 4− =  to both sides.

( )22 5x − =       Binomial squared.

2 5x − = ±       Take square roots.

2 5x = ±         Solve for x .

The equation has two solutions: 

2 5x = +  and 2 5x = −

Example 2: Solve 24 2 5 0x x+ − = by 
completing the square

Solution 

24 2 5 0x x+ − =      Rewrite original 
equation

24 2 5x x+ =           Add 5 to both sides.

2 1 5
2 4

x x+ =            Divide both sides by 4.

2
2 1 1 5 1

2 4 4 16
x x  + + = + 

 
  Add 

21 1
4 16

  = 
   

to both sides.

21 21
4 16

x + = 
 

        Binomial squared.

1 21
4 2

x + = ±         Take square roots.

1 21
4 2

x = − ±        Solve for x .

The equation has two solutions: 

1 21
4 2

x = − +  and 1 21
4 2

x = − −
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Application activity 5.1.2
Solve in set of real numbers the following equations by factorization

1.  2 6 8 0x x+ + =  

2.  2 2 3x x− =
Solve in set of real numbers the following equations using the quadratic formula 

1. 2 12 11 0x x− + =  

2.  2 2 35x x+ =

Solve in set of real numbers the following equations by completing the square

1.  2 5 24 0x x+ − =  

2. 2 13 36 0x x− + =

5.2 Equations reducible to quadratic

Activity 5.2

Let 2u x=  in each of the following equations of degree 4 and rewrite the given 
equation by making it an equation of degree 2.  

1. 
4 22 4 0x x− + =

2.  4 26 5 1 0x x+ + =

CONTENT SUMMARY 
Biquadratic equations are the equations that can be reducible to quadratic equations 
and they are on the form 4 2 0ax bx c+ + =  

To solve a biquadratic equations 4 2 0ax bx c+ + = , change 2x y= . This generates a 
quadratic equation 2 0ay by c+ + =  with the unknown y . 

For every positive value of y there are two values of x, find: x y= ±  

Example: Solve 4 27 12 0x x− + =  

Solution 

Here ( )24 2x x=  

Let 2y x= , then 2 4y x=  
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Now, the given equation becomes 2 7 12 0y y− + =  

 ( )( )2 7 12 3 4 0y y y y− + = − − =  3y⇒ =  or 4y =  

But 2y x=

2

2

3 : 3 3
4 : 4 2

y x x
y x x

= = ⇒ = ±

= = ⇒ = ±

So, we have four solutions to the original equation, 2x = ±  and 3± .

The basic process is to check if the equation is reducible to quadratic 
in form and then make a quick substitution to turn it into a quadratic 
equation.  In most cases to make the check that it’s reducible to quadratic 
in form all that we really need to do is to check if one of the exponents is 
twice the other.

Application activity 5.2
Solve the following biquadratic equations in the set of real numbers

1. 4 213 36 0x x− + =  

2. 4 210 9 0x x− + =  

3. 4 261 900 0x x− + =  

5.3. Linear and quadratic inequalities 
5.3.1. linear inequalities 

Activity 5.3.1

Find at least 5 value(s) of x such that the following statements are true

1) 5x <     2) 0x >  

3) 2 0x ≤    4) 2 4x− < <
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CONTENT SUMMARY 
The statement 3 10x + = is true only when 7x = . If x is replaced by another number 
(for example 5), the statement is false. To be true we may say that 5 + 3 is less than 
10 or in symbol 5 3 10+ < . In this case we no longer have equality but inequality. 

Suppose that we have the inequality 3 10x + < , in this case we have an inequality 
with one unknown. Here the real value of x to satisfy this inequality is not unique. 
For example, 1 is a solution but 3 is also a solution. In general, all real numbers less 
than 7 are solutions. In this case we will have many solutions combined in an interval. 

Now, the solution set of 3 10x + <  is an open interval containing all real numbers less 
than 7 whereby 7 is excluded. Solving the inequality 3 10,x + <  one can easily find 

that the values of x  are less than 7. Mathematically is written as follow: ] [,7S = −∞

In general, inequalities in one unknown are of the forms:  
0, 0, 0, 0ax b ax b ax b ax b+ > + < + ≥ + ≤  , with a and b constant and 0a ≠

Recall that

• When the same real number is added or subtracted from each side 
of inequality the direction of inequality is not changed.

• The direction of the inequality is not changed if both sides are 
multiplied or divided by the same positive real number and is 
reversed if both sides are multiplied or divided by the same negative 
real number.

Examples: Algebraically solve the following inequalities in the set of real numbers

Example 1: 
2 5 0x− + ≤

Solution

2 5 0x− + ≤

2 5
5
2

x

x

⇔ − ≤ −

⇔ ≥

5 ,
2

S  = +∞  

Example 2: 
4 0x − >

Solution

4 0x − >

4x⇔ >

] [4,S = +∞

Example 3: 
2 4x x> −

Solution

2 4x x> −

4
4

x
x

⇔ − > −
⇔ <

] [, 4S = −∞
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Example 5: 
2 5 2 4x x+ ≤ +

Solution

2 5 2 4x x+ ≤ +     0 1x ≤ −

Since any real number times zero is zero and zero is not less or equal to -1 then the 
solution set is the empty set. S = ∅

Example 4: 
( )2 5 2 8x x+ > −

Solution

( )2 5 2 8x x+ > −

2 10 2 8
0 18

x x
x

⇔ + > −
⇔ > −

Since any real number times zero is zero and zero is greater than -18, then the 
solution set is the set of real numbers. ] [,S = = −∞ +∞

Application activity 5.3.1
Solve the following inequalities

1) 6 15x + <    2) 2 4 16x − <     5) 2 5 0x− + <

3) 5 25x ≤    4) 3 5 21x − >

5.3.2. Inequalities products / quotients

Activity 5.3.2

Find at least 5 value(s) of x such that the following statements are true

1. ( )( )1 1 0x x+ − <

2. 2 0
1

x
x

+
≤

−
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CONTENT SUMMARY 

• To solve the inequality of the form ( )( ) 0ax b cx d+ + <  or 
( )( ) 0ax b cx d+ + ≤  one can  find out all real numbers that make the 
left hand side negative. 

• To solve the inequality of the form 0ax b
cx d

+
<

+
 or 0ax b

cx d
+

≤
+

 , one can  

find out all real numbers that make the left hand side negative. 

• To solve the inequality of the form ( )( ) 0ax b cx d+ + >  or 
( )( ) 0ax b cx d+ + ≥  , one can find out all real numbers that make the 
left hand side positive. 

• To solve the inequality of the form 0ax b
cx d

+
>

+
 or 0ax b

cx d
+

≥
+

 one can  

find out all real numbers that make the left hand side negative. 
The following steps are essential:

a) First we solve for ( )( ) 0ax b cx d+ + =

b) We construct the table of signs, by finding the sign of each factor and then the sign 
of the product or quotient. 

For the quotient the value that makes the denominator to be zero is always 
excluded in the solution. For that value we use the symbol || in the row of quotient 
sign.

c) Write the interval considering the given inequality sign.

Examples: Solve inequalities in the set of real numbers

1. ( )( )3 7 2 0x x+ − <

Start by solving ( )( )3 7 2 0x x+ − =

3 7 0
7
3

x

x

+ =

⇔ = −  or 
2 0

2
x

x
− =

⇔ =
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The next is to find the sign table.

x
−∞                      

7
3

−                                  2                    +∞

3 7x +                 -           0                +                                  +

2x −                 -                             -              0                   +

( )( )3 7 2x x+ −
              +            0                -              0                    +

Since the inequality is ( )( )3 7 2 0x x+ − <  we will take the interval where the product 

is negative. Thus, 7 ,2
3

S  = −  
2. ( )( )( )3 2 4 1 0x x x− − + + ≥

3 0 3, 2 4 0 2, 1 0 1x x x x x x− = ⇒ = − + = ⇒ = + = ⇒ = −

x −∞                  -1                  2                 3                   +∞

3x −                  -                 -                   -       0                   +

2 4x− +                 +                +        0         -                             -

1x +                 -       0        +                   +                            +

( )( )( )3 2 4 1x x x− − +
                +      0        -         0         +      0                    -

] ] [ ], 1 2,3S = −∞ − ∪

3. 4 0
2 1
x
x
+

≥
−

4 0 4
12 1 0
2

x x

x x

+ = ⇒ = −

− = ⇒ =
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x
−∞                     -4                            

1
2                           +∞

4x +                 -          0          +                              +

2 1x −                 -                      -                  0           +

4
2 1
x
x
+
−

                +         0          -                  ||           +        

] ] 1, 4 ,
2

S  = −∞ − ∪ +∞  

4. 3 6 0
1

x
x
+

>
− −
3 6 0 2

1 0 1
x x
x x
+ = ⇒ = −

− − = ⇒ = −

x −∞                     -2                            1−                           +∞

3 6x +                 -          0          +                             +

1x− −                 +                     +                 0           -

3 6
1

x
x
+

− −

                -          0          +                 ||           -        

] [2, 1S = − −

Application activity 5.3.2
Solve the following inequalities

1. ( )( )3 3 0x x− + >

2. 2 6 0
2

x
x

−
≥

+
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5.3.3. Quadratic inequalities

Activity 5.3.3

Use at least 5 values of x  to find out the range where 

1. ( )( )2 1x x− +  is positive

2. ( )23x −  is negative

3. ( )( )1 2x x− −  is negative

CONTENT SUMMARY 

We saw how to solve the inequality like ( )( ) 0ax b cx d+ + > . If we find the 
product of the left hand side, the result will be a quadratic expression of the form 

2ax bx c+ + . Then to solve the inequality of the form 2 0ax bx c+ + >  , we need to 
put the expression 2ax bx c+ +  in factor form and use the method used to solve 
inequality product.

If the expression to be transformed in factor form has no factor form, we find its 
sign by replacing the unknown by any chosen real number. We may find that the 
expression is always positive or always negative. If the expression to be transformed 
in factor form has a repeated root, it is zero at that root and positive elsewhere.

Examples: Solve the following quadratic inequalities 

2 2 1 0x x− + ≤
Solution 

2 2 1 0x x− + =

1 2 1x x= =  and ( )( )2 2 1 1 1x x x x− + = − −

The expression 2 2 1x x− +  is zero for 1x =  otherwise it is positive since 

( )( ) ( )22 2 1 1 1 1x x x x x− + = − − = −

The solution is only 1x =  since we are given 2 2 1 0x x− + ≤ .
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2 5 6 0x x− + ≥
Solution 

2 5 6 0x x− + = , either 2x =  or 3x =  and then ( )( )2 5 6 2 3x x x x− + = − −

x −∞                       2                               3                               +∞

2x −                 -           0                +                                  +

3x −                 -                             -             0                    +

2 5 6x x− +
              +            0                -             0                    +

 ] ] [ [, 2 3,S = −∞ ∪ +∞

23 14 0x x+ − <
Solution 

23 14 0x x+ − = ,  1
7
3

x = −   or      2 2x = , 

( ) ( )( )2 73 14 3 2 3 7 2
3

x x x x x x + − = + − = + − 
 

x
−∞                        

7
3

−
                                2                   +∞

3 7x +               -             0                +                                  +

2x −               -                             -              0                   +

23 14x x+ −
              +             0                -              0                    +

Thus, 7 ,2
3

S  = −  

2 4 4 0x x− + ≥
Solution 

2 4 4 0x x− + = . 

1 2 2x x= =  and ( )( )2 4 4 2 2x x x x− + = − −  or ( )22 4 4 2x x x− + = −

The expression 2 4 4x x− +  is zero for 2x =  and positive elsewhere.

Then, S = 
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22 2 4 10x x x+ ≤ −

Solution 
22 2 4 10x x x+ ≤ −

2

2

2

2 2 4 10 0
2 2 10 0

5 0

x x x
x x

x x

⇔ + − + ≤

⇔ − + ≤

⇔ − + ≤

2 5 0x x− + =
1 20 19∆ = − = −

The expression 2 5x x− +  cannot be factorized. Let 0x = , 20 0 5 5 0− + = > . Then 
the expression 2 5x x− +  is always positive and the solution set is an empty set.

22 2 10 0x x− + − <
Solution 

22 2 10 0x x− + − <
2 5 0x x⇔ − + >

2 5 0x x− + =
1 20 19∆ = − = −

The expression 2 5x x− +  cannot be factorized. Let 0x = , 20 0 5 5 0− + = > . Then 
the expression 2 5x x− +  is always positive and the solution set is the set of real 
numbers.

Application activity 5.3.3
Solve in the set of real numbers

1. 2 10 20 0x x− − >  

2. 26 5 1 0x x− + ≤  

3. 2 2 12 0x x+ + >  

4. 2 18 0x x+ + <
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5.4 Solving word problems involving linear or 
quadratic equations

Activity 5.4

1. Make a research on internet and by means of examples prepare a short 
presentation on how linear equations and quadratic equations can be used in 
daily life. 

2. Read carefully the following word problems and model or rewrite them using a 
mathematical statement. 

• Six less than two times a number is equal to nine 
• Jane paid 22100 Frw for shoes and clothes. She paid 2100 Frw 

more for clothes than she did for shoes. How much did Jane pay 
for shoes? 

3. A manufacturer develops a formula to determine the demand for its product 

depending on the price in Rwandan franc. The formula is 22000 100 6D P P= + −  
, where P is the price per unit, and D is the number of units in demand. At 
what price will the demand drop to 1000 units? 

CONTENT SUMMARY 
It is not always easy to tell what kind of equation a word problem involves, until you 
start translating it to math symbols.

Words like “together,” “altogether,” or “combined” often indicate that the problem 
involves addition. The word “left,” as in “he had  xx  amount left,» often indicates 
subtraction.

The following table explains the keywords used when writing equations from verbal 
models.

Addition Subtraction Multiplication Division

Sum difference product quotient
Plus less than times divided
And subtract   split up
Altogether left    
Combined decreased    
more than      
Increased      
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Example 1:

For every subscription she sells, Joan earns a  commission of $125. If she 
earned $1750 last month in commissions, how many subscriptions did she sell?

Solution 

Here the unknown is  x  and it is the number of subscriptions sold. The equation is 
125 1750x =

This can be solved by dividing both sides by 125.

1750 14
125

x x= ⇒ =

Example 2

A rectangular building is to be placed on a plot that measures 30 m by 40 m. The 
building must be placed in the plot so that the width of the lawn is the same on all 
four sides of the building. Local restrictions state that the building cannot occupy 
any more than 50% of the property. What are the dimensions of the largest building 
that can be built on the property?

Solution

• Let x represent the width of the lawn 

• Let 40 2x− represent the length of the building 

• Let 30 2x−  represent the width of the building
• The area of the plot is 1200m2

• The maximum area of the building is 600m2

• ( )( ) 2 240 2 30 2 600 4 140 1200 600 4 140 600 0x x x x x x− − = ⇔ − + = ⇔ − + =   

• Solving this equation, one can find that 5 30x or x= =
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Application activity 5.4
Read carefully the following word problems and solve the 
related equations 

1. Assume that in a competitive market the demand schedule is 420 0.2p q= −  
and the supply schedule is 60 0.4p q= + ( ,p price q quantity= = ). If the 
market is in equilibrium, then the equilibrium price and quantity will be 
where the demand and supply schedules intersect. As this will correspond to 
a point which is on both the demand schedule and the supply schedule the 
equilibrium values of p and q will be such that both equations hold.  Find 
the equilibrium quantity and the equilibrium price by solving the following  
420 0.2 60 0.4q q− = +  

2. A picture has a height that is 4
3

its width. It is to be enlarged to have an area of 

192 square metres. What will be the dimensions of the enlargement?

5.5 Solving and discussing parametric equations

Activity 5.5

Let λ  take positive values and negative values on your choice ,  discuss about the 

parameter λ  in the equation ( )2 1 2 0x xλ λ+ − + =  

CONTENT SUMMARY 

To discuss a parametric equation of the second degree with parameter λ , one can 
do the following:

1. Find the values of λ  for which the given equation is of the second degree

2. Find the values of λ  for which the equation has 0, 1 or 2 roots studying sign of λ

3. Determine the roots using sign of product and sum in a table.
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Examples 

1. Discuss the parametric equation ( )2 1 0x xλ λ λ+ + + =

Solution 

( )2 1 0x xλ λ λ+ + + =

This equation is of the second degree if 0λ ≠

( )

( )( )

2 2

2 2

2

1 4

2 1 4
3 2 1

1 3 1

λ λ

λ λ λ

λ λ
λ λ

∆ = + −

= + + −

= − + +

= − − −

λ
−∞                                

1
3

−                                     1                                  +∞

3 1λ− −                  +                 0                    -                              -

1λ −                  -                                        -            0                +

∆                  -                  0                    +           0                 -

Product: 0cp
a

λ
λ

= = >

Sum: 1bs
a

λ
λ

− −
= − =

λ −∞                                     1−                            0                             +∞

1λ− −                  +                        0                 -                           -

λ                  -                                             -          0               +

s                  -                         0                  +         ||                -
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Summary table

λ ∆ p s Conclusion 

1,
3

 −∞ −  
- + 0 No real roots

1
3

− 0 + + One positive double root equal to 1
2
s

=

1 ,0
3

 −  
+ + + Two distinct positive roots

0 || || || The equation is of the first degree, 0x =  

] [0,1 + + - Two distinct negative roots

1 0 + - One negative double root equal to 1
2
s

= −

] [1,+∞ - + - No real roots

2. Discuss the parametric equation ( )2 2 2 2 7 0x xλ λ λ+ + + + =

Solution 

( )2 2 2 2 7 0x xλ λ λ+ + + + =

This equation is of the second degree if 0λ ≠

( ) ( )
( )
( )
( )( )

2

2 2

2

4 2 4 2 7

4 4 4 2 7

4 3 4

4 4 1

λ λ λ

λ λ λ λ

λ λ

λ λ

∆ = + − +

= + + − −

= − − +

= − − −

λ −∞                                   -4                            1                                +∞

4λ− −                  +                      0                -                       -

1λ −                  -                                          -          0            +

∆                  -                      0               +             0            -

Product: 
2 7cp

a
λ
λ
+

= =
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λ
−∞                                

7
2

−                                   0                                +∞

2 7λ +                  -                   0                +                            +

λ                  -                                      -             0             +

p                  +                  0                 -             ||              +

Sum: 2 4bs
a

λ
λ

− −
= − =

λ −∞                                     2−                               0                       +∞

2 4λ− −                  +                        0                  -                           -

λ                  -                                             -             0            +

s                  -                         0                 +             ||            -

Summary table

λ ∆ p s Conclusion 

] [, 4−∞ −
- + -

No real roots

-4 0 + - One negative double root equal to 1
2 2
s

= −

74,
2

 − −  

+ + -
Two distinct negative roots

7
2

− + 0 - Two distinct roots: 1 0x =  and 2
6
7

x s= =

7 , 2
2

 − −  

+ - -
Two distinct roots with different sign

-2 + - 0 Two opposite real roots: 1 2
6 6,

2 2
x x= − =  

] [2,0− + - + Two distinct roots with different sign
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0 || || ||
Equation of the first degree, 7

4
x = −  

] [0,1 + + - Two distinct negative roots

1 0 + -
One negative double root equal to 6

2
s

= −

] [1,+∞ - + - No real roots

Application activity 5.5
Discuss the following parametric equations

1. ( ) ( )21 2 3 2 0x xλ λ+ − + + =
 

2. ( ) 210 6 0x xλ λ− − + =  

3. 2 2 2 1 0x ax a− + − =

5.6. END UNIT ASSESSMENT 5

1. Solve the following equations and inequalities in set of real numbers

a) 5 2 8x x+ = −

b) 2 8 0x − ≥

c) ( 3)( 2) 0x x+ − <

d) ( )( )3 7 2 0x x+ − <

e) 2 10 1 0x x− + =

f) 26 5 1 0x x− + ≤

g) 4 3 23 4 3 1 0x x x x− + − + =  

2. Discuss the following parametric equations

a) ( ) ( )21 1 2x xλ λ λ− + + =

b) 2 4 0x xλ λ− + − =
3. Suppose your cell phone plan is 3000 Frw per month plus 20 Frw per minute. 

Your bill is 7 000 Frw. Use the equation 3 000 20 7000x+ = , to find out how 
many minutes are on your bill. 
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4. A garden measuring 12 meters by 16 meters is to have a pedestrian pathway 
installed all around it, increasing the total area to 285 square meters. What will 
be the width of the pathway?
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UNIT 6
PROBLEM ON POWER

INDICES, RADICALS AND COMMON LOGARITHMS

Key Unit competence: Solve problems related to powers, 
indices, radical and common 
logarithms

6.0. Introductory Activity 6

1. The diagram below shows the design made on the table top.  Discuss on how 
to find the  area of painted region in cm2 and calculate the area of the painted 
region.

2. Let p qP b and Q b= = .

a) Using he numbers on your choice, discuss and show that:

1) . 2) 3) 4)
p

p q p q n np n nPP Q b b P b P b
Q

+ −= = = =

b) Evaluate  each of the above expression for 3, 2, 3 7n b p and q= = = = ,
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6.1 Powers and radicals
6.1.1 Definition of powers/ indices and radicals

Activity 6.1.1

1. Knowing that  24 2 2 2or= × , examine  each expression and rewrite it in  power 
form.

a)  5 5 5 5 5 5 5× × × × × ×   b) 3 3 3 3 t t s s s s s× × × × × × × × × ×

c) ( )( )( )2 2 2x x x+ + +

2. Express the number inside the radical symbol in power form. Observe the 
exponent of the number and the index of the radical sign and simplify the 
expression. What do you notice?

a) 4  b) 3 8   c) 4 16   d) 5 32   e) 6 64   

f ) 7 128

CONTENT SUMMARY 

Powers/ indices or exponents 

The power (or exponent) of a number says how many times to use the number in a 
multiplication. It is written as a small number to the right and above the base number.

Suppose that a  is a real number. When the product a a a a a a× × × × ×  is written in simplest 
form as 6a , the number 6 is called index/power/exponent. So far, when the index is a 
positive integer n , then na  means a a a a× × × ×  n times and ...n

n times

a a a a a
−

= × × × ×


 
is the general form of powers.

Example1: Write each expression in its simplest form of powers.

a. 3 3 3 3 3. . . .c c c c c

b. 3 3 3. .y y y− − −

Solution 

3 3 3 3 3 15

3 3 3 9

) . . . .
) . .

a c c c c c c
b y y y y− − − −

=

=
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Example 2: Expand the expressions below
a. 5x

b. ( )3a e−

Solution

a. 5 . . . .x x x x x x=

b. ( )3 ( ).( ).( )a e a e a e a e− = − − −

Radicals

In mathematics, a  radical expression  is defined as any expression containing 
a radical ( ) symbol.

• The number under the root symbol is called radicand.

• The expression n a  is read as «a radical n» or «the nth root of a”

• The expression a cb  is read as “ath root of b raised to the c power. 
The value of the index a  is always positive. 

In general

• If 2n =  and a is a real number, then the symbol a  denotes  the 
square root of a.

• If 3n =  and a is a real number, then the symbol 3 a  denotes the 
cubic root of a.

• If 4n =  and a is a real number ,then the symbol 4 a  denotes the 
4throot of a .

• If n and a are positive real numbers, then the symbol n a  denotes 
the nth roots of a.

• If n is an even positive integer, then in the real number system we 
have the following: 

a) If 0a > , then a has two nth roots, one positive and one negative.

b) If 0a = , then a has  one nth root which is zero.

c) If 0a < , then a has  no real nth roots.



109

• If n is an odd positive integer other than 1, then in the real number 
system 

a. If 0a >  then a has one nth root which is positive. 

b. If 0a =  then a has  one nth root which is zero.

c. If 0a < , then a has  one nth  roots which is negative.

Example 3: Rewrite in power form the number under radical 
symbol and simplify the radicals

3 4) 4 ) 125 256a b

Solution

a) 2 24 2 2, where 4=2= =

b) 3 3 33 125 5 5, where 125=5= =

c) 4 4 44 256 4 4, where 256=4= =

Application activity 6.1.1
1. Rewrite in power form the number under radical symbol and simplify each of 

the radicals

a) 700  b) 3 24  c) 5 64−  d) 72  e) 25
144

      f) 5
8

2. A square window has an area of 22500square centimetres. What is the length 
of each side of the window?

6.1.2 Properties of indices and radicals

Activity 6.1.2

1. Work out:

a) 2 310 .10 =

b) ( )252 =
 

c) i) 
4

2

5
5

=
  

ii) 
6

8

3
3

=
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iii) Using numbers of your own choice, what will be the answer when you divide 
numbers or variables with the same base and the same powers? Is m ma −

 
always 1? Justify your answer. 

2. Say whether the statement is true or false. Justify your answer.

a. 36.81 36. 81=

b. 
3

3
3

8 8
27 27

=

CONTENT SUMMARY

Properties of indices/powers/exponents.
• Multiplying powers with the same base

To multiply numbers or variables with the same base, add their powers.

.m n m na a a +=  ; for positive integers m and n.

Example: Simplify each expression.
5 4 2 9 3 4 3 4)3 . 3 ) . ) a . ) 2 . 3a b h h c b d y y−

Solution 

a) 5 4 9 5 4 5 4 93 . 3 3.3.3.3.3.3.3.3.3 3 3 . 3 3 3or += = = =

b) 2 9 11 2 9 2 9 11. . . . . . . . . . . .h h h h h h h h h h h h h h or h h h h+= = = =

c) 3 4 2 5 8 3 2 5 4 8 10 12. . . . . .a b a a b a b a b+ + += =

d) 3 4 3 4 3 4 72 . 3 2. 3. . 6 6y y y y y y+− = − = − = −
• Finding a power of a power

To find a power of a power, multiply those powers.

( ) .nm m na a=
 ;  for positive integers m and n.

Example: Simplify each expression.
3 4 5 3 2a)(2 ) ) . ( )b p p
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Solution

a) ( ) ( ) ( ) ( ) ( )43 4 3 3 3 3 3 3 3 3 12 3 3 . 4 12(2 ) 2 . 2 . 2 . 2 2 2 or 2 2 2+ + += = = = =  

b) 5 3 2 5 3 . 2 5 6 11. ( ) .p p p p p p+= = =

• Raising a product to a power
For every non-zero number  and  and positive integer  then,

( ) .n n nab a b=

Example: Simplify each expression.
4 4 2 4 4a)( ) )( ) (3 )xyz b x xy

Solution

a) ( ) ( ) ( ) ( )4 4 4 4 4 4 4. .xyz x y z x y z= =

b) ( ) ( ) ( ) ( )2 4 2 44 4 4 4 4 4 8 4 4 16 12 163 3 . 3 . . 81x xy x x y x x y x y= = =

• Dividing powers with the same bases
To divide numbers or variables with the same base, subtract their powers.

m
m n

n

a a
a

−=  ; for 0a ≠  and positive integers m and n.

Example: Simplify each expression.
8 37 5

5 5 15

3a) )
3

v ub
u v

Solution 

a) 
8

8 5 3
5

3 3 3 27
3

−= = =  b) 
37 5

37 15 5 5 22 0 22
5 15 . .v u v u v u v

u v
− −= = =

• Raising a ratio to a power
For every non-zero number a and b and positive integer n then, 

n n

n

a a
b b

  = 
 

Example: Simplify each expression

3 2a) )
na rb

b t
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Solution 

a) 
3 3

3

a a
b b

  = 
 

   b) 
2 2n n n

n

r r
t t

  = 
 

• Zero as a power
If a power of a non-zero number or variable is zero, then 0 1a = ; for 0a ≠ . 

Example: Simplify each expression

( ) ( )
0

0 00 2a)23 ) 2 ) 1.02 )
5

b c d  −  
 

Solution 

( ) ( )
0

0 00 2a)23 1 ) 2 1 ) 1.02 1 ) 1
5

b c d  = − = = = 
 

• Negative powers 

 1n
na

a
− =  ; for 1n

na
a

− =

Example 1: Simplify each expression

( ) 13a)4 ) 7b −− −

Solution

 a) 
3

3

1 14
4 64

− = =   b) ( )
( )

1
1

1 1 17
7 77

−− = = = −
−−

Example2 : Simplify and write each expression with positive exponents.

3 3

5 5a) )a r sb
a s r

Solution 

 a)  
3

3 5 2
5 2

1a a a
a a

− −= = =  b) 
3 2

3 1 1 5 2 4
5 4

r s rr s r s
s r s

− − −= = =

• Fractional index/power property and its converse
For every non-zero number a  and positive integers m  and n , the following identities 
are equivalent: 

and
m m

n nm mn na a a a= =
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1 1

andn nn na a a a= =

Example: Evaluate
5 105 5a) 32 )b p q

Solution 
5

5 55 5

5 10
5 10 25 5 5

a) 32 2 2 2

)b p q p q pq

= = =

= =

Properties of thn  roots.

• Multiplication property of radicals and its converse 
For every number 0a ≥  and 0b ≥  and positive integer n

. . and . .n n n nn na b a b a b a b= =

Example: simplify

15 12 18 153 6a) 8 ) 64x y b p r

Solution 
3 15 12

3 315 12 3 15 12 5 43 3 3 3 3

618 15 6 18 12 3 3 26 6 6

a) 8 2 . . 2 . . 2

) 64 2 . . 2

x y x y x y x y

b p r p r r p r r

= = =

= =

• Division property of radicals and its converse
For every number   and   positive integer 

and
n n

n n
n n

a a a a
b bb b

= =

Example: show that 
8 12 2 3

4
4

16 2
81 3
w m w m

n n
=
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Solution 

( ) ( )
( )

( ) ( )
( )

1
4 4 4 4 42 3 2 38 12 2 3

4 4
4 44

2 216 2
81 33 3

w m w mw m w m
n nn n

 
 = = =
 
 

• A radical of a radical property its converse
1

n m nm nma a a= =

In fact,
1

1 1 1 1n
n m mnm m m mna a a a a

× 
= = = = 

   

Example 

Simplify : 3 64   

Solution: 6 63 664 64 2 2= = =  

• But it must be carefully noted that
For nonzero a  and b : n n na b a b± ≠ ±

Application activity 6.1.2
1. Simplify each of the following expression

a). 10 15 10a b

b). 3 5 3a b c

c). 
33

27
s
s

2. A student wrote that 05 1− = . What was the student’s error?

3. Is 23−−  positive or negative? Justify.

4. The length of one side of a cube is ( )22 33 2 m× . What is the volume of the cube?

5. Simplify ( ) 443 3and   u u . Are the expression equivalent?

6. a). Find four expressions equivalent to 132 .

 b) . Explain why each is equivalent to 132  for part  (a).
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7. a)Does ( )232−
 
have the same value as ( )232−  ? Justify your answer.

 b) Does ( )7 73 3y y= ? Explain.

8. Which of 302  or  162  is twice the value of 162  . Explain. 

9. A megabyte is 202  bytes. Use exponents to write 202  in four different 
ways.

10. a) Find the area of a square with side length 4c units.

 b)A square table has sides that measure 25x cm  . Write an expression for  
     the area of the table top. Hence simplify your expression.

6.2. Operations on indices and radicals

Activity 6.2

1. Express the following to the simplest form and explain your working steps  

a) 3 2x x    b) 
26

3
xy
xy

   c) 
4
yx
xy

2.Simplify the following expressions and explain your working steps  

1. 18 2+  

2. 12 3 3−  

3. 2 3×  

4. 6
2

CONTENT SUMMARY 
Addition and subtraction of indices and radicals

When adding or subtracting the indices, we may need to combine like terms together 
to make one.
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Example: carry out the following addition 
3 3x x+

Solution 

 
3 3 32x x x+ =

When adding or subtracting the radicals we may need to simplify if we have similar 
radicals. Similar radicals are the radicals with the same indices and same bases.

Example: carry out the following addition

2 8+

Solution 
2 8 2 2 4 2 2 4 2 2 2 3 2+ = + × = + × = + =

Multiplication and division of indices and radicals

When multiplying or dividing the indices, we may need to apply the following rules 
or properties

a). m n m na a a +⋅ =

b). ( )nm mna a=

c). 
m m

m

a a
b b

  = 
 

d). 1 m
m b

b
−=

e). 
m

m n
n

a a
a

−=

f). ( )m m mab a b=

These rules help to simplify some powers.

Example: simplify the following 
9

4 3 4 3 5 8
2)2 .2 .4 ) . . . ) ya b a b a b c

y

Solution 

a). 4 3 4 3 2 92 2 4 2 2 2 2 512⋅ ⋅ = ⋅ ⋅ = =

b). 4 3 5 8 4 5 3 8 9 11a b a b a a b b a b⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ = ⋅
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9 11a b⋅  cannot be simplified further because the bases are different.

c). 
9

9 2 7
2

y y y
y

−= =

When multiplying or dividing the radicals, we may need to apply the rules

{ }\ 1 ,n m∀ ∈ ∈ 

a) 
m

n m na a=

b) n n nab a b= ⋅

c) 
n

n
n

a a
b b

=

d) 
1

n m nm nma a a= =

Rationalizing the denominator.
Rationalizing the denominator is to convert a fraction with an irrational denominator 
to a fraction with rational denominator. To do this, if the denominator involves 
radicals we multiply both the numerator and denominator by the conjugate of the 
denominator. 

The conjugate of a b±  is a b . 

The conjugate of ( )( ) 2 2a b a b a b+ − = −

Remember that ( )( ) 2 2a b a b a b+ − = −

Note: in case of one term, the squaring approach is used as follows:

• .a a a=

• .a b b ab=

Example: remove the radical on denominator 

1 2 3 7) ) )
1 2 5 3 4 2

a b c +
+ −
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Solution 

a) ( )( )
1 1 2 1 2 1 2 2 1

1 2 11 2 1 2 1 2
− − −

= = = = +
− −+ + −

2 1−

b) 
( )

( )( )
2 5 32 10 6 10 6

5 3 25 3 5 3 5 3

+ + +
= = =

−− − +

c) ( )
( )
3 7 23 7 6 14

84 2 4 2 2

++ +
= =

Application activity 6.2
1. Simplify each of the following 

a. ( )23 2 64xy x y+   b. 
3 2

3 5

ab a b
a a b

−

2. Evaluate the following:

a. 20 5+    b. 5 7 28−   c. 4 3 12−    

d. 18 8×    e. 45 80 180+ +

3. Make the denominator of each of the following rational

a) 1
2

   b) 2 3
2 5
−    c) 2

1 6−
  d) 2 3

3 5
+
+

6.3. Decimal logarithm 
6.3.1 Definition 

Activity 6.3.1

What is the real number for which 10 must be raised to obtain: 

1) 1   2) 10

3) 100   4) 1000

5) 10000   6) 100000
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CONTENT SUMMARY 
The decimal logarithm of a positive real number x is defined to be a real number 
y for which 10 must be raised to obtain x. It  means that y= 10xand we  write 

0, logx y x∀ > =  log x  is the same as 10log x  and is defined for all positive real 
numbers only,  10 is the base of this logarithm. In general notation we do not write this base 
for decimal logarithm. 

In the notation logy x= , xis said to be the antilogarithm of y Example : log (100) = ? 

We are required to find the power to which 10 must be raised to obtain 100

So 2log(100) log(10 ) 2= =  

logy x= means 10y x=  

Be careful!

• ( )log 2 1 log 2 1x x+ ≠ +  
• ( )log 2 1 log 2 1x x+ = +

Since logarithms are defined using exponentials, any “log x” has an equivalent 
“exponent” form, and vice-versa.

Example 1: 5log 13 5 13xx= ⇔ =

Example 2: 14 log 14yy x x= ⇔ =

Co-logarithm

Co-logarithm, sometimes shortened to colog of a number is the logarithm of the 
reciprocal of that number, equal to the negative of the logarithm of the number itself, 

1colog log logx x
x

 = = − 
 

Example: colog 200 log 200 2.3010= − = −  
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Application activity 6.3.1
1. Change each exponential form below into logarithmic form

a) 27 49=   b) 1 16
6

− =   c) 
010 1=   d) 

3 8 2=

2. Find co-logarithm of

a) 100  b) 42  c)15

3. Change each logarithmic form below into exponential form

a) 3log 81 4=  b) 10log 10 1=  c) 5
1log 4

625
= −  d) 9

3log 27
2

=

4. Find the value of x, such that

a) 5log 125x =   b) 10log 0.001x =  c) 8log 2x =  

d) 5
1log
25

x =     e) log 243 5x =  f) 6log 2x =    g) 1
2

log 32x =

6.3.2 properties and operations on decimal logarithms

Activity 6.3.2

1. Calculate: a) log100     b) log1000

2. Calculate ( ) ( )log 100 1000×

3. Compare the results in 2 and the sum log100 log1000+  . Deduce 

( )log a b×  when  are positive real numbers

CONTENT SUMMARY 

] [, 0,a b∀ ∈ +∞

Logarithm of the product of two or more positive numbers is the 
sum of logarithm of those numbers

a) log log logab a b= +

Logarithm of the quotient of two positive numbers is the 
difference of logarithm of those numbers
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b). log log loga a b
b

= −

Logarithm of the power of a positive number is the product of 
the exponent with the logarithm of that number.

c)  log logna n a=

Others properties

1log logb
b

= −

 log 1a a =

 log 1 0a =

 

1 1log and log logn n
a a aa b b

n n
= =

 
log and log logn nm m

a a a
m ma b b
n n

= =

Example 1

Calculate in function of log , log loga b and c

a). 2 2log a b

b). log ab
c

c). log ab
c

Solution 

a). ( )22 2log loga b ab=

( )
2log
2 log log

ab
a b

=

= +

b). log log logab ab c
c

= −

log log loga b c= + −
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c). log log logab ab c
c

= −

( )
1
2log log log

1log log log
2

a b c

a b c

= + −

= + −

Example 2
Given that log 2 0.30= , log3 0.48=  and log5 0.7= . Calculate

a. log 6

b. log 0.9

Solution 

a) ( )log 6 log 2 3= ×

log 2 log3
0.30 0.48
0.78

= +
= +
=

b) 
9log 0.9 log

10
=

( )

( )

2

log9 log10
log3 log 2 5
2log3 log 2 log5
2 0.48 0.30 0.7

0.04

= −

= − ×

= − −

= − −

= −

Change of base formula

If u  ( 0u > ) and if a  and b are positive real numbers different from 1, 
loglog
log

a
b

a

uu
b

=

This means that if you have a logarithm in any other base, you can convert it in the decimal 
logarithm in the following way where 10a = :

10

10

log loglog
log logb

u uu
b b

= = .

Example 3: 10
2

10

log 5log 5 2.322
log 2

= ≈
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More generally, we apply power properties to solve equations.

Examples: 

Solve the following equations:

1 2 3

3
2

)8 4

) 8

x xa

b a

− +=

=

Solution 

( ) ( )

( ) ( )

1 2 3

1 2 33 2 3 3 4 6

3
2

2 33 2 3 23 3

2

)8 4

2 2 2 2

33 3 4 6
7

) 8

8 2 2

2 4

x x

x x x x

a

x x x

b a

a a a

a

− +

− + − +

=

⇒ = ⇔ =

⇒ − = + ⇔ = −

=

⇒ = ⇔ = ⇔ =

⇒ = =

We may use logarithmic properties/ or laws to simplify and solve exponential 
equations.

Examples 

1) If 75y x= , find a linear expression connecting log x  and logy .

Solution

 Since 75y x= , then 7 7log log5 log 5 log log 5 7 logy x x x= = + = +

 log log 5 7 logy x= +

2) Write an expression equivalent to log 4 3logy x= − .

Solution 

 Since log 4 3logy x= − , knowing that 44 4 log10 log10= = , then

 

4 3

4

3

3

log log10 log
10log log

10,000log log

y x

y
x

y
x

= −

⇒ =

⇒ =
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3) Use logarithms to solve the equations below:    

)5 0.04xa =    )5 0.4xb =    3 2 1)2 3x xc −=  

Solution 

a) Since 210.04 5
25

−= =   then 25 5x −= .

By introducing logarithm to both sides of equation 2log5 log5x −=  and using the 
power law log lognx n x= , then 

log5 2log5
2log5 2
log5

x

x

= −
−

⇒ = = −
 

2x∴ = −  

b) Since 5 0.4x = , introduce logarithm to both sides of equation.

log5 log 0.4
log5 log 0.4

log 0.4 0.569.
log5

x

x

x

=
⇒ =

⇒ = = −

Since 3 2 12 3x x−= , then

( )

( )

3 2 1log 2 log3
3 log 2 2 1 log3
3 log 2 2 log3 log3

3log 2 2log3 log3
log3

3log 2 2log3

x x

x x
x x

x

x

−=

⇒ = −

⇒ = −

⇒ − = −

−
⇒ =

−

Note: logarithmic properties are very important to solve some real life problems. 

a. Logarithms are used to calculate the compound interest.

Considering the case in which P is invested in a bank for n interest periods per year at the 
rate r expressed as a decimal.  The accumulated amount A after the time t  (number of years 

P is invested) is given by: 1
ntrA P

n
 = + 
   

where n is the number of interest periods per

 year, r is the interest rate expressed as decimal, A is the amount after t -years.   
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Note: When the interest rate is compounded per year, ( )1 nA P r= +  where r  is 
expressed as a decimal for example 9% 0.09r = = . When the interest rate is com-

pounded monthly, 
12.

1
12

trA P  = + 
 

 where t  is the number of years and r ex-
pressed as a decimal. 

Example 1: 

How long will it take10,000Frw to double in an account earning 2% compounded 
quarterly?

Solution 

For this problem, we’ll use the compound Interest formula, 

(1 )nF P i= +  where F is the final value, P the initial value of investment. 

Since we want to know how long it will take, let t represent the time in years. The num-
ber of compounding periods is four times the time or 4n t=  . The original amount is 

10,000P =  and the future value is the double or F = 20,000. The interest rate per period is 

0.02 0.005
4

i = =

When these values are substituted into the compound interest formula, we get the 

exponential equation 420000 10000(1.005) t=

To solve this equation for t, isolate the exponential factor by dividing both sides by 10,000 
to give 42 (1.005) t=

Convert this exponential form to logarithm form and divide by 4

1.005

1.005

4 log (2)
log (2)t

4

t =

=

To find an approximate value, use the Change of base formula to convert to a natural 
logarithm (or a common logarithm)

ln(2)
ln(1.005) 34.7

4
t years= ≈

    ;  where  log lne x x= . This is another special 

logarithm called  natural logarithm 2.71828e ≈
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It is interesting to note that the starting amount is irrelevant when doubling. If we started 
with P dollars and wanted to accumulate 2P at the same interest’s rate and compounding 

periods, we would need to solve 42 (1.005) tP P= .

This reduces to the same equation as above 42 (1.005) t=  when both sides are divided by 
P.  This means it takes about 37.4 years to double any amount of money at an interest rate of 
2% compounded quarterly.

b.  Logarithms are used to calculate the final value of an investment.

Consider an investment at compound interest where:

P is the initial sum invested, A is the final value of the investment, r  is the interest rate per 
time period (as a decimal fraction) and n is the number of time periods.

The value of the investment at the end of each year will be1 r+  times the sum invested at 
the start of the year.

Thus, for any investment,

• The value after one year (1 )P r= +

• The value after 2 years 2(1 )(1 r) P(1 r)P r= + + = +

• The value after 3 years 3(1 )(1 r)(1 ) P(1 )P r r r etc= + + + = +

We can see that each value is multiplied by (1 )r+  to the power of number of years 
that the sum is invested. Thus, after n years the initial sum A is multiplied by (1 )nr+ .

The formula for the initial value A. Thus, after an investment of P  money, for n  time 
periods at interest rate r  is therefore (1 )nA P r= + .

Examples: 

1) If $600 is invested for 3 years at 8% then the known values for the formula will be

$600; 3; 8% 0.08P n r= = = = . Thus the final sum will be 
3(1 ) 600(1.08) $755.83nA P r= + = =

2) If $4,000 is invested for 10 years at an interest rate of 11% per annum what will the 
final value of the investment be?

Solution:

P = $4,000, n = 10    r = 11% = 0.11

F = A(1 + i)n = 4,000(1.11)10
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10(1 ) 4000(1.11) 11,253.68nA P r= + = =

The final value of the investment be $11,253.68

c. Logarithms are used to time periods, initial amounts and interest rates

The formula for the final sum of an investment contains the four variables F, A, i and n.

So far we have only calculated F for given values of A, i and n. However, if the values of any 
three of the variables in this equation are given then one can usually calculate the fourth.

• Initial amount
A formula to calculate A, when values for F, i and n are given, can be derived as follows.

Since the final sum formula is

(1 )nA P r= + , 

then, dividing through by (1 )nr+  ( we get the initial sum formula

(1 )
(1 )

n
n

AP or P A r
r

−= = +
+

Example: 

How much money needs to be invested now in order to accumulate a final sum of 
$12,000 in 4 years’ time at an annual rate of interest of 10%?

Solution: 

Using the formula derived above, the initial amount is
4(1 ) 12,000(1.1) $8,196.16nP A r − −= + = =

What we have actually done in the above example is find the sum of money that is 
equivalent to $12,000 in 4 years’ time if interest rates are 10%. An investor would 
therefore be indifferent between (a) $8,196.16 now and (b) $12,000 in 4 years’ time. 
The $8,196.16 is therefore known as the ‘present value’ (PV) of the $12,000 in 4 years’ 
time. 

We shall come back to this concept in the next few sections when methods of 
appraising different types of investment project are explained.

• Time period
Calculating the time period is rather more tricky than the calculation of the initial 
amount.
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From the final sum formula

(1 )nA P r= + , then (1 )nA r
P

= +

If the values of A, P and r are given and one is trying to find n this means that one has to 

work out to what power (1 + r) has to be raised to equal 
A
P

. One way of doing this is via 
logarithms.

Example

For how many years must $1,000 be invested at 10% in order to accumulate $1,600? 

Solution

P= $1,000,   A = $1,600,     r = 10% = 0.1

Substituting these values into the formula

(1 )nA r
P

= +  then, 
1600 (1 0.1)
1000

n= +

We get 1.6 (1.1)n=

Since to find the nth power of a number its logarithm must be multiplied by n. 
Finding logs, this means that our equation becomes log1.6 log(1.1)n=

And 
log(1.6) 4.93
log(1.1)

n = = . Given that 4,93 years is approximately 5years, 

If investments must be made for whole years then the answer is 5 years. 

This answer can be checked using the final sum formula 
5A P(1 ) 1000(1.1) 1,610.51 1600nr= + = = ≈

If the $1,000 is invested for a full 5 years then it accumulates to just over $1,600, 
which checks out with the answer above.

A general formula to solve for n can be derived as follows from the final sum formula:

(1 )nA P r= + ,  (1 )nA r
P

= +  and    
log( / )
log(1 )

A Pn
r

=
+

An alternative approach is to use the iterative method and plot different values on a 

spreadsheet. To find the value of n for which 1.6 (1.1)n= .
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This entails setting up a formula to calculate the function (1.1)ny =  and then 
computing it for different values of n until the answer 1.6 is reached. Although 
some students who find it difficult to use logarithms will prefer to use a spreadsheet, 
logarithms are used in the other examples in this section. Logarithms are needed to 
analyze other concepts related to investment and so you really need to understand 
how to use them.

Example: 

1) How many years will $2,000 invested at 5% take to accumulate to $3,000?

Solution: 

P = 2,000; A = 3,000;   r= 5% = 0.05

Using these given values in the time period formula derived above gives

log( / ) log1.5 8.34
log(1 ) log1.05

A Pn
r

= = =
+

This money will need to be invested in 8.34 years. 

2) How long will any sum of money take to double its value if it is invested at 12.5%? 

Solution

Let the initial sum be A. Therefore, the final sum is

2A P=  and 12.5% 0.125r = =

Substituting these value for A and r into the final sum formula (1 )nA P r= + ,  we find 
2 (1.125)nA A=

Or 2 (1.125)n=  which gives 
log 2 5.9

log1.125
n = =

For any sum of money, it takes 5.9 years to double its value if it is invested at 12.5%. 

• Interest rates 
A method of calculating the interest rate on an investment is explained in the 
following example.

If $4,000 invested for 10 years is projected to accumulate to $6,000, what interest rate 
is used to derive this forecast?

Solution

P = 4,000 A = 6,000 and  n = 10
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Substituting these values into the final sum formula

(1 )nA P r= +  gives 106000 4000(1 )r= +

10

10

1.5 (1 )

1 1.5
4.14%

r

r
r

= +

+ =
=

A general formula for calculating the interest rate can be derived. Starting with the 
familiar final sum formula

( )
1/

(1 ) 1 1
n

nn A AA P r r r
P P

 = + ⇔ = + ⇔ = − 
 

Therefore, 
1/

1
nAr

P
 = − 
 

Example: 

1) At what interest rate will 3000Frw accumulate to 10,000Frw after 15 years? 

Solution: 

1/

1
nAr

P
 = − 
    

1/1510000 1 0.083574 8.36%
3000

 = − = = 
 

2) An initial investment of 50,000Frw increases to 56,711.25Frw after 2 years. What 
interest rate has been applied?

Solution

Given that P = 50,000  A = 56,711.25   n = 2   and 1n
Ar
P

= −

We have 2
56,711.25 1 0.065 6.5%

50,000
r = − = =

a. Logarithms are used to determine growth decay 

Example: 

The amount, ( )A t gram  of radioactive material in a sample after t  years is given by
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( ) 10080 2

t

A t
− 

=  
 

a) Find the amount of material in the original sample.

b) Calculate the half-life of the material. [ the half-life is the time taken for half of the 
original material].  

c) Calculate the time taken for the material to decay to 1gram .

Solution 

a) The original amount of material present is ( )0(0) 80 2 80 .A gram= =

b) For the half –life,  
1(t) (80 ) 40 .
2

A gram gram= = Then ,

 

1001100 100 10040 140 80 2 2 2 2 2
80 2

1 100
100

tt t t

t t

−− − − − 
= ⇒ = ⇔ = ⇒ = 

 

⇒ − = − ⇔ =

 Therefore, the half-life is 100 years.  

c) When ( ) 1A t = , then

100 100 1 180 2 1 2 log 2 log
80 100 80

log80 100log80 632
100 log 2 log 2

t t t

t t

− − 
= ⇔ = ⇒ − = 

 
−

⇒ = ⇔ = =
−

Therefore, it will takes 632 years for the material to decay 1 .gram  
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Application activity 6.3.2
1. Without using calculator, compare the numbers a and b.

a) 3log 2a =  and log 7b =

b) log 2 log 40a = + and   4log 2 log5b = +

c) 2log 2a =  and  log16 log3b = −

2. Given that log 2 0.30= , log3 0.48=  and log5 0.69= . Calculate

a) log150

b) 
9log
2

c) log 0.2 log10+

3. Solve each of the following:

1 1 1) 2 16 ) 5 0.008 ) 3
81

x x xa b c− −= = =

4. An initial investment of £50,000 increases to £56,711.25 after 2 years. What 
interest rate has been applied?

5. Consider the formula for 1
ntrA P

n
 = + 
   

and the case of the continuously 

compounded interest where  n  (the number of interest periods per year) increases 
without bound (ie n → ∞ ) and prove that the amount after t years is rtA Pe=  
where P is the principal, r is an interest rate expressed as decimal, t the number 
of years P is invested. 
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6.4. END UNIT ASSESSMENT 6

1. Simplify

a) 3 2a ab bc× ×   b) 3 2 2 23 abc a b c×

c) 3
8
27

   d) 84 x   e) 
3 4

4
x y

x
 

2. Expand the following logarithms in terms of their composites.

a) logb
xy
z

 b) logb
x
yz

 c) 2 3log .b p q   d) 
3

1
2

.logb
p q

r s3. Express each expression below as simple logarithm

a) log 2log logb b bx y z− +  b) 1 1log 2 log log log
2 2b b b bl gπ+ + −

4. Use the right triangle below. Find the missing length(keep your answer in cm)

a

b

c

a. a=6cm,  b=8cm
b. a=0.3dm, c=5cm
c. b=0.12m,  c=13cm  

5. Solve each of the following:

( ) ( )1 4 3 2 11a) 9 1 b) 4 c) 9 10 3 9 0 d) 2 33 2 1 0
8

x x x x x x− + −= = − + = − + =

6. The amount, ( )A t gram  of radioactive material in a sample after t  years is 
given by the following  formulae. In each case find the time taken for half of the 
material to decay. (i.e., find the half -life)

 
( ) ( )10 20) 250 2 ) 50 10

t t

a A t b A t
− − 

= = × 
   

( ) ( ) ( ) ( )
2

25 75) 0 5 ) 0
t t

c A t A d A t A e
− −

= × = ×
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UNIT 7
PROPOSITIONAL AND PREDICATE LOGIC

Key Unit competence: Use Mathematical logic as a tool of 
reasoning and argumentation in 
daily situation

7.0. Introductory Activity 7

1. Discuss whether the following logical arguments are valid or not valid. Justify your 
answer 

• If you give a child an orange and another child an orange. Children got an 
orange. 

• Kigali is in Rwanda and 2 0,n > n∈  

• If you do not attend class, then either you read a book or you will not pass 
the exam.

• All dogs are meat eaters, Cat is a meat eater, therefore, cat is a dog.

• Some investors are wealthy. All wealthy people are happy, therefore, some 
investors are happy.

2. Complete the argument by adding a conclusion that makes the argument valid.        

• Some rules are unfair. All unfair rules should be eliminated, therefore, . . .

• No team which plays in X- stadium has ever won the Super cup. Some teams 
that wear red uniforms have won the Super cup, therefore, . . .
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7.1 Definition
7.1.1 Simple statement and compound statements

Activity 7.1.1

From the following expression, give your answer by true or false

1. Every integer larger than 1 is positive 

2. Kampala is in Rwanda

3. How old are you?

4.  Every liquid is water. 

5. Write down the names of Rwandan president.

6. 21 0x− = .

7. Rwanda is African country or Rwanda is a member of Commonwealth.

CONTENT SUMMARY

A sentence which is either true or false but not both simultaneously is named statement 
or proposition. In the context of logic, a proposition or a statement is the sentence in the 
grammatical sense conveying a situation which is neither imperative, interrogative nor 
exclamatory. 

The expressions 1, 2, 4 and 7 are statements: the 2nd and 4th are false while 1st and 7th are true. 

• The expression “How old are you?” is not a proposition since you cannot reply 
by true nor false (grammatically this sentence is interrogative). 

• The equality “ 21 0x− = ” is not a statement because for some values of x the 
equality is true, whereas for others is false.

• The expression “Write down the names of Rwandan president” is not a 
proposition as the answer will be given by neither true nor false.

A statement that cannot be broken into two or more sentences is called simple statement. 
Combining two or more simple statements we form a compound statement.

In activity 7.1.1, the 1st,  2nd and 4th expressions are simple statements while the 7th is a 
compound statement. 

In this unit, statements will be denoted by small letters such as p, q, r, ....The logical 
statements are required to have a definite truth-value, or, to be either true or false, but never 
both, and to always have the same truth value. 
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The two truth values of proposition are true and false and are denoted by the symbols T 
and F respectively. Occasionally they are also denoted by the symbols 1 and 0 respectively. 

Application activity 7.1.1
1. Find out which of the following sentences are statements and which are not. 
Justify your answer.

a) Uganda is a member of East African Community.

b) The sun is shining.

c) Come to class!

d) The sum of two prime numbers is even.

e) It is not true that China is in Europe.

f) May God bless you!

2. Write down the truth value (T or F) of the following statements

a) Paris is in Italy.

b) 13 is a prime number.

c) Kigeri IV Rwabugiri was the king of the Kingdom of Rwanda 

d) Lesotho is a state of South Africa.

e) Tanzania is in east of Rwanda and is in SADC (Southern African 
Development Community)

7.1.2 Truth tables

Activity 7.1.2

Suppose we are given two simple statements, named p and q to get a compound 

statement ( ),C p q .

a) What are the possibilities for the truth-values of p  and of  q? 

b) Using a table, 

i) How many possibilities are there, for their pairs of truth-values? 

ii) How many possibilities are there, for the triples of truth-values of three 
statements p, q and r?
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The way we will define compound statements is to list all the possible combinations of the 
truth-values (abbreviated  T  and  F)  of the simple statements (that are being combined 
into a compound statement) in a table, called a truth table.  The name of each statement 
is at the top of a column of the table.  The truth values used to define the truth-value of the 
compound statement appear in the last column.

If the compound statement contains n distinct simple statements, we will consider 2n 
possible combinations of truth values in order to obtain the truth table.

Example 7.1

For one proposition p ( 12 2=  possible combinations), the truth table is 

p  
T
F

Example 7.2

For two propositions p and q ( 22 4=  possible combinations), the truth table:

p q ( ),C p q
T T TT
T F TF
F T FT
F F FF

The truth values incorporated in 3rd column will then be replaced by the defined 

truth-value of the statement signified by compounded statement ( ),C p q  as a 
statement must be true or false.

Application activity 7.1.2
Write down the truth table for

1. Three propositions p, q and r 

2. Four propositions p, q, r and s 
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7.2 Logical connectives
7.2.1 Negation

Activity 7.2.1

Let p, q, r, s be the propositions 

1. It is raining

2. Uganda is African country

3. London is in France

4. Kagabo reads Newsweek

Give a verbal sentence which describes the opposite proposition

CONTENT SUMMARY

The negation of a statement by introducing the word “not” denoted by prefixing the statement 

has opposite truth value from the statement. It is denoted by p¬  or p  or p .

From this definition, it follows that the negation of a true statement is false while the 
negation of false statement is true; simply

 if p is true, then p¬   is false and if p is false, then p¬  true.

Example 1: Let p: “ Haruna is a good player”, then p¬  “ Haruna is not a good player”.

Example 2: Let p be a proposition.  Construct the truth table of p¬  

Solution 

p  p¬
T F

F T
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Application activity 7.2.1
1. Write the negation of each of the following statements.

a) Today is raining.
b) Sky is blue
c) My native country is Rwanda.
d) Benimana is smart and healthy.

2. Complete the following truth table

p q r p¬  p¬  r¬
T T F

T F F
T F T
T F T

T T T
F T F
F T F
F F F

7.2.2 Conjunction

Activity 7.2.2

Determine the truth value of each of the following statements

1. Paris is in France and 4 4 8+ =  

2. 4 4 9+ =   and 5 8 11+ =  

3. Paris is in England and 3 4 7+ =  

4. Kigali is the capital of Burundi and1 1 2+ =  

5. The French revolution started in 1789 and ended in 1799

6. 2CO  is chemical formula of water and 2H O  is chemical formula of  
 carbon dioxide

7. 
2m  is the unit of area and kg is one of the units of weight.
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CONTENT SUMMARY

If two simple statements p and q  are connected by the word AND , then the resulting 
compound statement p and q is called a conjunction of p and q  and is written in 
symbolic form p q∧ . It has the truth value true whenever both p and q have the 
truth value true; otherwise it has the truth value false.

Example 1

Let p be “ It is raining today” and q  be “ There are fifteen chairs in this class room”. 
Give a simple sentence which describes each of the following statements and 
construct its truth table

a) p q∧  b) p q∧ ¬

Solution

a) From the given two simple statements, the resulting compound statement is “It is 
raining today and there are fifteen chairs in this class room”.

The Truth table of related compound statement is as follows

p  q  p q∧
T T T

T F F

F T F

F F F

From the given two simple statements, the resulting compound statement is “It is 
raining today and there are not fifteen chairs in this class room”.

The Truth table of related compound statement is as follows

p  q  q¬ p q∧ ¬
T T F F
T F T T
F T F F
F F T F

Example 2
Let p and q be propositions. Construct the truth table for 

a) p q¬ ∧  
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b) ( )p q p¬ ∧ ∧ ¬  

Solution

p  q  p¬ p q¬ ∧  ( )p q p¬ ∧ ∧ ¬
T T F F F

T F F F F

F T T T T

F F T F F

Application activity 7.2.2
1. If  p stands for the statement “ It is cold” and q stands for the statement “ It is 

raining”, then what does  q q¬ ∧ ¬ stands for? Construct its truth table

2. Let p and q be two propositions. Construct the truth table of 

a) p q∧  

b) p q¬ ∧  

c) p q∧ ¬  

d) ( )p q¬ ∧

e) ( )q p q¬ ∧ ¬ ∧  

7.2.3 Disjunction

Activity 7.2.3

Determine the truth value of each of the following statements

1. Paris is in France or 4 4 8+ =   

2. The sun is a planet or the Jupiter is a star.
3. Paris is in Japan or 3 4 7+ =  

4. The first president of United States of America is George Washington or was 
inaugurated in 1879.

5. Nairobi is the capital of Tanzania or 1 1 2+ =  

6. The French revolution started in 1789 or ended in 1799
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7. 
2CO  is chemical formula of water or 2H O  is chemical formula of carbon 

dioxide
8. 2m  is the unit of area or kg is one of the units of weight.

CONTENT SUMMARY

If two simple statements p and q  are connected by the word OR , then the resulting 
compound statement p or q is called a disjunction of p and q  and is written in symbolic 
form p q∨ . It has the truth value false only when p and q have truth value false, otherwise 
it has the truth value true.

Example 1

Let p be “Paris is in France” and q  be “ London is in England”. Give a simple verbal sentence 
which describes each of the following statements and construct its truth table

a) 
p q∨  b) p q¬ ∨

Solution 

a) From the given two simple statements, the resulting compound statement is “Paris 
is in France or London is in England ”.

The Truth table of related compound statement is as follows

p  q  p q∨
T T T

T F T

F T T

F F F

From the given two simple statements, the resulting compound statement is “Paris is 
not in France or London is in England ”.

The Truth table of related compound statement is as follows

p  q  p¬ p q¬ ∨
T T F T

T F F F

F T T T

F F T T
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Example 2: Construct the truth tables for ( )p q¬ ∨  and  p q¬ ∧ ¬  and compare them.

Solution:  First, we make a table that displays all the possible combinations of truth-values 

for  p   and  q , then we add two columns and put  p q∨  and ( )p q¬ ∨  into its top cell 
and then start calculations.

p  q p q∨ ( )p q¬ ∨

T T T F

T F T F

F T T F

F F F T

Application activity 7.2.3
1. Translate each of the following compound statements into symbolic form

i) i) Bwenge reads News Paper or Mathematics book.
ii) ii) Rwema is a student-teacher or not a book seller.

2. Suppose that  p   is a false statement, and  q   is a true statement. 

a) What is the truth-value of the compound statement p q¬ ∨ ?

b) What is the truth-value of the compound statement p q∨ ¬ ?

c) What is the truth-value of the compound statement  p q∨ ?  What is the 
truth-value of the compound statement p q¬ ∨ ¬ ?

3. Let p and q be two propositions. Construct the truth table of 

a) p q∨  b)  p q∨ ¬   c) ( )p p q∧ ∨ ¬  d) ( ) ( )p q p q¬ ∨ ∧ ¬ ∨ ¬

e) ( ) ( )q p p q¬ ∨ ∧ ¬ ∨
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7.2.4 Conditional statement 

Activity 7.2.4

Rephrase the following statements without changing the 
meaning

1. If you buy me a pen, I will go to school
2. If the earth is flat, then mars is flat
3. If you are tall, then you will be a member of our volleyball team
4. If you do not buy these shoes, then I will not go with you
5. If you do not pay school fees, then you will not get you school report 

CONTENT SUMMARY

There are statements of the type if " "If p then q . Such statements are called Conditional 
statements and are denoted by p q→  or p q⇒  read as p implies q . 

The conditional p q⇒  can also be read:

• If p, then q.

• q follows from p.

• q if p.

• p only if q.

• p is sufficient for q.

• q is necessary for p.

The statement p q⇒  has the truth value True in all case except when p is true while 
q is false.

Example 1

Rephrase the sentence “If it is Sunday, you go to church”, then construct its related truth 
table.

Solution 

Here are various ways of rephrasing the sentence: 

• “You go to church if it is Sunday.”
• “It is Sunday only if you go to church.” 
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• “It can’t be Sunday unless you go to church.”

Let denote the given statements as:

p: It is Sunday   q: you go to church.

The statement If it is Sunday, you go to church is symbolized as follow: p q⇒ .

Construction of its related truth table

p  q p q⇒

T T T

T F F

F T T

F F T

Example 2

Construct the truth table of the following statement:

“If either John takes Calculus or Betty takes Sociology then Peter will take English.”

Solution

Let denote the statements as:

p: John takes Calculus, q: Betty takes Sociology and r: Peter takes English.

The given statement can be symbolized as follow: ( )p q r∨ ⇒

Construct the truth table for ( )p q r∨ ⇒

p q r p q∨ ( )p q r∨ ⇒

T T T T T
T T F T F
T F T T T
T F F T F
F T T T T
F T F T F
F F T F T
F F F F T
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Application activity 7.2.4
1. Using the statements  :p Mico is fat and :p Mico is happy

Assuming that “not fat” is thin, write the following statements in symbolic form

a) If Mico is fat then she is happy

b) Mico is unhappy implies that Mico is thin

2. Write the following statements in symbolic form and their truth table

a) If n is prime, then n is odd or n is 2.

b) If x is nonnegative, then x is positive or x is 0.

c) If Tom is Ann’s father, then Jim is her uncle and Sue is her aunt.

7.2.5 Bi-conditional statements

Activity 7.2.5

1.Let p be the statement: “Abijuru is intelligent” 

and q be the statement: “Abijuru is hard working”

a. Give the truth value of p q⇒

b. Give the truth value of q p⇒

c. Give the truth value of ( ) ( )p q q p⇒ ∧ ⇒  

2. Let r be the statement: “ 7 7= ” and s be the statement: “ 5 3= ”

a. Give the truth value of r s⇒  

b. Give the truth value of s r⇒  s r→

c. Give the truth value of ( ) ( )r s s r⇒ ∧ ⇒ .

CONTENT SUMMARY

Generally  p q⇒  is not the same as q p⇒ . It may happen, however, that both p q⇒  
and q p⇒  are true or are false. The statement p q⇔  is defined to be the statement 
( ) ( )p q q p⇒ ∧ ⇒ . For this reason, the double headed arrow p q⇔  is called the 
bi-conditional. 
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The bi-conditional p q⇔ , which we read “p if and only if q” or “p is equivalent 
to q” is true if both p and q have the same truth values and false if p and q have 
opposite truth values.

Example 1
Let denote the statements as:

:p  the number is divisible by 3

:q  the sum of the digits forming the number is divisible by 3.

The compound statement “The number is divisible by 3 if and only if the sum of the 
digits forming the number is divisible by three”; means that If the sum of the digits 
forming the number is divisible by 3, then the number is divisible by 3 and if the 
number is divisible by 3, then the sum of the digits forming the number is divisible 
by 3.

Symbolically p q⇔  means ( ) ( )p q q p⇒ ∧ ⇒ .

Example 2

Construct the truth table for p q⇔

Solution 

p  q  p q⇔
T T T
T F F
F T F
F F T

Application activity 7.2.5
1. Suppose that  r  is a false statement, and  s   is a true statement. 

a) What is the truth-value of the compound statement ( )r s¬ ⇔ ? 

b) What is the truth-value of the compound statement ( )r s⇔ ¬ ?  
c) What is the truth-value of the compound statement r s⇔ ?  

d) What is the truth-value of the compound statement ( )( )r s¬ ⇔ ¬ ?
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2. Construct the truth table for

a) p q↔  and ( ) ( )p q q p→ ∧ →

b) p q↔  and ( ) ( )p q q p¬ ∨ ∧ ¬ ∨

c) ( ) ( ) ( )andp q p q p q¬ ↔ ∨ ∧ ¬ ∧

d) ( ) ( ) ( )andp q p q p q¬ ↔ ∧ ¬ ∨ ¬ ∧

7.2.6 Tautologies and Contradictions

Activity 7.2.6

Let p and q be two propositions. Construct the truth table of

1. p p∨ ¬

2. ( )p p∧ ¬

3. ( )p p q¬ ∧ ∧

4. ( ) ( )p q p q¬ ∧ ∨ ∨

CONTENT SUMMARY

A tautology is a compound statement that is always true regardless of the truth values of 
the individual statements substituted for its statement variables. 

Example 
• The statement “The main idea behind data compression is to compress data” 

is a tautology since it is always true.

• The statement “I will either get paid or not get paid” is a tautology since it is 
always true 

If you are given a statement and want to determine if it is a tautology, then all you need to do 
is construct a truth table for the statement and look at the truth values in the final column. If 
all of the values are T (for true), then the statement is a tautology.

The statement “I will either get paid or not get paid” is a tautology since it is always 
true. We can use p to represent the statement “I will get paid” and not p (written ¬p) to 
represent “I will not get paid.”
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• p : I will get paid

• p¬ : I will not get paid

• So,  ( )p p∨ ¬ : I will either get paid or not get paid

• A truth table for the statement would look like:

p p¬ ( )p p∨ ¬

T F T
F T T

Looking at the final column in the truth table, one can see that all the truth values 
are T (for true). Whenever all of the truth values in the final column are true, the 
statement is a tautology. So, our statement ‘I will either get paid or not get paid’ is 
always a true statement, a tautology.

A contradiction is a compound statement that is always false regardless of the truth values 
of the individual statements substituted for its statement variables. 

Example 

• The statement “I don’t believe in reincarnation, but I did in my past life”, is 
always false.

• The statement  ( )p p∧ ¬  is always false, because  p   and  p¬  cannot both be 
true.

Application activity 7.2.6
From the following compound statements, indicate which is tautology, 
contradiction or neither.

1. ( )p p q∧ ¬ ∧  

2. ( )q q r¬ ∧ ∧
 

3. ( ) ( )p q p q∧ ∧ ¬ ∨

4. ( )p r r∨ ∨ ¬  
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7.3. Quantifiers and their negations: Existential and 
Universal quantifiers 

7.3.1 Predicates

Activity 7.3.1

State whether the following sentences are true, false or neither. Justify your answer 

1. That guy is sick
2. He is the president of America
3. A cuboid has 6 faces, 12 edges and 8 vertices.

4. 5x y+ =  

5. 
2x  is never equal to 3 5x +

6.  
7
x

 
is an integer

7. If we multiply both the numerator and denominator of a fraction by a 
given number, then the new fraction is equivalent to the original fraction

8. Except for 1, no cube number is also a square number.

CONTENT SUMMARY

A declarative sentence is an open statement or a predicate if:

• It contains one or more variables, and 

• It is not a statement, but It becomes a statement when the variables in it are 
replaced by certain allowable choices.

A predicate can be denoted by a small letter followed by its variables.

A predicate requiring m variables is called an m-place predicate.

An m-place predicate can be noted as ( )1 2 3, , ,..., mp x x x x

Example 1

Consider the following statements:

• Erick is taller than Bill

• Canada is to the north of United States

The predicates “is taller than” and “is to the north of” are 2-place predicates because 
names of two objects are needed to complete a statement involving these predicates.
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If g symbolizes “is taller than”, e denotes “Erick” and b denotes “Bill”.

n symbolizes “is to the north”, c denotes “Canada” and s denotes “United States”.

The above 2 statements can be written as g(e,b) and n(c,s) which are different by g(b,e) and 
n(s,c).

The order in which the names appear in the statement as well as in the predicate is important.

When a predicate is described, it usually happens that the set of possible values for the 
variables is specified. This set is called the domain of interpretation or the universe of 
discourse, or often simply the domain. It is commonly denoted by D.

This set is never empty; that is, there is always at least one element in any domain of 
interpretation.

If ( )p x  is a predicate and x has domain U, the truth set of ( )p x  is the set of all elements 

t of U such that ( )p t  is true.

Example 2 

Let ( )1 2 3 4, , ,p x x x x  be a predicate  1 2 3 4x x x x+ ≤ +  and let the domain of 

interpretation be { }0,1,2D = . Then, the predicate may become true or false 
depending on how we choose 1 2 3 4, , ,x x x and x   .

For example, choosing all of them to be 1 changes the predicate into true statement, 
while a careful choice for the values of the variables can change the predicate into a 
false statement.

Example 3

Assume a predicate ( )p x  that represents statement: “x is a prime number” from domain 

{ }2,3,4,5,6,7D =  

Truth values for different x:
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( )
( )
( )
( )
( )
( )

2
3
4
5
6
7

p T
p T
p F
p T
p F
p T

=
=
=
=
=
=

All statements ( ) ( ) ( ) ( ) ( ) ( )2 , 3 , 4 , 5 , 6 , 7p p p p p p  are propositions. But ( )p x  with 
variable x is not a proposition.

The truth set of this predicate is { }2,3,5,7  

Application activity 7.3.1

1. Let ( )p x  be the predicate: “x is even number” from domain 

{ }1,2,3,4,5,6,7,8,9,10U =  Give the truth set of ( )p x .

2. Assume a predicate ( ),p x y  that represents the statement: 8x y+ = . Give 
the truth value of

a) ( )3,5p   b) ( )1,5p  

3. Let ( ), ,q x y z  denote the statement “ 2 2 2x y z+ =  ”. What is the truth value 

of ( )3,4,5q ? What is the truth value of ( )2,2,3q ? How many values of 

( ), ,x y z  make the predicate true?
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7.3.2 Quantifiers 

Activity 7.3.2

State whether the following statements are true, false or neither. Write down a 
counter example where the statement is false

1. 1
x

 is always less than x, for any real number x

2. All human beings are mortal

3. All birds can fly

4. The square of an even number is also an even number.

5. All months has at least 30 days

6. There exist a unique natural number x such that 1x x+ >  

CONTENT SUMMARY

Given a predicate p and a domain D, how often does the predicate become true?

Certain words, symbols or groups of words that help to answer such a question are called 
quantifiers. 

They help us to decide the frequencies with which a predicate becomes true, whether it is 
satisfied by no element of a domain, or one element, or some elements, or all elements.

The most important quantifiers are:

The existential quantifiers ∃  (“there exist”), and 

The universal quantifier ∀  (“for all”)

The appearance of each quantifier is signed to evoke its meaning. The symbol ∃  is 
similar to a back-to-front E (the first letter of the word EXIST), while ∀  is similar to 
an upside-down A (the first letter of the word ALL).

Existential quantifier

The statement ( ) ( )x p x∃  is read as “there exists an x such that ( )p x  is true”.

This means that ( )p x  is sometimes true. That is, at least one value a in D for which ( )p a  
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is true. 

We also write ( ),x p x∃  or ( ),x D p x∃ ∈ . Where the second version “there exit x in D such 

that ( )p x  is true”.

Universal quantifier

The statement ( ) ( )x p x∀  is read “for all x ( )p x  is true.” This means that ( )p x  is always 
true; that is no matter what value a from domain D is chosen for x, the resulting statement 

( )p a  is true.

We also write ( ),x p x∀  or ( ),x D p x∀ ∈ . Where the second version is read as “for all x in 

D, ( )p x  is true”.  

In general, when are quantified statements true/false?

Truth Values of Quantifiers:

Statement True When False When
∀xP(x) P(x) is true for every x. There is an x for which P(x) 

is false.
∃xP(x) There is an x for which P(x) 

is true.
P(x) is false for every x.

Example 1

Let ( )p x  means 2x x≥ . Let 1D =   and 2D =   be two domains of interpretation. 

The statement ( ) ( )x p x∀  is true in  1D but false in 2D , since for example 

2

2
1 1 1 1,
2 2 4 2

D and  ∈      = < 
 

.

Let ( )q x  means 2x x= − . Let 1 0D =   and 2D =   be two domains of 
interpretation. 

The statement ( ) ( )x p x∃  is false in  1D but true in 2D , since for example 

( )2
20 , 0 0D and∈      = − .



155

Example 2

Translate the following into symbolic form: “Everybody likes him”

Solution

( ),x p x∀  which means ( )p x : x likes him 

Example 3

Consider the predicates: ( ) ( ):  7  2 :    9r x x and s x x− = > . If the universe 
of discourse  is  the  real numbers, give the truth value of propositions: 

( ) ( ) ( ) ( )x s x x r x∃ ∧ ¬ ∀  

Solution

True. There exist real numbers that are greater than 9, and not all real numbers are equal to 
9.

Application activity 7.3.2
1. Translate the following into symbolic form:

a) Somebody cried out for help and called the police

b) Nobody can ignore her

2. Consider the following predicates:

( ) ( ) ( ) ( ),  :    ,  :    :  7  2 :    9p x y x y q x y x y r x x s x x> ≤ − = >   

If the universe of discourse is the real numbers, give the truth value of each of the   
following propositions:

 a) ( ) ( )x r x∃   b) ( ) ( )y s y∀ ¬  
3. Prove that 

a) ( ) ( )( ) ( ) ( )x p x q x xp x xq x∀ ∧ ≡ ∀ ∧ ∀

b) ( ) ( )( ) ( ) ( )x p x q x xp x xq x∃ ∨ ≡ ∃ ∨ ∃
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7.3.3 Negation of quantifiers 

Activity 7.3.3

Negate the following statements

1. All grapefruit are pink.

2. Some celebrities are modest.

3. No one weighs more than two thousand pounds.

4. Some people are more than ten feet tall.

5. All snakes are poisonous.

6. Some whales can stay under water for two days without surfacing for air.

7. All birds can fly.

CONTENT SUMMARY

Considering the statement: “All dogs have tails” and negating it we get the statement: 
“Not all dogs have tails” which means that: “There is at least one dog that does not 
have a tail.”

Let us express these ideas symbolically: 

Let ( )p x   mean “dog x  has a tail”. Then all dogs have tails is represented by ( ),x p x∀  

and dog x doesn’t have a tail is ( )p x¬ . So not all dogs have  tails is ( ),x p x¬ ∀   . 
Abbreviating there is at least one dog that doesn’t have a tail or there exists a tailed 

dog, we can say that there exists a tailless dog is ( ),x p x∃ .

Since the last two statements have, in words, the same meaning; we can 
declare the predicate formulae representing them to be logically equivalent: 

( ) ( ),x p x x p x¬ ∀ ≡ ∃ ¬       .

By generalizing the argument that we have used to produce two results, it can be 
shown that the logical equivalence holds true no matter what predicate is represented 

by ( )p x . In fact, this is one of the generalized of the De Morgan’s laws. For predicate 

logic, the other is similar: ( ) ( ),x p x x p x¬ ∃ ≡ ∀ ¬        that can be interpreted as  
“there are no dogs with tails” has the same meaning as “every dog is tailless.”
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Example 7.1

Let ( )p x  mean “country x  has a president.” Interpret the following statements. 
Establish the equivalence of their negation.

a)  ( ),x p x∀   b)  ( ),x p x∃

Solution

Since ( )p x  mean “country x  has a president” , thus

a) ( ),x p x∀  means “all countries have president” 

b) ( ),x p x∃  means “there is a country with a president.”

Negating the given statements, we get

a) ( ),x p x¬ ∀    
that is interpreted as “it is not true that all counties have 

presidents.” 

This sentence can be express as “there is a country with no president” 

symbolically ( )x p x∃ ¬   . 

Thus, ( ) ( ),x p x x p x¬ ∀ ≡ ∃ ¬      

b) ( ),x p x¬ ∃    
means “it is not true that there is a country with a president.” 

This sentence is equivalent to” all countries have no president” symbolically 

( )x p x∀ ¬  

Hence   ( ) ( ),x p x x p x¬ ∃ ≡ ∀ ¬       .

These laws can be summarized as follow:

“Negating a universally quantified formula changes it into an existentially quantified 
formula and vice-versa with the part of the formula after the quantifier becoming 
negated.”
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Application activity 7.3.3
Negate each of the following statements and write the answer in symbolic form

1. Some students are math majors
2. Every real number is positive, negative or zero

3. Every good boy does fine

4. There is a broken desk in our classroom

5. Lockers must be turned in by the last day of class

6. Haste makes waste

7.4. END UNIT ASSESSMENT 7

1. Which of the following sentences are propositions?

a) Pretoria is the capital of South Africa

b) Is this concept important?

c) 3+4=5

d) If x is a real number, then 2 0x <  

e) Wow, what a day!

2. Find the negation of the proposition “Today is Monday”

3. Find the conjunction of the propositions p and q, where p is the proposition 
“Today is Sunday” and q is the proposition “The moon is made of cheese”.

4. Find the disjunction of the propositions p and q, where p is the proposition 
“Today is Sunday” and q: “The moon is made of cheese”.

5. How many rows, not counting the top one, are needed to construct the truth 
table for a compound statement made from  n statements? 

6. Summarize the logic connective from the given table, and using only variables, 
reflecting the important point that these rules apply to any statements 
whatsoever.

p q p¬ q¬ p q∧ p q∨ p q⇒ p q⇔

7. Show ( )p p q q∧ → →    is a tautology.

8. Find the truth value of the bi-conditional “The moon is made of cheese if and 
only if 1=2”.
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9. Construct the truth table for the proposition ( )p q r¬ → ∧

10. Let p, q, and r be the propositions

p : You get an A on the final exam.

q : You do every prescribed exercise.

r : You get an A in this class.

11. Write the following propositions using p, q, and r and logical operators.

a) You get an A on the final, but you don’t do every prescribed exercise; 
nevertheless, you get an A in this class. b) Getting an A on the final and 
doing every prescribed exercise is sufficient for getting an A in this class.

12. Show, by constructing its truth table, that ( )p q p q¬ ∨ ⇔ ¬ ∧ ¬  is a tautology.    

13. Show, by constructing its truth table, that ( )p q p q¬ ∧ ⇔ ¬ ∨ ¬  is a tautology.

14. Consider the predicate ,   :  3) ”( “ .x y yp x= +  What are the truth values of the 
propositions ( )1, 2p  and ( )0,3p ?

15. Express the statement “Every student in this class has seen a computer” as a 
universal quantification.

16. Let ( )p x  be the predicate “ 2x x>  ”. What is the truth value of the universal 

quantification ( )xp x∀ , where the universe of discourse is the set of real 
numbers?

17. Let ( ),p x y  be the predicate “ 3x y+ = ”. What are the truth values of the 
quantifications?

a) ( ),x x p x y∀ ∀

b) ( ),x y p x y∀ ∃  

17. Express the negations of the following propositions using quantifiers. Also, 
express these negations in English.

a) “Every student in this class likes mathematics”.

b) “There is a student in this class who has been in at least one room of every 
building on campus”.
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UNIT 8
TRIGONOMETRIC CONCEPTS IN SOLVING PROBLEMS

Key unit competence: Apply trigonometric concepts in 
solving problems on triangles and 
real-life situation 

8.0. Introductory Activity 8

The angle of elevation of the top of the Cathedral from a point 280 m away from 
the base of its steeple on level ground is 600.  By using trigonometric concepts, 
find the height of the cathedral.

Trigonometry studies relationship involving lengths and angles of a triangle. 
The techniques in trigonometry are used for finding relevance in navigation 
particularly satellite systems and astronomy, naval and aviation industries, land 
surveying and in cartography (creation of maps). Even if those are the scientific 
applications of the concepts in trigonometry, most of the mathematics we study 
would seem to have little real-life application. Trigonometry is really relevant in 
our day to day activities.

APPLICATION OF
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8.1 Trigonometric concepts
8.1.1 Angles measurement, Units conversion and Unit 

circle
8.1.1.1 Angles measurement

Activity 8.1.1.1

1.Discuss what an angle is. Sketch different types of angles and name them (acute, 
obtuse, etc). Measure the angles to verify the sizes.

2. Copy the diagram and rotate vector 0A
  by an angle of

a) 30 degrees
b) -45 degrees
c) 120 degrees

CONTENT SUMMARY

An angle is the opening that two straight lines form when they meet ;The measure of 
an angle is a number which indicates the amount of rotation that separates the rays 
of the angle. There is one immediate problem with this, as pictured below.

 

Which amount of rotation are we attempting to quantify? What we have just 
discovered is that we have at least two angles described by this diagram.

 Recall that if an angle measures strictly between 0o and 90o it is called an acute angle 
and if it measures strictly between 90oand 180o it is called an obtuse angle.

In Figure 8.1, when the straight line FA meets the straight line EA, they form the 
angle that we call angle FAE.  We may also call it “the angle at the point A,” or simply 
“angle A.” The two straight lines that form an angle are called its sides.  And the size 
of the angle does not depend on the lengths of its sides.



162

Degree measure

To measure an angle in degrees, we imagine the circumference of a circle divided 
into 360 equal parts. We call each of those equal parts a “degree.” Its symbol is a small 
o:  1° = “1 degree.” From Figure 8.2, angle BAC is 30° means that its sides enclose 30

 of those equal divisions. Arc BC is 30
360

 of the entire circumference. 

In navigation, the course or bearing of an object is sometimes given as the angle of 
the measured clockwise from due north. For example, the line of travel in Figure 8.3 
has the bearing of 0155 .Generally, we use degrees to measure angles in their familiar 
geometric contexts, especially when applying trigonometry to real-world problems 
in surveying, construction, and navigation, where degrees are still the accepted units 
of measure. When we shift our attention to the trigonometric functions, however, we 
will measure angles in radians so that domain and range values can be measured on 
comparable scales.
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Figure 8. 3 The course of a fishing boat bearing 1550 out of Gloucester.

Example 1: Refer to the 16 compass bearings shown in Figure 8.4, North corresponds 
to an angle of 0°, and other angles are measured clockwise from north.

Compass bearing

Find the angle in degrees that describes the compass bearing. 

(a) NE (northeast)    (b) NNE (north-northeast)      (c) WSW (west-southwest) 

Solution

From the given compass bearing, we note that between two consecutive bearings, 

there are 22.50 
0

0360since 22.5
16

 
= 

 
. Then, measurements in degrees

a) for NE (northeast) is 0 022.5 2 45× =

b) for  NNE (north-northeast) is 0 022.5 1 22.5× =

c) for WSW (west-southwest) is 0 022.5 11 247.5× =
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Radian measure 

When a central angle intercepts an arc that has the same length as a radius of the 
circle, the measure of the angle is defined to be one radian. 

Angle subtended at the centre of a circle by an arc length equal to radius defines one radian.

Like degrees, radian measures the amount of the rotation from the initial side to the 
terminal side of an angle. 

Example 2: 

Through how many radians does the minute hand of a clock rotate in 50 min? In 7 
hours? 

Solution

It is known that, the minute hand of a clock rotates circumference of a circle in 
60min, through 2 radiansπ . Here, we are required to find the radian travelled by 
minute hand of a clock for a given time.

a) Minute hand of a clock rotates the circle in 50min, through 2 50
60

radiansπ ×

 
or   

 5
3

radiansπ

b) Minute hand of a clock rotates the circle in 7 hours or 420 minutes, through   

 2 420
60

radiansπ ×

 
or 14 radiansπ .
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Application activity 8.1.1.1
1. Find the circumference of the circle with the given radius r. State the correct unit

a) 5r cm=    b) 4.6r m=

2. Find the radius of the circle with the given circumference C.

a) 14c m=   b) 16c m=

3. Referring to the 16 compass bearings shown in Figure 8.5, North corresponds 
to an angle of 0°, and other angles are measured clockwise from north. Find the 
angle in degrees that describes the compass bearing 

a) SSW (south-southwest)  

b) WNW (west-northwest) 

c)  NNW (north-northwest) 

d) Which compass direction is closest to a bearing of 121°? 

e)  Which compass direction is closest to a bearing of 219°? 

f) Through how many radians does the hour hand of a clock rotate in 8h? 
In 1 week?

4. Express in radians the smaller angle made by the hands of a clock at 4:00, at 
2:30, and at 10:12.

8.1.1.2 Units conversion

Activity 8.1.1.2

Carefully draw a large circle on a piece of paper, either by tracing around a circular 
object or by using a compass. Identify the center of the circle (O) and draw a 
radius horizontally from O toward the right, intersecting the circle at point A. 
Then cut a piece of thread or string the same size as the radius. Place one end of 
the string at A and bend it around the circle counter clockwise, marking the point 
B on the circle where the other end of the string ends up. Draw the radius from O 
to B. As the measure of angle AOB is one radian,

1. What is the circumference of the circle, in terms of its radius r? 

2. How many radians must there be in a complete circle? 
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3. If we cut a piece of thread 3 times as big as the radius, would it extend halfway 
around the circle? Why or why not? 

4. How many radians are in a straight angle? 

CONTENT SUMMARY

According to the definition of a radian, the number of radians in a circle is equal to 
the number of the radius can be laid off along the circumference (Figure 8.3).

Since the circumference of the circle is 2c rπ= , there are 2 2r
r
π π=  radians in any circle. 

But the angle of degrees in a circle is 0360 .  Hence 02 360radiansπ =  or 0180radiansπ = .

Thus, 
0 0

0 0 '180 1801 57.2958 57 17.75
3.14159

radian
π

=     with '60 60= minutes 01= .

Also, 0
01 0.017453

180
radian radianπ

=  .

• To convert radians to degrees, you multiply the given radians by 
0180

radiansπ
 
 
 

• To convert degrees to radians, you multiply the given degrees by
 180o

radiansπ 
 
 

.
By convention, for angles measurement, when no unit of measure is indicated, note 

that an angle is expressed in radians. Thus if we read 
3
πθ = , we understand that 

060
3

radiansπθ = = .

From definition of radian, if θ  is a central angle in a circle of radius r , and if θ  is 
measured in radians, then the length s of the intercepted arc is given by s rθ= .

Example 1:

a) How many radians are in 90 degrees?

b) How many degrees are in 
6
π  radians? 
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c) Find the length of an arc intercepted by a central angle of 
2
π

 
radian in a circle of radius 

10 metres

d) Find the radian measure of a central angle that intercepts an arc of length s in 
a circle of radius r.

Solution

a) Since π  radians and 0180 both measure a straight angle, to convert degrees to 

radians, we can use the conversion factor 
1

180o

radiansπ
=

. Let us multiply both sides 
by 090 :

0 090 90
180o

radiansπ  = 
   or 

090
2

radiansπ
=

.

Hence, in 090 there is 
2

radiansπ .

b) In this case, to convert radians to degrees, we use the conversion factor 
0180 1

radiansπ
=

.

And we get:
0

0180 30
6 6

radians radians
radians

π π
π

 
= = 

 

Finally, 030
6

radiansπ
= .

c) A central angle of 1 radian intercepts an arc of length 1 radius, which is 10 metres. 

Therefore, a central angle of 
1
2 radian intercepts an arc of length 1

2
radius, which 

is 5 metres. 

d) Let x  be the radian measure of a central angle that intercepts an arc of length s in a circle of 
radius r  .

We get the following problem with ratios:

1x radians radian
s units r units

=  or xr s=  or sx
r

= .
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Thus, the radian measure of a central angle that intercepts an arc of length s in a 
circle of radius r is sx

r
= .

Example 2
Express 06.75 in terms of radians

Solution 1

Since 0180 π= , let us use conversion factor 1
180o

radiansπ
= .

Thus, 0 0 675 36.75 6.75
180 18,000 80o o

radians radiansπ π π = = = 
 

.

Replacing π  by 3.1416 , we get 
06.75 0.1178= correct to four decimal places.

Solution 2

Some scientific calculators have   key which converts from degrees to radians to 
grads. With the calculator in degree mode, enter 6.75and then press  key. The 
result is 0.1178097 .radians

Example 3
A circle has a radius of 50cm .

a) How long is the arc intercepted by a central angle of 072 ?

b) How large is the central angle that intercepts an arc of 60cm ?

Solution 

a) As the length s of the intercepted arc is given by s rθ= , let us first convert 072  
into radians.

0 272 72
180 5
π π = = 

 
;

Using s rθ= , with 2
5
πθ = and 50r cm= , we get 250 20

5
s cmπ π = = 

 
.

b) Using s rθ= , where 60s = and 50r cm= , we get 60 50θ=  or 6
5

radiansθ = .
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Application activity 8.1.1.2
1. Without using a calculator express in degrees the following angles

a) 
4
π

       b) 2
3
π         c) 

6
π

      d) 
8
π

     e) 
5
12
π

       f) 3
8
π     g) 

2
5
π

     h) 
5
4
π

2. Express in radians, leaving the result in terms of π ( do not use a calculator).

a) 0150                  b) 0225            c) 045              d) 090              e) 030  

f) 0270                 g) 060               h) 0135          i) 0345

3. One angle of a triangle is 3
10
π  . Another angle is 024 . Express the third angle 

in radians. 

4. A simple pulley with the given radius r used to lift heavy objects is positioned 
10 feet above ground level. Given that the pulley rotates 0θ , determine the height 
to which the object is lifted. (a) 04 , 720r cm θ= =  (b) 02 , 180r m θ= =

5. Find the radius of a circle on which 

a) a central angle of 2.3radians  intercepts an arc of 6 cm? 

b) a central angle of 5700 intercepts an arc of 20 cm. 

6. On a circle of diameter 4.80 m how long is the arc intercepted by a central 

angle of a)  3
4

radian             b) 010                 c) 1.35radians   

7. A locomotive wheel turns through 3100 as it moves a distance of 4.13 m. Find 
the diameter of the wheel.

8. A 100-degree angle of a circle has a length of 7 cm. To the nearest centimetre, 
what is the radius of the circle? 

8.1.1.3 Unit circle

Activity 8.1.1.3

Imagine a point on the edge of a wheel. As the wheel turns, how is the point above 
the centre? Represent this using a drawing.
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CONTENT SUMMARY
The unit circle is the circle with centre (0, 0) and radius 1 unit.

Unit circle

A unit circle is a circle of radius one centered at the origin (0,0) in the Cartesian 
coordinate system in the Euclidian plane. In the unit circle, the coordinate axes 
delimit four quadrants that are numbered in an anticlockwise direction. Each 
quadrant measures 90 degrees, means that the entire circle measures 360 degrees or 
2π  radians. 

Unit circle with quadrants
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Application activity 8.1.1.3
Study this diagram by finding out the radians related to the given angle in degrees 
on this unit circle. Can you find the coordinates of these points related to the 
given angles?

Unit circle with 16 angles

8.1.2 Trigonometric ratios 
8.1.2.1 Definition

Activity 8.1.2.1

Consider a point ( ),P x y  which lies on the unit circle in the first quadrant. OP  

makes an angle θ  with the x-axis as shown in Figure 8.9.

Draw a figure similar to Figure 8.6  on the Cartesian plane. The radius is 1 unit. 

Pick any point ( ),P x y . What is the value of 
1
x and 

1
y ? Pick different points on 

the circumference and calculate 
1
x and 

1
y . What do you notice?
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CONTENT SUMMARY
From centre of unit circle, you can draw different right-angled triangle. The x is the 
side adjacent to the angleα , y  is the side opposite to the angle α , while the radius  
of 1 unit is the hypotenuse.

Using right-angled triangle, we get the important trigonometric ratios:

1
Adjacent side x x

Hypotenuse side
= =  that is defined as cosine of α  and noted cosα .

1
Oposite side y y

Hypotenuse side
= =  that is defined as sine of α  and noted sinα .

Generally, from any right triangle, we have and define the following six ratios:

* The three primary trigonometric values

• The ratio x
r

 is called cosine of the angle α , noted cosα .

• The ratio y
r

 is called sine of the angle α , noted sinα .

• The ratio y
x

 is called tangent of the angle α , noted tanα .

* The three reciprocal trigonometric values

•  Secant of the angle α , noted secα is the ratio 
r
x

•  Cosecant of the angle α , noted secα  is the ratio 
r
y  

•  Cotangent of the angle  α ,  noted cotα   is the ratio x
y
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Example 1: 

Let θ  be an acute angle such that 5sin
6

θ = . Evaluate the other five trigonometric 
functions of θ

Solution 

Sketch a triangle showing an acute angle θ . Label the opposite side 5 and the 

hypotenuse 6. Since 5sin
6

θ =  , this must be our angle! Now we need the other side 

of the triangle (labelled x  in the figure).

How to create an acute angle θ  such that 
5sin
6

θ =

From the Pythagorean theorem it follows that 2 2 25 6x + = ,so 36 25 11x = − = . 
Applying the definitions,

5sin 0.833
6

opp
hyp

θ = =  6csc 1.2
5

hyp
opp

θ = = 

11cos 0.553
6

adj
hyp

θ = = 

6sec 1.809
11

hyp
adj

θ = = 

5tan 1.508
11

opp
adj

θ = = 

11cot 0.663
5

adj
opp

θ = = 
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Example 2

For each angle, calculate the reciprocal trigonometric values

Solution 

Angle

1cosecant =
sine
hypotenuse=

opposite

1secant =
cosine
hypothenuse=

adjacent  

1cotangent =
tangent  

5
4

5
3

3
4

5
3

5
4

4
3

5 1
5

=
5
0

which does not exist
 

0 0
5

=

Example 3

A positive angle, θ , is in the second quadrant. If 3cos
4

θ = − , find the values of the 
other primary trigonometric values.

Solution

Let ,h x and y  be hypotenuse, adjacent and opposite side respectively.

3 3cos
4 4

x
h

θ = − ⇔ = −
.

Since 0h > , thus 4h = and 3x = − .
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 2 2 2 216 9h x y y= + ⇒ = +   2 7 7y y⇔ = ⇒ = ±

As θ  is in the second quadrant, 0 7y y> ⇒ = .

Hence the other primary trigonometric values are 
7sin

4
y
h

θ = =  and 

7tan
3

x
y

θ = = −

Application activity 8.1.2.1

1. There are twice as many trigonometric functions as there are triangle sides 
which define them, so we can already explore some ways in which the 
trigonometric functions relate to each other. Doing this Exploration will help 
you learn which ratios are which. 

a) Each of the six trig functions can be paired to another that is its reciprocal. Find 
the three pairs of reciprocals. 

b) Which trig function can be written as the quotient 
sin
cos

θ
θ

? 

c) Which trig function can be written as the quotient csc
cot x

θ ? 

d) What is the (simplified) product of all six trig functions multiplied together? 

e) Which two trig functions must be less than 1 for any acute angle θ ? [Hint: What 
is always the longest side of a right triangle?].

2. How far is ( )3, 5− −  from the x-axis? From y-axis? From the origin? 

3. If sin 0.001θ = , find cscθ . If in addition, cos 0θ < , in what quadrant is θ ?

4. Find the exact values of the trigonometric functions of θ  if 5
6

tanθ = . In what 
quadrant is θ ? 
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8.1.2.2 Trigonometric ratio of special angles 30 , 45 , 60

Activity 8.1.2.2

1. Draw an isosceles right -angled triangle where the two equal sides are 1 unit in length. 
Use Pythagoras’ theorem to calculate the hypotenuse. Deduce the three primary 
trigonometric ratios of  045 (cosine, sine and tangent).

2. Consider the following diagram

• From OAC ,find the six trigonometric values of 60

• From OAC ,find the six trigonometric values of 30 a

CONTENT SUMMARY

As the angles 30 , 45 , 60 are often used, it is better to keep in your mind their 
trigonometric ratios in fraction form. 
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In the above figure, ABC is an isosceles right angled triangle with BC 1CA= = . 
Hence 2AB =  and 045A B∠ = ∠ = .

From definition of trigonometric ratios, we have

0 0

0

1 2sin 45 cos 45
22

tan 45 1

= = =

=

In the above figure, ABC is an equilateral  triangle with 2side . AD  is perpendicular bisector 
of BC , which implies 1BD =  and 3AD = . 060B∠ =  and 030BAD∠ = .

Then 

3sin 60 cos30
2

1sin 30 cos 60
2

1 3tan 60 3, tan 30
33

= =

= =

= = =

 

 

 

Other remarkable angles
Consider the following unit trigonometric circle
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Unit trigonometric circle

From figure above, we have

Angle 00  090 0180 0270 0360
Sin 0 1 0 -1 0
Cos 1 0 -1 0 1

Application activity 8.1.2.2

1. Fill in the following table from your memory 

θ 00 030 045 060 090

sinθ

cosθ

tanθ

2. Compute the exact value of

a) 
0 0 0sin 30 sin 60 sin 90+ −  

b) 
2 0 2 0 0sin 45 cos 45 tan 45+ −  

3. Without using calculator, find out the following trigonometric ratios

a)  cot 45            b) cot 30             c) cot 60           d) tan180            e) tan 270               f )
cot 0                            g) cot 90             h) cot180              i) cot 270
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8.1.2.3 Evaluating Trigonometric Functions with a Calculator 

Activity 8.1.2.3
Suppose we are doing a problem in which we need to evaluate the sine of 30 degrees and 
cotangent of 45 degrees. Our calculator shows us this screen 

        

Are these answers correct? Justify.

CONTENT SUMMARY
Using a calculator for the evaluation step enables you to concentrate all your problem-
solving skills on the modelling step, which is where the real trigonometry occurs. 
The danger is that your calculator will try to evaluate what you ask it to evaluate, even 
if you ask it to evaluate the wrong thing. If you make a mistake, you might be lucky 
and see an error message. In most cases you will unfortunately see an answer that 
you will assume is correct but is actually wrong. We list the most common calculator 
errors associated with evaluating trigonometric functions.

Common Calculator Errors When Evaluating Trig Functions

1. Using the Calculator in the Wrong Angle Mode (Degrees/
Radians).

This error is so common that everyone encounters it once in a while. You just hope 
to recognize it when it occurs. For example, suppose we are doing a problem in 
which we need to evaluate the sine of 10 degrees. Our calculator shows us this screen 
(Figure 4.13):
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Wrong mode for finding sine of 30 
degrees

Our first instinct should be to check the mode. 
Sure enough, it is in radian mode. Changing to 
degrees, we get 0 0.17364sin 0 71 8177= , which is 
a reasonable answer.

2. Using the Inverse Trig Keys to Evaluate cotangent, secant, and 
cosecant

There are no buttons on most calculators for cotangent, secant, and cosecant. The 
reason is because they can be easily evaluated by finding reciprocals of tangent, 
cosine, and sine, respectively. The reason is because they can be easily evaluated by 
finding reciprocals of tangent, cosine, and sine, respectively as illustrated in figure.

Correct way of finding 
cotangent of 30 degrees

This is not cotangent of 30 
degrees

There is also a key on the calculator 
for “ 1tan− ”but this is not the 
cotangent function! Remember 
that an exponent of  

1−  on a function is never used 
to denote a reciprocal; it is always 
used to denote the inverse function. 

3. Using Function Shorthand that the Calculator Does Not 
Recognize

This error is less dangerous because it usually results in an error message. We will often 
abbreviate powers of trig functions, writing (for example) “ 2 3sin sinθ θ− ” instead of 

the more cumbersome “ ( )( ) ( )( )2 3
sin sinθ θ− . The calculator does not recognize the 

shorthand notation and interprets it as a syntax error.

4. Not Closing Parentheses

This general algebraic error is easy to make on calculators that automatically open 
a parenthesis pair whenever you type a function key. The danger arises because the 
calculator will automatically close the parenthesis pair at the end of a command if 
you have forgotten to do so, thus it is bad if you want it somewhere else. It is usually 
impossible to find an “exact” answer on a calculator, especially when evaluating 
trigonometric functions. The actual values are usually irrational numbers with 
nonterminating, nonrepeating decimal expansions. 
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Example 1

A right triangle with a hypotenuse of 8cm includes a 37° angle. Find the measures of 
the other two angles and the lengths of the other two sides. 

Solution 

A right triangle given its hypotenuse and 
one of its angles

Since it is a right triangle, one of the other angles is 
90°. That leaves 0 0 0 0180 90 37 53− − =  for the third 
angle. Referring to the labels in Figure 8.16, we have

0 0sin 37 8sin 37
8
a a= ⇔ =

From calculator, in degree mode, 
0sin 37 0.601815023 .

 Thus, 4.81a  .

0 0cos37 8cos37
8
b b= ⇔ =

 From calculator, in degree mode, 
0cos37 0.798635510 .

 Thus,  6.39b  .

Application activity 8.1.2.3
1. Use a calculator to evaluate the following expressions. 

a) 3,333,333
2

cos π 
 
 

b) sin 47,000
6
π π + 

 
c) ( ) ( )tan 1,234,567 tan 7,654,321π π−

d) 3 70,000tan
2

π π− 
 
 

 

2. Evaluate using a calculator. Be sure the calculator is in the correct mode. Give answers 
correct to two decimal places.

a) 0sin 74            b) 0tan8            c) 0cos19 23'         d) 0tan 23 42 '     
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e) tan
12
π 

 
 

         f) sin
15
π 

 
 

       g) 0sec 49             h) 0csc19   

 i) cot
8
π 

 
 

           j) csc
10
π 

 
 

8.1.3 Trigonometric identities

Activity 8.1.3

Here is a right triangle

In this triangle, find out

• sin ,cos ,sinθ θ α and cosα

• Remember that in this triangle, Pythagoras’ theorem states 
2 2 2x y r+ =  . 

Dividing each term by 2r yields 
2 2

2 2 1x y
r r

+ = . 

• Express 
2 2

2 2 1x y
r r

+ =  in terms of  sinθ  and cosθ

• Find the value of 2 2cos sinα α+   

CONTENT SUMMARY
In mathematics, an identity is an equation which is always true. There are 
many trigonometric identities, but the one you are most likely to see and use is, 

2 2cos sin 1θ θ+ = .

This relation is called the fundamental formula of trigonometry and is the most 
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frequently used identity in trigonometry.  

Dividing this identity by 2 2cos sinandθ θ  gives two other identities.

Example 1

Simplify csc
sec

x
x

Solution
1

csc cossin cot1sec sin
cos

x xx x
x x

x

= = =

Example 2

Simplify 1 1 sin cos
tan cot

x x
x x

 + 
 

Solution

1 1 cos sinsin cos sin cos
tan cot sin cos

x xx x x x
x x x x

   + = +   
   

                                    

2 2

cos cos sin sin sin cos
sin cos

cos cos sin sin
cos sin
1

x x x x x x
x x

x x x x
x x

+ =  
 

= +

= +
=  

Application activity 8.1.3
1. Prove the following trigonometric identities

a) tan cot sec cscθ θ θ θ+ =   

b)  2 2 2 2sin 4cos 1 3sin 2cos 1θ θ θ θ− + = − −

c) 

2 2
2

2 2

cos sin 1 2sin
1 tan 1 tan

A A A
A A

− = −
+ +
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2. Simplify

a) ( )4 4 2sec 1 sin 2 tanθ θ θ− −  

b) 
2 2

2 2
2 2

sin sincot cot
sin Asin

A BA B
B

−
− + 

c) 
3 2

3 2

cos cos sin sin
3cos 3cos sin sin

θ θ θ θ
θ θ θ θ

+ +
+ −

 

8.2 Reduction to functions of positive acute angles 
8.2.1 Equivalent angles

Activity 8.2.1

1. Which of the following angles are coterminal with 120 ?

a) 270− 

            b) 600            c) 240− 

               d) 840

2. Write two angles coterminal with each angle

a) 180             b) 141− 

           c) 129                d) 0


      3. How are they, the trigonometric values of two coterminal angles?

CONTENT SUMMARY
Coterminal angles are angles in standard position (angles with the initial side on the 
positive x-axis) that have a common terminal side.  For example, 30°, –330° and 390° 
are all coterminal.
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Two angles are equivalent if their difference is 2 ,k kπ ∈ (or 360 ,k k ∈

  ). This 
means that the angle α  and 2kα π+  are equivalents angles.

Note that equivalent angles are coterminal.

The equivalent angles have the same trigonometric values. 360 ,and k kα α + ∈



are equivalent since

( )
( )
( )
( )

sin 360 sin

cos 360 cos

tan 360 tan

cot 360 cot

k

k
k

k

k

α α

α α

α α

α α

+ =

+ =  ∈

+ = 


+ = 











Example 1 

a) The angle 60 and 780 are equivalent since 780  can be written as 60 2 360+ ×  , 

so that 
 

0 0 0

2
780 60 2 360

k π

= + ×

b) The angle 30and 1050−  are equivalent since 
 

2
1050 30 3 360

k π

− = − ×  

c) The angle 2
3
π and 14

3
π are equivalent since ( )14 2 2 2

3 3
π π π= +
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If α  and β  are equivalent we write α β≡ . Since 60  and 780  are equivalent, we may 
write 60 780≡  .

Application activity 8.2.1
1. Find a positive and a negative angle coterminal with a 55° angle.

2. Find a positive and a negative angle coterminal with a 
3
π angle.

8.2.2 Negative angle or opposite angle

Activity 8.2.2

In the following diagrams, the line segment is the terminal side of a given angle 
in standard position. 

• Using protractor, find the given angle and its principal trigonometric values. 
• The line segment is symmetrical about the x-axis, copy each graph and 

draw the remaining part (reflection on the x-axis).
• Indicate the value of new angle in standard position and give its principal 

trigonometric values.
• Complete the given table and give your observations

   
Figure 1                                          Figure 2

The given angle(in degree) New angle(in degree) 
after reflection

Observations from 
trigonometric 
values of both 
anglesFigure 1 Figure 2 Figure 1 Figure 2

sin
cos

tan
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CONTENT SUMMARY
From set theory, angle α−  is opposite of angle α  

Geometrically 
The terminal sides of angle and its opposite angles are symmetric to x-axis.

For two angles, α  and α− , the following identities are true

( )
( )
( )
( )

sin sin

cos cos

tan tan

cot cot

α α

α α

α α

α α

− = −

− =

− = −

− = −  

Examples 

a) 10−   is opposite of 10  

b) 4
π

−  is opposite of  
4
π  
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Application activity 8.2.2

1.  If sin 0.1903θ = − , find ( )sin θ−

2. If ( )cos 0.0133θ = , find ( )cos θ−

3. If ( )sec 1.753θ = − , find ( )cos θ−

4. If ( )csc 3θ− = , find sinθ

5. If ( ) 1cos
7

θ− = , find secθ  

6. If ( )cot 5.4219θ = − , find ( )tan θ−

8.2.3 Complementary angles

Activity 8.2.3

Give examples of 3 pairs of two angles whose sum is a right angle.

Present those paired angles on trigonometric circle and compare their 
trigonometric ratios cosine and sine. How can you conclude?

CONTENT SUMMARY

Two angles are said to be complementary if their sum is 90  (or 
2
π ). 

The anglesα  and 90 α−  are complementary.
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For two complementary angles α  and 90 α− , the following identities are true

( )
( )
( )
( )

sin 90 cos

cos 90 sin

tan 90 cot

cot 90 tan

α α

α α

α α

α α

− =

− =

− =

− =









Example 1

The angles 30  and 60 are complementary

Example 2

If cos 0.975θ = , find sin
2
πθ − 

 
.

Solution 

As ( )sin sinθ θ− = − , thus sin sin
2 2
π πθ θ   − = − −   

   
, from identity of negative angles

cosθ= − , from identity of complementary angles

 0.975= − , from the given value of cosθ .

Application activity 8. 2.3

1. If sin 0.00213θ = , find cos
2
π θ − 

 

2. If tan 0.11221
2
π θ − = − 

 
, find cotθ

3. If ( )cot 1.1482θ− = , find tan
2
πθ − 

 

4. If ( )cos 0.5θ = , find csc
2
πθ − 

 

5. If 1sin
2 2
π θ − = 

 
, find secθ

6. If sec 7
2
πθ − = 

 
, find cscθ
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8.2.4 Supplementary angles

Activity 8.2.4

In the following diagrams, the line segment is the terminal side of a given angle in 
standard position. 

• Using protractor, find the given angle and its principal trigonometric values. 

• The line segment is symmetrical about the y-axis, copy each graph and 
draw the remaining part (reflection on the y-axis).

• Indicate the value of new angle in standard position and give its principal 
trigonometric values.

• Complete the given table and give your comments

The given angle(in 
degree)

New angle(in 
degree) after 
reflection

Observations from 
trigonometric 
values of both 
anglesFigure 1 Figure 2 Figure 1 Figure 2

sin
cos
tan

    

 Figure 1                                          Figure 2

CONTENT SUMMARY

Two angles are said to be supplementary if their sum is 180  (or π ). 

From this definition, we note that α  and 180 α−  are supplementary.

Geometrically 

Two angles in standard position are supplementary, if their terminal sides are symmetric 
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to y-axis.

For two supplementary angles α  and 180 α− , the following identities are true

( )
( )
( )
( )

0

0

0

0

sin 180 sin

cos 180 cos

tan 180 tan

cot 180 cot

α α

α α

α α

α α

− =

− = −

− = −

− = −

Example

a) The angles 160  and 20 are supplementary

b) The angles 110  and 70 are supplementary

Application activity 8. 2.4

1. If sin 0.0312θ = , find ( )sin π θ−

2. If ( )tan 0.11221π θ− = − , find tanθ

3. If ( )cot 2.5148θ = − , find ( )cot θ π−

4. If ( )sec 0.5θ = , find ( )cos θ π−

5. If ( ) 1csc
2

π θ− = , find cscθ

6. If ( )sec 3θ π− = , find secθ
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8.3 Triangles and Applications 
8.3.1 Triangles 
Sine law 

Activity 8.3.1a

Consider the following triangle

CX is perpendicular to side AB and BY is perpendicular to side AC. Let AB=c, 
AC=b, BC=a, CX=h and BY=k

1. In triangle BCX find sin B . In triangle AXC find sin A . Deduce the relationship 
between side a and side c.

2. In triangle ABY find sin A . In triangle BCY find sin C . Deduce the relationship 
between side b and side a

3. Deduce relationship between three sides.

CONTENT SUMMARY
From geometry, a triangle has six parts (three sides (S), three angles (A)), but its size 
and shape can be completely determined by fixing only three of those parts, provided 
they are the right three. These three some that determine triangle congruence are 
known by their acronyms :AAS, ASA, SAS, and SSS. The other two acronyms 
represent match-ups that don’t quite work: AAA determines similarity only, while 
SSA does not even determine similarity. With trigonometry, we can find the other 
parts of the triangle once congruence is established. The tools we need are the Law 
of Sines and the Law of Cosines, the subjects of our last two trigonometric sections. 
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The sine law states that in any triangle ABC  
with angles A, B, and C , opposite sides a, b, 
and c, respectively, the following equation is 
true:

sin sin sinA B C
a b c

= = A triangle with the usual labelling (angles A, 
B, C; opposite sides a, b, c)

Example 1

Find the length of AC in the following triangle 

Solution 

The acronym that we have for this case is AAS (two angles and one side).

Let ,AC b=  using the sine rule, we get 

0 0sin 58 sin 39
12b

=  or 
0

0

12sin 58 16.17.
sin 39

b = =

Therefore, 16.17AC cm= .

Example 2

Find the measure of angle C in triangle ABC if AC is 7 cm, AB is 11 cm and angle B measures 
25°.

Solution 

For this case, the acronym SAS(two sides and one angle).

From the sine rule, we have
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0 0sin sinB sin sin 25 11sin 25sinC
11 7 7

C C
c b

= ⇔ = ⇔ =  

or 0 0 0 041.6 180 41.6 138.4C or= − = .

Thus, 041.6C = or 0138.4  as it can be acute or obtuse.
Notice:

While two angles and a side of a triangle are always sufficient to determine its size 
and shape, the same can not be said for two sides and an angle. Perhaps unexpectedly, 
it depends on where that angle is. If the angle is included between the two sides (the 
SAS case), then the triangle is uniquely determined up to congruence. If the angle 
is opposite one of the sides (the SSA case), then there might be one, two, or zero 
triangles determined.

Application activity 8.3.1a
1. A tower of 30 m of height stands on top of a hill. From a point some distance 

from the base of the hill, the angle of elevation to the top of the tower is 33°. 
From the same point the angle of elevation to the bottom of the tower is 32°. 
Find the height of the hill. 

2. An aeroplane is 1200 m directly above one end of a field. The angle of depression 
of the other end of the field from the aeroplane is 64°. How long is the field? 

3. Mutesi is standing on the bank of a river and observes that the angle subtended 
by a tree on the opposite bank is 60°. When she retreats 40 m from the bank, 
she finds the angle to be 30°. Find the height of the tree and the breadth of the 
river. 

4. The course for a boat race starts at point A and proceeds in the direction S 
48° W to point B. Then in the direction S 45° E to point C, and finally back to 
A, as illustrated in the Figure. Point C lies 125 km directly south of point A. 
Approximate the total distance of the race course.
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Cosine law 

Activity 8.3.1b

Consider the following triangle

CX is perpendicular to side AB. Let AB=c, AC=b, BC=a, CX=h 

1. In triangle AXC find cos A  

2. In triangle AXC use Pythagoras’ theorem to find h2

3. In triangle BCX use Pythagoras’ theorem to find h2

4. Combine results  obtained in 1., 2., and 3. and give conclusion.

CONTENT SUMMARY

The Law of Cosines is an important extension of the Pythagorean theorem, with 
many applications. It is often called the “generalized Pythagorean theorem” because 
it contains that classic theorem. While the Law of Sines is the tool, we use to solve 
triangles in the AAS and ASA cases, the Law of Cosines is the required tool for SAS 
and SSS. 

Let ABC be any triangle with sides and angles labeled in the usual way, then

   

2 2 2

2 2 2

2 2 2

2 cos
2 cosB
2 cosC

a b c bc A
b a c ac
c a b ab

= + −

= + −

= + −

Example 1:  Find the length of BC from the following triangle.
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Solution 

Let a be the length of side BC, from cosine law 2 2 2 cosa b c bc A= + − ,we have,

( ) ( ) ( )( )2 22 013 11 2 13 11 cos 42a = + −

2 0 0169 121 286cos 42 290 286cos 42 8.8a a= + − ⇔ = − = .

Finally, the length of side BC is 8.8cm .

Example 2: Find the angle C

Solution 

Let C be the required angle  the given triangle;

From cosine law 2 2 2 2 cosCc a b ab= + − ,we have,

( ) ( ) ( )( )2 228 9 5 2 9 5 cos 64 81 25 90cosC C= + − ⇔ = + −

Or 42cos
90

C = , thus 062.2C = .

The required angle is 062.2C = .
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Application activity 8.3.1.b

1. Find the length of the side BC of triangle ABC in which 7 , 9AB cm AC cm= =  
and 71BAC∠ =   

2. Find the length of the side AB of triangle ABC in which 15.3 , 9.4BC cm AC cm= =  
and 121ACB∠ =   

3. Angelius wants to find the distance between 
two points A and B on opposite sides of a 
building. He locates a point C that is 110 m 
from A and 160 m from B, as illustrated in the 
figure. If the angle at C is 540, find distance AB.  

      
4. A hot-air balloon is seen over Tucson, 
Arizona, simultaneously by two observers at 
points A and B that are 1.75 km apart on level 
ground and in line with the balloon. The angles 
of elevation are as shown here. How high above 
ground is the balloon? 

     

8.3.2 Applications

Activity 8.3.2

1. Bwenge’s garden is in the shape of a quarter-circle with radius 10 m. He wishes 
to plant his garden in four parallel strips, as shown in the figure 8.19, so that 
the four arcs along the circular edge of the garden are all of equal length. After 
measuring four equal arcs, he carefully measures the widths of the four strips 
and records his data in the table shown at the right below. 

Garden’s design
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Van Cool sees Bwenge’s data and realizes that he could have saved himself some 
work by figuring out the strip widths by trigonometry. By checking his data with 
a calculator, she is able to correct two measurement errors he has made. Find 
Bwenge’s two errors and correct them. 

CONTENT SUMMARY
A triangle has six “parts”, three angles and three sides, but you do not need to know 
all six parts to determine a triangle up to congruence. In fact, three parts are usually 
sufficient. The trigonometric functions take this observation a step further by giving 
us the means for actually finding the rest of the parts once we have enough parts to 
establish congruence. We will learn about solving general triangles in this unit, but 
we can already do some right triangle solving just by using the trigonometric ratios. 

Example 1:  Angles of elevation and angle of depression
You can use right triangles to find distances, if you know an angle of elevation or an 
angle of depression. The figure below shows each of these kinds of angles.

Suppose that an observer is standing at the top of a building and looking straight 
ahead at the birds (horizontal line). The observer must lower his/her eyes to see the 
car parked (slanting line). The angle formed between the two lines is called the angle 
of depression.

Suppose that an observer is standing at the top of a building and looking straight 
ahead at the birds (horizontal line). The observer must raise his/her eyes to see the 
airplane (slanting line).  The angle formed between the two lines is called the angle 
of elevation.
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Example 2: Finding the Height of a Building

From a point 34 m away from the base of the Peachtree Center Plaza in Atlanta, 
Georgia, the angle of elevation to the top of the building is 65°(See Figure 8.12). Find 
the height h of the building. 

Solution
We need a ratio that will relate an angle to its hypotenuse and adjacent sides. The 
cosine function is the appropriate choice. 

0 0tan 65  or 34 tan 65 72.9
34
h h m= = 

Example 3:  Bearings and air navigation

We say that point B has a bearing of  α  degrees from point A if the line connecting 
A to B makes an angle of  α  with a vertical line drawn through A, the angle being 
measured clockwise.

34m
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If B is north of A then the bearing 
is 00.

If B is east of A then the bearing 
is 900.

Similarly, if B is south of A then the bearing is 180o, and if B is west of A then the bearing is 
270o. The bearing can be any number between 0 and 360, because there are 360 degrees in a 
circle. We can also use right triangles to find distances using angles given as bearings. 

 In navigation, a bearing is the direction from one object to another. Further, angles 
in navigation and surveying may also be given in terms of north, east, south, and 
west. For example, 70N E  refers to an angle from the north, towards the east, while 

70N W refers to an angle from the north, towards the west. 70N W would result in 
an angle in the second quadrant. 

Example 4: 

A boat travels on a 50N E  course. The ship travels until it is due north of a port which is 10 
kilometers due east of the port from which the ship originated. How far did the boat travel? 

Solution

The angle between d and 10 km is the complement of 
50  which is 40 . 

10cos 40 adjacent
hypothenuse d

= =

 
10cos 40
d

⇔ =

cos 40 10d⇔ =  

0

10 13.05
cos 40

d km= ≈
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Example 5:

An airplane is flying at a height of 2 kilometres above the level ground. The angle of 
depression from the plane to the foot of a tree is 15o. Find the distance that the air 
plane must fly to be directly above the tree. 

Solution

Let x be the distance the airplane must fly to be directly above the tree.  The level ground and 
the horizontal are parallel, so the alternate interior angles are equal in measure. 

2tan15

2
tan15
7.46

x

x

=

=

≈





 
So, the airplane must fly about 7.46 kilometers to be directly above the tree.

Example 6: Inclined plane

An inclined plane, also known as a ramp, is a flat supporting surface tilted at an 
angle, with one end higher than the other, used as an aid for raising or lowering a 
load.

Example
A person standing on the bank of a river observes that the angle subtended by a tree 
on the opposite bank is 450. When he retreats 50 metres from the bank, he finds the 
angle to be 300. Find the breadth of the river and the height of the tree.
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Solution

Let AB h= metres be the height of the tree and CB x=  metres be the breadth of the 
river 045BCA∠ = . Consider C as the first position of the person and D as the second 
position of the person after he retreats.

From the above figure, 

In triangle ABC , 090ABC ABD∠ = ∠ = ,  045BCA∠ =

                         0tan 45 1AB h h or x h
BC x x

= = ⇔ = = .

In triangle ABD , 030BDA∠ = , 0tan 30
50

AB h
BD x

= =
+

.

As x h= , 5050 3 40.98
3 1

h h h⇔ + = ⇔ = =
−

.

Therefore, the height of the tree is the same as the breadth of the river that is 40.98m

Application activity 8.3.2
1. A tree is located on an incline of a hill. The tree is broken and the tip of the 

tree touches the hill farther down the hill and forms an angle of 30° with the 
hill. The broken part of the tree and the original tree form an angle of 50° at 
the break. The original part of the tree is 3 m tall. How tall was the tree before 
it broke?

2. Two ships are located 200 m and 300 m respectively from a lighthouse. If 
the angle formed by their paths to the lighthouse is 96°. What is the distance 
between the two ships?
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3. From a tower of 32 m of height, a car is observed at an angle of depression of 
55°. Find how far the car is from the tower. 

4. A town B is 13 km south and 18 km west of a town A. Find the bearing and 
distance of B from A. 

5. The angle of elevation of the top of 
a pole measures 48  from a point on 
the ground 18 meters away from its 
base. Find the height of the flagpole.  

A road slopes 10 above the horizontal, and a vertical telephone pole stands 
beside the road. The angle of elevation of the Sun is 62, and the pole casts a 14.5 
metre shadow downhill along the road. Find the height of the telephone pole.

A telephone pole on slope
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8.4. END UNIT ASSESSMENT 8

1. Verify the following identities

a. sin 1 cos
1 cos sin

a a
a a

+
=

−
 

b. ( )2 2 2 2sec csc sec csca a a a+ =  

c. 4 4 2 2sec tan sec tana a a a− = +  

d. 1 cos csc cot
1 cos

a a a
a

−
= −

+ 

2. If sin 0.954θ =  and cos 0.3θ =  , find the value of tanθ .

3.      3sin
5

A =  and A  is obtuse, find the values of cos A  and tan A

4. Suppose that the button   on your calculator was broken, but the  

 button was working. Explain how you could work out cos14

5. Match the following quantities (angles in degree or radian system; you are 
allowed to use calculator)

Angle Angle

2
3
π

30

3
4
π 5

3
π

01718.874 0120
0330 0.7853981634

045 0135
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6. Give another angle which has the same sine as

40

56

130

300

7. Sort the following into pairs of equal value

sin 90 cos180 cos360 tan195
tan150 tan15 sin 270 tan 330

   

   

8. Through how many degrees does the hour hand on a clock move it in 1h? In 3h and 
20 min? 

In questions 9 up to 14 do not use a calculator. Angles are from 0 to 360 and 
answers should be given to the nearest degree.

9. If sin 20 0.342= , find another angle whose sine is 0.342 .

10. If sin 95 0.996= , find another angle whose sine is 0.996 .

11. If cos33 0.839= , find another angle whose cosine is 0.839 .

12. If cos125 0.574= − , find another angle whose cosine is 0.574− .

13. If tan 75 2.747= , find another angle whose tangent is 2.747 .

14. If tan135 1= − , find another angle whose tangent is 1− .

15. From a ship the angle of elevation of a point A at the top of a cliff is 12°. After 
the ship has sailed 400 m directly towards the foot of the cliff, the angle of 
elevation of A is 45°. Find the height of the cliff.   

16. From a tower 60 m high, the angles of depression of two billboards which 
are in a horizontal line through the base of the tower are 20° and 25° 
respectively. Find the distance between the billboards if they are on: (a) the 
same side of the tower (b) opposite sides of the tower. 
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17.  An aeroplane takes off at a constant angle of 20°. 

By the time it has flown 1000 m, what is its altitude? Give your answer correct to 
the nearest metre. 

18. An aeroplane flying at an altitude of 10 000 m is directly overhead. Two 
minutes later it is at an angle of 38° to the horizontal. How fast is the 
aeroplane flying, in kilometres per hour?

19. A guy wire from the top of the transmission tower at KARONGI forms a 75° 
angle with the ground at a 55-meters distance from the base of the tower. 
How tall is the tower?

 

20. In order to determine the distance between two points A and B on opposite 
sides of a lake, a surveyor chooses a point C that is 900 m from A and 225 
m from B, as shown in the figure. If the measure of the angle at C is 700 0     0, 
find the distance between A and B      

  



207

UNIT 9
POINTS, STRAIGHT LINES AND CIRCLE IN 2D 

Key Unit competence: Determine an equation of a line 
and a circle.

9.0. Introductory Activity 9

Look at this map of a swimming centre.

a) What feature is located at A3?

b) How many grid squares does the main pool cover?

c) What is the map reference for the:

i) Diving area? 

ii) Canteen?

d) In which direction are the: 

i) Water slides from the kids’ pool?

ii) Change rooms from Canteen?

iii) Main pool from diving?
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9.1 Location of a point in 2D

Activity 9.1

1. Graph the following points in the same Cartesian plane.

( ) ( ) ( ) ( ) ( ) ( )3,4 3,1 2,0 2, 2 4, 3 0, 4A B F D C E− − − − −

2. Given that the points ( ) ( )3,5 , 1, 1A B − , and ( )4, 16C − −  lie on the  same 
straight line show that   AB BC AC+ =

CONTENT SUMMARY

 From the Cartesian plane, the reader needs to be familiar with the idea of a point 
in that plane being defined by stating the perpendicular distances from  to 

two axes(x- axis and y-axis).

Generally, 

In 2D, a point has paired coordinates  and in terms of vector,  has position 
vector 

. 

• The first number x is called the x-coordinate (or x-component), as 
it is the signed distance from the origin in the direction along the 
x-axis. 

• Similarly, the second number y is called the y-coordinate (or 
y-component), as it is the signed distance from the origin in the 
direction along the y-axis. 

• The intersection point   of the two axes is called the origin. 
• We denote points using capital letters such as A, B, C, D,…
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Example 1

Represent the points ( ) ( ) ( ) ( )3,2 , 4,2 , 2, 3 3, 1A B C and D− − − −  in xy-plane

Solution

Application activity 9.1
1. Draw an xy-plane , then plot and label the points 

( ) ( ) ( ) ( )2,3 , 1,5 , 3, 4 , 5, 3E F G H− − − − . 

2. In the figure below

a) Write down the coordinates of M.

b) Which of these point is east of M?

 ( ) ( ) ( ) ( )3,3 , 1, 3 , 5, 3 , 3, 5A B C D− − − − − − −

3. a) plot the points  ( ) ( ) ( ) ( )1, 4 , 3,5 , 4,3 ,and 2, 2P Q R S  on an xy-plane.

b)Join , , , and  PQ QR RS SP  What shape is formed?

4. This grid shows the homes of a group of friends, and the positions of other 
important places near them.
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a) Who lives at: i) E4        ii) H1           iii) F8 ?

b) Find the location of tennis club and pool.

c) Name the place at F5 and H6.

d) Which of the friends lives closest to music store? Give the grid reference for 
this person’s home.

9.2 Mid-point and Distance between two points in 2D

Activity 9.2

Find the coordinates of the midpoint and the distance of the straight line joining 
the following pairs of points:

a. ( ) ( )3,4 and 7,10  

b. ( ) ( )2,8 and 10,4

c. ( ) ( )0,5 and 6,3

d. ( ) ( )4,3 and 1,5

CONTENT SUMMARY

Distances between two points

If A and B are two points we can form a vector AB


 and the distance between these 

two points denoted ( ),d A B  is given by AB


. 
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Thus,
 
if  ( )1 2,A a a  and ( )1 2,B b b  are points of plane then 

( ) ( ) ( )2 2
1 1 2 2,d A B AB b a b a= = − + −



 

Example 1

Consider the points ( ) ( )1,4 , 2, 3A B − −  in plane. Find the distance between 
point A and point B.

Solution 

The distance is 

( ) ( ) ( )2 2, 2 1 3 4

9 49

58

d A B AB

units

= = − − + − −

= +

=



of length

Example 2

If the distance between points ( ), 2C k −  and ( )0,1D  is 5, find the value(s) of k

Solution

( ) 2, 9d C D k= +  

2

2

2

9 5
9 25
16 4

k
k
k k

+ =

⇔ + =

⇔ = ⇒ = ±  

Thus the values of k are -4 and 4
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Midpoint of a line segment

Consider a line segment from point A to point B denoted [ ]AB . Then the 
midpoint(M) of this segment is given by 

( )1
2

M A B= +  or  ;  With 

Example 3

Find the midpoint of the segment joining points ( ) ( )3,0 1,8A and B .

Solution

The midpoint is ( ) ( ) ( )1 1 4,8 2,4
2 2

M A B= + = =

Example 4

If ( )3,5−   is the midpoint of ( )2,6  and ( ),a b , find the value of a and b.

Solution

( ) ( )

( )

13,5 2 ,6 b
2

2 63,5 ,
2 2

a

a b

− = + +

+ + ⇔ − =  
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2 3 2 6 82
6 6 10 45

2

a
a a

b b b

+ = − + = − = −  ⇔ ⇒  + + = =  =


Application activity 9.2

1. Find the distance between points ( )2,1A  and ( )3,4B

2. If the distance between points ( )5,1C  and ( )9,B k  is 4 2  , find the values of k

3. Find the coordinates of the midpoints of the straight line joining the following 
pairs of points:

a. ( )3,7  and ( )5,9  

b. ( )2,5−  and ( )5,9

4. M is the midpoint of the straight line joining point ( )10,4A   to point B. if M 

has coordinates ( )7,3 , find the coordinates of B.

9.3 Determination of equation of a straight line 
9.3.1 Determination of equation of a straight line given 2 

points and Direction vector.

Activity 9.3.1

Consider the line passing through points ( )1,4A  and ( )3, 2B − . Find 3 vectors 
parallel to this line.

CONTENT SUMMARY

• In 2D the equation of the line passing through two points ( , )A AA x y  
and ( , )B BB x y  and the direction vector AB



 can be defined as:
Vector equation 

( ), 0x y A r AB= +
 

 or     
A B A

A B A

x x xx
r

y y yy
−    

= +     −     
, where 

A B A

A B A

x x xx
r

y y yy
−    

= +     −     
 

is the direction vector.
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Parametric equations 

 

( )
( )

A B A

A B A

x r x x
y r y

x
y y

= + −
 = + −

Cartesian equation

A A

B A B A

x y
x x

y
y

x
y

−
=

−
−

−

Example 1

Find the vector equation of the straight line passing through ( )3,2A  and ( )4,1B  .

Solution 

The direction vector is ( )1, 1AB = −


, r is a parameter

The vector equation is ( ), 0x y A r AB= +
 

 or ( ) ( ) ( ), 3, 2 1, 1x y r= + −  

 parametric equations:

3
2

x r
y r

= +
 = −  

The Cartesian equation:

3 2
1 1

x y− −
=

−  or 2 3y x− = − +  or 5x y+ =  

• To determine the equation of the line passing through the point 

( )0 0,P x y  and parallel to the direction vector, ( ),v a b=


, we will use 
our knowledge that parallel vectors are scalar multiples. 

The vector 0P


 is called the position vector of P.
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Thus, the vector through ( )0 0,P x y  and any other point ( ),Q x y  on the line is the 

product of a scalar and the direction vector ( ),v a b=


. 

  PQ rv=
 

with r a parameter and PQ OQ OP= −
  

Hence, the vector equation of the line that is parallel to the vector ( ),v a b=


 and 

which passes through the point P with position vector ( )0 00 ,P x y=


 is given as

  0 0Q P rv= +
  

 where ( ),Q x y  is any point of the line.                                                                                                                             

( ) ( ) ( )0 0, , ,x y x y r a b= +  or   0

0

xx a
r

yy b
    

= +    
    

The  parametric equations of the line that is parallel to the vector ( ),v a b=


 and 

which passes through the point P with position vector ( )0 00 ,P x y=


 are given by

 

0

0

x x ra
y y rb

= +
 = +

The symmetric equation or Cartesian equation is found after eliminating 
parameter r.

0 0x x y y
a b
− −

=
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Example 2

Find the vector equation of the straight line that is parallel to the vector ( )2, 1u = −


 and 

which passes through the point with position vector ( )3,2v =


.

Solution

The vector equation is ( ) ( ) ( ), 3, 2 2, 1x y r= + − , r is a parameter

The parametric equations:

3 2
2

x r
y r

= +
 = −  

The Cartesian equation:

3 2
2 1

x y− −
=

−
 or 2 4 3y x− = − +   or 2 7x y+ =  

In general

The vector equation of the line and can be rewritten as

( ) ( ) ( )0 0, , ,x y x y r a b= +  or ( )0 0xi y j x i y j r ai b j+ = + + +
     

  where 

( ) ( ){ }1,0 , 0,1i j= =
 

 form the standard basis of 2IR .

Application activity 9.3.1
1. Find the vector, parametric and Cartesian equation of the line passing through the 

point with position vector ( )2, 3−  and parallel to the line ( ) ( ) ( ), 3,5 1,6x y r= +

2. Find the parametric equation of the line passing through points ( )3,4A  and ( )1,2B
3. Find the vector, parametric and Cartesian equations of the line passing through origin 

and point with position vector 3 2i j−
 

4. Find the Cartesian equation of the line whose x intercept 3 and y intercept 6.
5. Find the Cartesian equations of the lines whose vector equations are given below. Give 

your answers in the form y mx c= +  

a. ( ) ( ) ( ), 1, 2 2,3x y r= − + −

b. ( )3 2 3xi y j i j r i j+ = + + −
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6. Find the vector equations of the lines whose Cartesian equations are given below

a. 
2 1

3 4
x y− −

=  

b. 2 3y x= +  

9.3.2 Equation of a straight line given Gradient

Activity 9.3.2

Determine the slope and the y-intercept in the equations  below. Hence draw the 
lines in the same graph. 

 a) 3 2
2

y x= −  b) 53
2

y x= − +  

CONTENT SUMMARY

Consider a line having gradient m and passing through the point 1 1 1( , )P x y . Suppose 
that the point ( , )P x y  is an other point on the line. Then the gradient of the line is 
defined by the change in y to the change in x.

  

1

1

y ym
x x

−
=

−

Thus, the equation of the line in point-slope form is defined by

 1 1( )y y m x x− = −

From the equation above, we take any other point ( )2 2 2,P x y  lies on this line, then 

Vector equation 

 1 1 2OP OP rPP= +
  

  or  1 2 1

1 2 1

x x xx
r

y y yy
−    

= +     −     

 1 2PP


 is the direction vector.

Parametric equations 

 

( )
( )

1 2 1

1 2 1

x r x x
y r y

x
y y

= + −
 = + −
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Cartesian equation

 
1 1

2 1 2 1

x yx y
x x y y

− −
=

− −

Example: Write the equation of the line that has slope  that passes through the 

Solution 

 ; use  point-slope form

 ; substitute  for  and  for m. 

Noted:

The genaral equation of the line is , where , ,  are constantes, 

and , .

• If  the line is horizontal.

• If  the line is vertical.

• If  the line passes through the origin.
In the other hand the line has slope   and  the intercept of ,  

• If the two non vertical lines are parallel, then their slopes/gradients 
are equal.

   

Thus, the equations  and  are parallel.

• If the two non vertical lines are peripendicular, then the product of 
their slopes/gradients  is equal to 1− .

  

Thus, the equations  and 
 are peripendicular.

Example : 

1) Find the equation for the line that contains the point  and is parallel to 

.
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Step1:identify the slope of the given line

     

Step2: write the equation of the line trougth point  and 

2) Find the equation for the line that contains the point  and is perpendicular 
to ?

Step1:identify the slope of the given line and write its negative reciprocal.

               and it has negative reciprocal 

Step2: write the equation of the line through point  and 

Application activity 9.3.2
1. Write the equation in point-slope form for the line through the given point that 

has the given slope

a) ( )3, 4 ; 6m− =    d) ( ) 54,2 ;
3

m = −

b) ( ) 32, 7 ;
2

m− − = −   e) ( )4,0 ; 1m =

d) ( )5,2 ; 0m− =    f) ( ) 11, 8 ;
5

m− = −     

2. Is 5 2( 1)y x− = −  an equation of a line passes through ( )4,11 ? Explain.

3. Write an equation of the line that contains the point ( )3, 5− −  and the same 
slope as 2 7( 3)y x+ = +
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4. a) Write an equation of the line in point slope form that contains the point  

 ( )4, 6− − . Explain your steps

b) How many equations could you write in part (a)? Explain. 

5. Tell whether the lines for each pair of equations are parallel, perpendicular, or 
neither. 

a). 3 14 ; 4
4 4

y x y x= + = − +   b) 2 26; 6
3 3

y x y x= − = +

c) 5; 5y x y x= − + = +   d) 5 ; 5 7y x y x= = − +

e) 
14; 2

3 3
xy y x= − = +   f) 2; 9x y= =

g) 2 2; 2 5x y x y+ = + =   h) 3 5 3; 5 3 8x y x y− = − + =

9.4 Determination of equation of a circle 
9.4.1. Cartesian equation

Activity 9.4.1

In XY  plane,

1. Use a compass to draw a circle centred at point ( ),C a b  and passing through 
the point ( , )P x y

2. Draw a line r ,segment from C to P and find the square of its length

3. Keep the expression obtained as equation of circle centred at ( ),C a b  with 
radius r

CONTENT SUMMARY

The circle is the locus of all points ( ),x y  which are equidistant from a fixed given 
point. The fixed point is called the centre of the circle and the distance from the 
centre to ant point is called the radius of the circle.
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The equation of the circle with centre ( ),C a b  and radius r is given by 

( ) ( )2 2 2x a y b r− + − =

Expanding this equation we have 2 2 2 2 22 2x y ax by a b r+ − − + + =  .

Supposing that 2 ; 2k a l b= − = −  and that 2 2 2m a b r= + − ; then

General equation of the circle is given by  2 2 0x y kx ly m+ + + + =

In this case the centre is given by ,
2 2
k lC  = − − 

 
 and the radius is given by 

2 21 4
2

r k l m= + − .

If the coordinates of the point C are ( )0,0 , then the centre is at origin. In this case 
the equation of the circle is given by .

Example 1

Find the equation of the circle centred at origin and with radius 4

Solution

Centre is ( )0,0C , radius is 4r = . Then the equation is

( ) ( )2 2 20 0 4x y− + − =  or 2 2 16x y+ =  
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Example 2

Find the equation of the circle centred at point ( )3,5A  and passing through point 

( )3,0B  

Solution

Centre is ( )3,5C , radius is the distance from point A to point B

0 25 5r = + = . Then the equation is

( ) ( )2 2 23 5 5x y− + − =  or 2 2 6 10 9x y x y+ − − = −  

Example 3

Find the centre and the radius of the circle with equation ( ) ( )2 24 3 16 0x y+ + − − =  

Solution

Compare the given equation with ( ) ( )2 2 2x a y b r− + − =  we can rewrite it as 

( )( ) ( )2 2 24 3 4x y− − + − = . Then the centre is ( )4,3  and the radius is 4r =  

Example 4

Find the centre and the radius of the circle with equation 2 2 4 2 4x y x y+ − − =  

Solution
2 2 2 24 2 4 4 2 4 0x y x y x y x y+ − − = ⇔ + − − − = . 

The centre is given by ( )4 2, 2,1
2 2

C − − − − = 
 

 and the radius is 

( ) ( ) ( )2 21 14 2 4 4 36 3
2 2

r = − + − − × − = =

Another method

Rearranging the given equation

2 2 4 2 4x y x y+ − − =

2 24 4 4 2 1 1 4x x y y⇔ − + − + − + − =



223

( ) ( )2 24 4 2 1 4 5x x y y⇔ − + + − + = +

( ) ( )2 2 22 1 3x y⇔ − + − =

The centre is ( )2,1  and the radius is 3.

Example 5

Find the equation of the circle passing through the points ( ) ( )0,1 , 4,3  and ( )1, 1− .

Solution

Let substitute the coordinates of each of the three points into the general equation of 

circle 2 2x y ax by c+ + + =  

We get:  
1

16 9 4 3
1 1

b c
a b c

a b c

+ =
 + + + =
 + + − =

 and we solve the system, 

1
4 3 25

2

b c
a b c

a b c

= −
⇔ + = −
 − = −

4 3 3 25
1 2

a c c
a c c

+ − = −
⇔  − + = −

4 2 22
2 3

a c
a c

+ = −
⇔  − = −

4 2 22
2 3

5 25 5

a c
a c

a a

 + = −⇔  − = −
= − ⇒ = −

5 2 3 1c c− − = − ⇒ = −

1 2b c= − = −  

Thus the equation is 2 2 5 2 1x y x y+ − − = −  
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Application activity 9.4.1

1. Find the equation of the circle with centre ( )3,2  and radius 4.

2. Find the equation of the circle whose diameter is a line segment joining the 

points ( )3, 2−  and ( )3,6  

3. Find the centre and the radius of the circle with equation 2 2 4 8 12x y x y+ − + =  
4. Find the centre and the radius of the circle with equation 

2 23 3 18 12 27 0x y x y+ − − − =  

5. State which of the following are equations of circles

a. 2 22 4x xy y+ + =  

b. 2 2 25x y+ =  

c. 2 2 19x y+ =  

d. 2 22 3 2 16x x y y+ − + =  

9.4.2. Parametric equation

Activity 9.4.2

a) Find the centre and the radius of circle 2 2 19x y+ =  

b) Use the result from (a) and complete the formula.

cos
sin

x a r
y b r

θ
θ

= +
 = +

c) What do you notice?

CONTENT SUMMARY

From the figure,  a circle whith centre at the origin and radius , the equation of a 
circle is given by PYTHAGORAS’THEOREM

        or      ; ( )
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Expressing the equation of a circle using a parameter , we write parametric equations 

    for .

For a circle whith centre at the point  and radius , the equation of a circle 

Hence, we write parametric equations 

   for   .

Noted: the angle  is given by

 with ( ),C h k  and r.

  with ( )0,0C  and r
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Example: 

Find the centre and the radius of the circles with equations. Hence, write parametric 
equations for each.   

a) 

b) 

c) 

Solution 

a. i) 

Comparing with 

  

Therefore; the centre  and 

ii) The parametric equations are:

 for .

b. i) 

By rearranging like terms and completing terms

 

 

Therefore; the centre  and 

ii) The parametric equations are:

 for 

b. i) 

Comparing with 

  

Therefore; the centre  and 
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ii) The parametric equations are:

            

Application activity 9.4.2
1. State the equation of the circle that can satisfy the given conditions. Hence, 

write parametric equations for each.

a. ( )0,0 ; 5C r =

b. ( )4, 2 ; 8C r− =

c. ( )4, 2C − −  and passes through  ( )1,3P

2. Given the equations of a circle 
2 2 10 8 5 0 (1)x y x y+ − − + =   (1)
2 2 6 8 25 0 (2)x y x y+ − + + =   (2)
2 2 4 6 23 0 (3)x y x y+ + − − =    (3)

Express each equation below in the form

 
2 2 2( ) ( )x a y b r− + − = . 

a) Write the coordinates of centre of the circle.

b) What is the radius of the circle?

c) Find parametric equations. 

3. State which of the following are equations of circles. Write the parametric 
equations where possible.

(a). 2 22 4x xy y+ + =   (d) 2 2 25x y+ =

(b)  2 2 19x y+ =    (e) 2 22 3 2 16x x y y+ − + =

(c) 2 23 7x x y+ − =   (f) 2 2 2 2 1x y x y+ − + =

4. Determine the centre and radius of the following circles. Write parametric 
equations for.

i) 2 2 10x y+ =    iv) 2 2( 3) 25x y− + =

ii) 2 2( 2) ( 1) 18x y− + + =  v) 2 2 2 2 2x y x y+ + − =

iii) 2 2 6 2 6x y x y+ − + =   vi) 2 2 4 6x y x+ + =
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9.5. END UNIT ASSESSMENT 9

1. Determine the distance between the pairs of the points below:

a) ( ) ( )2,1 ; 8,7   b) ( ) ( )3, 8 ; 3, 2− − − −    c) ( ) ( )5, 6 ; 0, 2− −

d) ( ) ( )0,0 ; ,x y

2. Find the centre and radius of each of the following circles

a. 2 2 10x y+ =

b. ( )2 23 25x y− + =

c. ( ) ( )2 22 1 18x y− + + =

d. 2 2 2 2 2x y x y+ + − =
3. Find the equation of the circle passing through the given three points

a. ( ) ( ) ( )1,0 , 0,1 , 3,4

b. ( ) ( ) ( )2, 1 , 1,3 , 1, 4− −

c. ( ) ( ) ( )2,2 , 2,1 , 2,3−

5. Find the equation of the circle having AB as diameter where A is the point ( )1,8  

and B is the point ( )3,14  

6. Points ( )0, 2A  and ( )4, 2B −  lie on the circumference of a given circle. Points 

( )3, 3C − −  and ( )7,2D  lie outside the circle but the centre of the circle lies on 
CD. Find the equation of the circle.

7. Show that the  triangle of  the vertices ( ) ( )4,3 ; 6, 2 ; ( 11, 3)K L T− − −  is right 
angled triangle.
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UNIT 10
CENTRAL  TENDENCIES AND DISPERSION

PARAMETERS OF

Key Unit competence: Extend understanding, analysis and 
interpretation of data arising from 
problems and questions in daily life 
to the standard deviation

10.0. Introductory Activity 10

1. During 6 consecutive days, a fruit-seller has recorded the number of fruits sold 
per type. 

The table below shows the types and the number of sold fruits in one week.

Type of fruit A (Banana) B(Orange) C(Pineple) D(Avocado) E(Mango) F(apple) 

Number of 
fruits sold 1100 962 1080 1200 884 900

Which type of fruits had the highest number of fruits sold?

a) Which type of fruits had the least number of fruits sold?

b) What was the total number of fruits sold that week?

c) Find out the average number of fruits sold per day. 

2. During the welcome test of Mathematics out of 10 , 10 student-teachers of year 
one SME scored the following marks: 3, 5,6,3,8,7,8,4,8 and 6. 
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PARAMETERS OF a) Determine the mean mark of the class.  

b) What is the mark that was obtained by many students?

c) Compare and discuss about the mean mark of the class and the mark for 
every student-teacher. What advice could you give to the Mathematics 
tutor?

d) Organize all marks in a table and try to present them in an X-Y Cartesian 
plane by making x-axis the number of marks and y-axis the number of 
student-teachers.

10.1 Collection and presentation of grouped and 
ungrouped data

10.1.1. Collection and presentation of ungrouped data

Activity 10.1.1

1. Observe the information provided by the graph and complete the table by 
corresponding the number of learners and their age 
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Age 

Number of 
learners 

2. Read carefully the given statement and categorize them into categorical or 
numerical data. 

Amount of money earned last week

Arm span

Birthdate

Dominant hand reaction time

Favourite sport

Height

Hours slept per night 

Language mostly spoken at home

Foot length

Opinions on environmental 
conservation

School post code

State/Territory live in

Travel method to school

Travel time to school

Year level

Categorical Numerical 
1.

2.

1.

2.

CONTENT SUMMARY
Every day, people come across a wide variety of information in form of facts or 
categorical data, numerical data in form of tables. 

For example, information related to profit/ loss of the school, attendance of students 
and tutors, used materials, school expenditure in term or year, student-teachers’ 
results. These categorical or numerical data which is numerical or otherwise, 
collected with a definite purpose is called data.

Statistics is the branch of mathematics that deals with the collection, presentation, 
interpretation and analysis of data.

A sequence of observations, made on a set of objects included in the sample drawn 
from population, is known as statistical data.

Statistical data can be organized and presented in different forms such as raw tables, 
frequency distribution tables, graphs, etc.  
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Qualitative data
Qualitative data is a categorical measurement expressed not in terms of numbers, 
but rather by means of a natural language description. In statistics, it is often used 
interchangeably with “categorical” data.  Categorical data represent characteristics 
such as a person’s gender, marital status, hometown, or the types of movies they like. 
Categorical data can take on numerical values (such as “1” indicating male and “2” 
indicating female), but those numbers don’t have mathematical meaning. It couldn’t 
add them together, for example.

Example of qualitative data Possible categories variable

• Marital status 
• Gender 
• Pain level
• colour

• Single, married, divorced
• Male, Female
• None, moderated, severe
• Red, black, green, yellow

Quantitative data
Quantitative data is a numerical measurement expressed not by means of a natural 
language description, but rather in terms of numbers. These data have meaning as 
a measurement, such as a person’s height, weight, IQ, or blood pressure; or they’re a 
count, such as the number of stock shares a person owns, or how many pages you can 
read of your favorite book before you fall asleep.

Numerical data can be further broken into two types: discrete and continuous.

• Discrete data represent items that can be counted; they take on 
possible values that can be listed out. The list of possible values may 
be fixed (also called finite); or it may go from 0, 1, 2, on to infinity 
(making it countably infinite). For example, the number of heads in 
100 coin flips takes on values from 0 through 100 (finite case), but 
the number of flips needed to get 100 heads takes on values from 
100 (the fastest scenario) on up to infinity (if you never get to that 
100th heads). Its possible values are listed as 100, 101, 102, 103, . . 
. (representing the countably infinite case).

• Continuous data represent measurements; their possible values 
cannot be counted and can only be described using intervals on the 
real number line. For example, the exact amount of gas purchased 
at the pump for cars with 20-gallon tanks would be continuous data 
from 0 gallons to 20 gallons, represented by the interval [0, 20], 
inclusive. You might pump 8.40 gallons, or 8.41, or 8.414863 gallons, 
or any possible number from 0 to 20. In this way, continuous data 
can be thought of as being unccountably infinite. 
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After the collection of data, tally is used to organize and present in a frequency 
distribution table. Tally means to count by grouping the number of times an item 
has occurred. When the data are arranged in this way we say that we have obtained 
the frequency distribution.

Raw data
Data which have been arranged in a systematic order are called raw data or ungrouped 
data.

For Example, the following are marks out of 20 for 12 student-teachers.

13 10 15 17 17 18
17 17 11 10 17 10

Frequency distribution 
A frequency distribution is a table showing how often each value (or set of values) 
of the collected data occurs in a data set. A frequency table is used to summarize 
categorical or numerical data. Data presented in the form of a frequency distribution 
are called grouped data.

Example 
The following data of marks, out of 20, obtained by 12 student-teachers can be 
presented in a frequency distribution table. 

13 10 15 17 17 18
17 17 11 10 17 10

The set of outcomes is displayed in a frequency table, as illustrated below:

Marks Tallies Frequencies ( )fi

10  2

11 1

13 1

15  2

17   5

18 1

Total 12
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Cumulative frequency
The cumulative frequency corresponding to a particular value is the sum of all 
frequencies up to the last value including the first value. Cumulative frequency can 
also defined as the sum of all previous frequencies up to the current point.

Example:
The set of data below shows marks obtained by student-teachers in Mathematics. 
Draw a cumulative table for the data.

11 15 18 15 10 16 11 10 17
13 17 11 17 16 17 15 13 16

Solution:
The cumulative frequency at a certain point is found by adding the frequency at the 
present point to the cumulative frequency of the previous point.

Marks Frequencies ( )fi Cumulative frequencies (cufi)

10 2 2

11 3 2 3 5+ =

13 2 5 2 7+ =

15 3 7 3 10+ =

16 3 10 3 13+ =

17 4 13 4 17+ =

18 1 17 1 18+ =

STEM AND LEAF DISPLAYS
Is a plot where each data value is split into a leaf usually the last digit and a stem the 
other digit. The stem values are listed down, and the leaf values are listed next to 
them. This way the stem groups the scores and each leaf indicates a score within that 
group

Example: The mathematical competence scores of 10 student-teachers participating 
in mathematics competition are as follows:15,16,21,23,23,26,26,30,32,41. Construct 
a stem and leaf display for these data by using1,  2, 3, and 4 as your stems.
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Solution

Stem Leaf 
      1

      2

      3

      4

5 6

1 3 3 6 6

0 2

1

This means that data are concentrated in twenties.

Example: The following are results obtained by student-teachers in French out of 50. 

37, 33, 33, 32, 29, 28, 28, 23, 22, 22, 22, 21, 21, 21, 20, 

20, 19, 19, 18, 18, 18, 18, 16, 15, 14, 14, 14, 12, 12, 9, 6

Use stem and leaf to display data

Solution: 
Numbers 3, 2, 1, and 0, arranged as a stems to the left of the bars. The other numbers 
come in the leaf part.

3|2337

2|001112223889

1|2244456888899

0|69
From this, data are concentrated in ones 

Application Activity 10.1.1
1. At the beginning of the school year, a Mathematics test was administered in year 

1 to 50 student-teachers to test their level of understanding.  Their results out of 
20 were recorded as follow:  

16 10 11 11 17 12 13 16 15 15
10 9 9 10 11 9 17 10 16 8
18 10 17 9 11 10 14 12 9 8
17 18 15 13 10 10 18 9 10 18
9 10 10 11 11 9 16 11 11 9

Construct a frequency distribution table to help the tutor and the school 
administration to easily recognize the level of understanding for the Year 1 student-
teachers. 
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2. Differentiate qualitative and quantitative data from the list below: Product rating, 
basketball team classification, number of student-teachers in the classroom, 
weight, age, Number of rooms in a house, number of tutors in school.

10.1.2. Collection and presentation of grouped data

Activity 10.1.2

The mass of 50 tomatoes (measured to the nearest g) were  measured and recorded 
in the table below.

86 101 114 118 87 92 93 116 105
102 92 93 101 111 96 117 100 106
118 101 107 96 101 102 104 92 99
107 98 105 113 100 103 108 92 109
95 100 103 110 113 99 106 116 101

105 86 88 108 92

Construct a frequency distribution table, using equal class intervals of width 5g 
and taking the lower class boundary of the first interval as 84.5g. 

CONTENT SUMMARY
When the range of data is large, the data must be grouped into classes that are more 
than one unit in width. In this case a grouped frequency distribution is used. Data in 
this case are grouped in a frequency distribution using groups or classes.

• Class limits: The class limits are the lower and upper values of the 
class

• Lower class limit: Lower class limit represents the smallest data 
value that can be included in the class.

• Upper class limit: Upper class limit represents the largest data 
value that can be included in the class.

• 
• Class boundaries:  Class boundaries are the midpoints between 

the upper class limit of a class and the lower class limit of the 
next class. Therefore, each class has a lower and an upper class 
boundary.

Example: The following data represent the marks obtained by 40 students in 
Mathematics test. 
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Organize the data in the frequency table; grouping the values into classes, starting 
from 41-50

54  83  67  71  80  65  70  73 45  60  72  82  79  78   65  54 67  64  54  76  45  63  49  52

60  70  81  67  45  58  v69  53  65  43  55  68  49  61  75  52

Solution: 

Classes
Class midpoint

x

Frequency

f

41-50 45.5 6
51-60 55.5 10
61-70 65.5 13
71-80 75.5 8
81-90 85.5 3

The classes: 41-50, 51-60, 71-80, 81-90

Lower class limits: 41, 51, 61, 71, and 81

Upper class limits: 50, 60, 70, 80, and 90

Example

Using the frequency table above, determine the class boundaries of the three classes.

Solution 

For the first class, 41-50

The lower class boundary is the midpoint between 40 and 41, that is 

The upper class boundary is the midpoint between 50 and 51, that is 

For the second class, 51-60

The lower class boundary is the midpoint between 50 and 51, that is 

The upper class boundary is the midpoint between 60 and 61, that is 

For the third class, 61-70

The lower class boundary is the midpoint between 60 and 61, that is 
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The upper class boundary is the midpoint between 70 and 71, that is 

Class width
Class width is the difference between the upper class boundary and lower class 
boundary

If the classes are presented in the form , ,

Example 

Classes Class midpoint Frequency

7.5 2

12.5 6

17.5 4

22.5 3

27.5 4

32.5 1

For ,  is 15

Application activity 10.1.2
Suppose a researcher wished to do a study on the distance (in kilometres) that 
the employees of a certain department store travelled to work each day. The 
researcher collected the data by asking each employee the approximate distance 
is the store from his or her home. Data are collected in original form called raw 
data as follow:

1 2 6 7 12 13 2 6 9 5
18 7 3 15 15 4 17 1 14 5
4 16 4 5 8 6 5 18 5 2
9 11 12 1 9 2 10 11 4 10
9 18 8 8 4 14 7 3 2 6
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Since little information can be obtained from looking at raw data, help the 
researcher to make a frequency distribution table (use 1-3 km and 16-18 km as 
class limits) so that some general observations can easily be done by the researcher. 

10.2 Measure of central tendencies:  Mean, median and 
mode

Activity 10.2

1. Observe the following marks of 10 students in mathematics test: 5, 4, 10, 3, 3, 
4, 7, 4, 6, 5 and complete the table below.

Marks (x) Frequency (f) f x
3
4
5
6
7
10
Total 

Calculate the mean, median, mode and range of this set

2. In three classes of Year three in TTC, during the quiz of mathematics out of 5 
marks, 100 student-teachers obtain marks as shown in the table below:

Marks (x) 0 1 2 3 4

Frequency (f) 4 19 25 29 23

• What is the marks obtained by most of the  students?
• You are asked to calculate the mean mark for the class. Explain 

how you should find it. 

CONTENT SUMMARY
For the comparison of one frequency distribution with another, it requires 
to summarize it in such a manner that its essence is expressed in few 
figures only. For this purpose, we find most representative value of data. 



240

This representative value of the data is known as the measure of central 
tendency or averages. 

a) Mean, mode , median and range of ungrouped data
Thus for any particular set of ungrouped data, it is possible to select some typical 
values or average to represent or describe the entire set such a descriptive value is 
referred to as a measure of central tendency or location such as mean, mode, median 
and range. 

The median: 
The data is arranged in order from the smallest to the largest, the middle number is 
then selected. This really the central number of the range and is called the median.

When total observation ( fi n=∑  ) is odd the median is given by 1
2

thnMe + →  
   

or 1
2

nMe x +=
 
and read the number which located on this position. On the other side 

when n is even, 1 1
2 2 2

th thn nMe
    = + +    
     

 or 1
2 2

2

n nx x
Median

+
+

=  then the median 

is a half of the sum of number located on those two positions.

Examples

1. Calculate the median of the following numbers: 4, 5, 7,2, 1

Solution: Arrange data from lowest to highest number as 1, 2, 4, 5, 7

1
2

thnMe + →  
 

5 1 3
2

th
rdMe + → = 

   
Then, 4Me =

2. Calculate the median of the following numbers: 4, 5, 7, 2, 1 and 8

Solution:  arrange numbers as 1, 2, 4, 5, 7, 8. Total observation ( ) 6n = since the total 

observation When n is even then, 1 1
2 2 2

th thn nMe
    = + +    
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( ) ( )1 6 6 11 3 4
2 2 2 2

th th
rd thMe

      = + + = +             

4 5 4.5
2

Me +
= =

The mean:
All the data is added up and the total divided by the number of items. This is called the 

mean and is equivalent to sharing out all data evenly. Mean is given by 1x xfi
n

= ∑
The mode: 
The mode is the number that appears the most often from the set of data

The range

In the case of ungrouped data, the range of a set of observations is the difference in 
values between the largest and the smallest observations in the set.

Example 1
Calculate the mean, median, mode and range of the following set of numbers: 3, 4, 
4, 6, 8, 5, 4, and 8

Solution: 1x xfi
n

= ∑
x fi xfi
3 1 3
4 3 12
5 1 5
6 1 6
8 2 16

8fi n= =∑ 42xfi =∑

• The mean is given by

1x xfi
n

= ∑
 

42 5.25
8

x = =
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• The median: Arrange data first 3, 4, 4, 4, 5, 6, 8,8. 

Then the median 4 5 4.5
2
+

= =

• The mode is 4
• The range 8-3=5

b) Mean, mode, median and range of grouped data 
For any particular set of grouped data, it is possible to select some typical values or 
average to represent or describe the entire set such a descriptive value is referred to 
as a measure of central tendency or location such as mean, mode, median and range.

Mean

Mean is given by 1x xfi
n

= ∑ , where n f= ∑ : the sum of frequencies of data.

Mode 

1

1 2
mMode L c

 ∆
= +  ∆ + ∆ 

Specifically, these notation symbols used in above formula;

mL  is lower boundary of modal class. 

C   is class width: the difference between upper and lower boundary of  

modal class ( m mC U L= − )

mf  : frequency of modal class. 

1

2

m b

m a

f f
f f

∆ = −
∆ = −

   bf  is frequency followed by mf  and af  is frequency follows mf .

Median 

 

2 b

m
m

n CF
Median L C

f

 − 
= +  
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Specifically, these notation symbols used in above formula;

mL  this is lower boundary of modal class. 

C  this is class width: the difference between upper and lower boundary of  

modal class ( m mC U L= − )

mf  : frequency of modal class

n f= ∑ : the sum of frequencies of data.

bCF : cumulative frequency followed by cumulative frequency of modal class

 (cumulative frequency before modal class)

Range
In the case of grouped data the range is defined as the difference between the upper 
limit of the highest class and the lower limit of the smallest class.

Application activity 10.2
1. A group of student-teachers from SME were asked how many books they 

had read in previous year; the results are shown in the frequency table below. 
Calculate the mean, median and mode number of books read.

Number of books 0 1 2 3 4 5 6 7 8
frequency 5 5 6 9 11 7 4 2 1

2. During oral presentation of internship report for year three student-teachers 
the first 10 student-teachers scored the following marks out of 10:

8, 7, 9, 10, 8, 9, 8, 6, 7 and 10

a. Calculate the mean of the group

b. Calculate the median and Mode
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10.3 Graphical representation of grouped and 
ungrouped data

Activity 10.3

1. In a class of year 1, student-teachers are requested to provide their sizes in 
order to be given their sweaters. The graph below shows the sizes of sweaters 
for 30 students. Observe and interpret it by finding out the number of students 
with small, medium, large, extra-large. Guess the name of the graph. 

2. The mass of 50 tomatoes (measured to the nearest g) were measured and 
recorded in the table below.

Class 
boundaries 
(in g) 

84.5-89.5 89.5-
94.5

94.5-
99.5 99.5-104.5 104.5-

109.5
109.5-
114.5

114.5-
119.5

Frequency 4 7 6 13 10 5 5

Cumulative 
frequency 

Determine cumulative frequency 

b) Try to draw a histogram, the frequency polygon and the cumulative frequency 
polygon to illustrate the data.

3.A pie chart shows the mass (in tonnes) of each type of food eaten in a certain 
month. Observe the pie chart and make a corresponding frequency distribution 
table by considering the number of tones for each type of food as frequency. 
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CONTENT SUMMARY
After the data have been organized into a frequency distribution, they can be 
presented in a graphical form. The purpose of graphs in statistics is to convey the 
data to the viewers in a pictorial form. It is easier for most people to comprehend the 
meaning of data presented graphically than data presented numerically in tables or 
frequency distributions. 

The most commonly used graphs are: Bar graph, Pie chart, Histogram, Frequency 
polygon, Cumulative frequency graph or Ogive. 

A bar graph 
A bar chart or bar graph is a chart or graph that presents numerical data with 
rectangular bars with heights or lengths proportional to the values that they represent. 
The bars can be plotted vertically or horizontally. A vertical bar chart is sometimes 
called a line graph.

Pie chart 
A pie chart is used to display a set of categorical data. It is a circle, which is divided 
into segments. Each segment represents a particular category. The area of each 
segment is proportional to the number of cases in that category.
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Example: 
A TTC tutor conducted a survey to check the level of how student-teachers like some 
subjects (English, Mathematics, French, Entrepreneurship, Kinyarwanda) taught 
in SME option. The survey was done on 60 student-teachers and the table below 
summarizes the results.

Subject Number of students
English 12
Mathematics 24
French 6
Entrepreneurship 10
Kinyarwanda 8

In order to clearly present his/ her findings, the tutor presented the data on a bar 
graph and then on a pie chart as follows: 

1. Bar graph 
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2. A pie chart 

0
024x360 144

60
Students who like Mathematics = =

1440 represents 40% (
0

0

144 x100 40%
360

= )

0
012x360 72

60
Students who like Mathematics = =

720 represents 20% (
0

0

72 x100 20%
360

= )

0
06x360 36

60
Students who like French = =

360 represents 10% (
0

0

36 x100 10%
360

= )

0
010x360 60

60
Students who like Entrepreneurship = =

600 represents 17% (
0

0

60 x100 17%
360

= )

0
08x360 48

60
Students who like Kinyarwanda = = which is representing 13%                

(
0

0

8 x100 13%
360

= )

Histogram
Histogram is a statistical graph showing frequency of data. The horizontal axis details 
the class boundaries, and the vertical axis represents the frequency. Blocks are drawn 
such that their areas (rather than their height, as in a bar chart) are proportional to 
the frequencies within a class or across several class boundaries. There are no spaces 



248

between blocks.

Example: Draw a histogram for the frequency distribution given in the table below.

Classes Frequency

2-4 2

5-7 7

8-10 8

11-13 5

Solution: 

Step 1. Find the class boundaries

classes Frequency

[ [1.5,4.5 2

[ [4.5,7.5 7

[ [7.5,10.5 8

[ [10.5,13.5 3

Step 2: Draw Histogram (frequency against class boundaries) 
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Frequency polygon 
In a frequency polygon, a line is drawn by joining all the midpoints of the top of the 
bars of a histogram. 

A frequency polygon gives the idea about the shape of the data distribution. The two 
end points of a frequency polygon always lie on the x-axis.

Example 

Use the histogram above to draw a frequency polygon.

Solution

Example:
Construct a histogram, a frequency polygon, a cumulative frequency graph or ogive 
to represent the data shown below for the record high temperatures for each of the 
50 states 

Class boundaries Frequency 

99.5-104.5 2
104.5-109.5 8
109.5-114.5 18
114.5-119.5 13
119.5-124.5 7
124.5-129.5 1
129.5-134.5 1
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Step1: Draw Histogram 

Temperature

Step 2: Draw Frequency Polygon 

Temperature
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Application activity 10.3
1. At the beginning of the school year, a Mathematics test was administered in 

year 1 for 50 student-teachers to test their levels in this subject..  Their results 
out of 20 were recorded as follow:  

Marks 8 9 10 11 12 13 14 15 16 17 18
Frequency 2 9 11 8 2 2 1 3 4 4 4

Present the data using a bar graph to help the tutor and the school administration 
to easily recognize the level of understanding for the Year 1 student-teachers. 

2. The cumulative frequency distribution table below shows distances (in km) 
covered by 20 runners during the week of competition.

Class boundaries Frequency Cumulative frequency 
5.5-10.5

10.5-15.5

15.5-20.5

20`5-25.5

25.5-30.5

30.5-35.5

35.5-40.5

1

2

3

5

4

3

2

1

3

6

11

15

18

20
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a) Construct a histogram

b) Construct a frequency polygon

c) Construct an ogive.

10.4 Measure of dispersion: Range, variance, Standard 
Deviation and coefficient of variation

Activity 10.4

Before starting the third term, Mathematics tutor calculated the mean mark of 
five student-teachers got in Mathematics test for the second term. He/she found 
that the mean mark is 16.875x = . Use this mean to complete the table below:

x f x x− ( )2
x x− ( )2

f x x−

12 4

13 2

15 1

19 4

21 5

f =∑ ( )2
f x x− =∑

CONTENT SUMMARY
The word dispersion has a technical meaning in statistics. The average measures the 
center of the data. It is one aspect of observations. Another feature of the observations 
is how the observations are spread about the center. The observation may be close to 
the center or they may be spread away from the center. If the observations are close 
to the center (usually the arithmetic mean or median), we say that dispersion, scatter 
or variation is small. If the observations are spread away from the center, we say that 
dispersion is large.

The study of dispersion is very important in statistical data. If in a certain factory 
there is consistence in the wages of workers, the workers will be satisfied. But if some 
workers have high wages and some have low wages, there will be unrest among the 
low paid workers and they might go on strikes and arrange demonstrations. If in a 
certain country some people are very poor and some are very high rich, we say there 
is economic disparity. It means that dispersion is large. 
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The extent or degree in which data tend to spread around an average is also called 
the dispersion or variation. Measures of dispersion help us in studying the extent to 
which observations are scattered around the average or central value. Such measures 
are helpful in comparing two or more sets of data with regard to their variability.

Properties of a good measure of dispersion

i. It should be simple to calculate and easy to understand

ii. It should be rigidly defined

iii. Its computation be based on all the observations

iv. It should be amenable to further algebraic treatment

Some measures of dispersion are Quartiles, variance, Range, standard deviation, 
coefficient of variation

( )1 1 1
4

1 1
4

th
nQ n orQ x +→ + =

.  
( )2 2 1

2

1 1
2

th
nQ n orQ x Me+→ + = =

( )3 3 3(n 1)
4

3 1
4

thQ n orQ x +→ + =
 

The inter-quartile range is given by the difference between third quartile and the 
first quartile.

Example 1
Find the first and the second quartiles of the data set: 1, 3, 4, 5, 5, 6, 9, 14, and 21

Solution: 

( )1
1 1
4

thQ n= +
 = 

( )1 9 1 (2.5)
4

th th+ =
,

 1 4Q∴ =

2Q Me= , 
( )2

1 1
2

thQ n→ +
 = 

1 (9 1) 5
2

th th+ =
,  2 5Q =

Example 2
In the series given below, calculate the first quartile, second quartile and interquartile 
range

2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22
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Solution

( )1
1 1
4

thQ n→ +
 
= 11 1 3

4

th
rd+  = 

 
 Then the first quartile is 1 6Q =

( )3
3 1
4

thQ n→ +
 
= 3 (11 1 9

4

th
th + = 

 
 Then the third quartile is 3 18Q =

Inter-quartile range= 3 1 18 6 12Q Q− = − =

Variance
Variance measures how far a set of numbers is spread out. A variance of zero indicates 
that all the values are identical. Variance is always non-negative: a small variance 
indicates that the data points tend to be very close to the mean and hence to each 
other, while a high variance indicates that the data points are very spread out around 
the mean and from each other.

The variance is denoted and defined by 

( )2

2 1

n

i
i

x x

n
σ =

−
=

∑

Developing this formula we have

( )( )

( )

( )

( )

22

2 1

22

1 1 1

22

1

22

1

2

1 1 12 1

1 2

1

n

i i
i

n n n

i i
i i i
n

i
i
n

i
i

x x x x

n

x x x x
n n n

x xx x
n

x x
n

σ =

= = =

=

=

− +
=

= − +

= − +

= −

∑

∑ ∑ ∑

∑

∑

Thus, the variance is also defined by 

( )22 2

1

1 n

i
i

x x
n

σ
=

= −∑

Recall that the mean of the set of n values 1 2 3, , ,..., nx x x x  is denoted and defined by 
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1 2 3

1

1

...

1

n

n
i

i
n

i
i

x x x xx
n

x
n

x
n

=

=

+ + + +
=

=

=

∑

∑

Example 1
Calculate the variance of the following distribution: 9, 3, 8, 8, 9, 8, 9, 18

Solution 

9 3 8 8 9 8 9 18 9
8

x + + + + + + +
= =

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2 2 2 2 2 2 2 2
2 9 9 3 9 8 9 8 9 9 9 8 9 9 9 18 9

15
8

σ
− + − + − + − + − + − + − + −

= =

Example 2
Calculate the variance of the distribution of the following grouped data:

Class [10,20[ [20,30[ [30,40[ [40,50[ [50,60[ [60,70[ [70,80[
Frequency 1 8 10 9 8 4 2

Solution

Class x f xf x2  x2f
[10,20[ 15 1 15 225 225
[20,30[ 25 8 200 625 5000
[30,40[ 35 10 350 1225 12250
[40,50[ 45 9 405 2025 18225
[50,60[ 55 8 440 3025 24200
[60,70[ 65 4 260 4225 16900
[70,80[ 75 2 150 5625 11250

    42x =∑ 1820xf =∑ 2 16975ix =∑ 2 88050x f =∑

 
1820 43.33

42
x = =
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( )22 88050 43.33 218.94
42

σ = − =

STANDARD DEVIATION
The standard deviation has the same dimension as the data, and hence is comparable 
to deviations from the mean. We define the standard deviation to be the square root 
of the variance. 

Thus, the standard deviation is denoted and defined by 

( )2

1

n

i
i

x x

n
σ =

−
=

∑
 or 

( )22

1

1 n

i
i

x x
n

σ
=

= −∑

The above results are used for the grouped data where ix is the mid-interval value 
for the ith group. 

The following results follow directly from the definitions of mean and standard 
deviation:

• When all the data values are multiplied by a constant a, the new 
mean and new standard deviation are equal to a times the original 
mean and standard deviation. That is, the mean of 1 2 3, , ,..., nax ax ax ax  

is ( )a x  and the standard deviation is aσ .
• When a constant value, b,is added to all data values, then new mean 

is increased by b. However standard deviation does not change. That 
is, the mean of 1 2 3, , ,..., nax ax ax ax is x b+  and the standard deviation 
is σ .

Example 1
The six runners in a 200 meter race clocked times (in seconds) of 24.2, 23.7, 25.0, 
23.7, 24.0,4.6

a) Find the mean and standard deviation of these times.

b) These readings were found to be 10% too low due to faulty timekeeping. Write 
down the new mean and standard deviation.

Solution 

a) 24.2 23.7 25.0 23.7 24.0 24.6 24.2 seconds
6

x + + + + +
= =  
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( ) ( ) ( ) ( ) ( ) ( )2 2 2 2 2 224.2 24.2 23.7 24.2 25.0 24.2 23.7 24.2 24.0 24.2 24.6 24.2
6

0.473 seconds

σ
− + − + − + − + − + −

=

   =    
b) We must divide each term 0.9 to find the correct time. The new mean is 

24.2 26.9 sec
0.9

x = =    . The new standard deviation is 0.4726 0.525 sec
0.9

σ = =    

The method which uses the formula for the standard deviation is not necessarily the 
most efficient. Consider the following:

( )

( )( )
( )

( ) ( )

( ) ( )

( )

2

22

2
2

2
2

2 22

22

variance

2

2

1
2 s ince is a constant

1 2

1

x x

n

x x x x

n

xx x x
n n n
x x

x x x
n n n

x x x
n

x x
n

−
=

− +
=

= − +

= − +

= − +

= −

∑

∑

∑∑ ∑

∑ ∑ ∑

∑

∑

Example 2
The heights (in meters) of six children are 1.42, 1.35, 1.37, 1.50, 1.38 and 1.30. 
Calculate the mean height and the standard deviation of the heights.

Solution:

( )1Mean 1.42 1.35 1.37 1.50 1.38 +1.30 1.39
6

m= + + + + =    

( )2 2 2 2 2 2 2 21Variance 1.42 1.35 1.37 1.50 1.38  +1.30 1.39 0.00386
6

m= + + + + − =   

2Standard deviation 0.00386 0.0621m m=   =   
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Coefficient of variation
The coefficient of variation measures variability in relation to the mean (or average) 
and is used to compare the relative dispersion in one type of data with the relative 
dispersion in another type of data. It allows us to compare the dispersions of two 
different distributions if their means are positive. The greater dispersion corresponds 
to the value of the coefficient of greater variation.

The coefficient of variation is a calculation built on other calculations: the standard 
deviation and the mean as follows: 

100Cv
x
σ

= ×

Where:

• σ  is the standard deviation 

• x  Is the mean.

Example:
One data series has a mean of 140 and standard deviation 28.28. The second data 
series has a mean of 150 and standard deviation 24. Which of the two has a greater 
dispersion?

Solution: 

1
28.28 100 20.2%
140

Cv = × =

0
02

24 100 16
150

Cv = × =

The first data series has a higher dispersion.

Range

In the case of ungrouped data, the range of a set of observations is the difference in 
values between the largest and the smallest observations in the set. In the case of 
grouped data the range is defined as the difference between the upper limit of the 
highest class and the lower limit of the smallest class.

Example

Calculate the range of the following set of the data set: 1, 3, 4, 5, 5, 6, 9, 14 and 21

Solution: From the given series the lowest data is 1 and the highest data is 21

The Range = highest value-lowest value
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Range = 21-1= 20

Application activity 10.4
1. Out of 4 observations done by tutor of English, arranged in descending order, 

the 5th, 7th, 8th and 10th observations are respectively 89, 64, 60 and 49. Calculate 
the median of all the 4 observations.

2. In the following statistical series, calculate the standard deviation of the 
following set of data

  56,54,55,59,58,57,55

3. In the classroom of SME the first five student-teachers scored the following 
marks out of 10 in a quiz of Mathematics

5, 6, 5, 2, 4, 7, 8, 9, 7, 5

a. Calculate the mean, median and the modal mark

b. Determine the quartiles and interquartile range

c. Calculate the variance and the standard deviation

d. Determine the coefficient of variation 

10.5 Application of statistics in daily life

Activity 10.5

Using internet or reference books from the school library, make a research to 
provide in written form at least one example of where the following statistical 
terminologies are needed and used in real life situations: 

• Frequency distribution 
• Statistical graphs like Bar graph, Histogram, Frequency polygon, 

Mean, 
• Variance

Make a presentation of your findings to the whole class 

CONTENT SUMMARY
Statistics is concerned with scientific method for collecting and presenting, 
organizing and summarizing and analyzing data as well as deriving valid conclusions 
and making reasonable decisions on the basis of this analysis 
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Today, statistics is widely employed in government, business and natural and social 
sciences. Statistical methods are applied in all field that involve decision making. 

For example, in agriculture, statistics can help to ensure the amount of crops are 
grown this year in comparison to previous year or in comparison to required amount 
of crop for the country. It may also be helpful to analyze the quantity and size of 
grains grown due to use of different fertilizer. 

In education, statistics can be used to analyze and decide on the money spend on 
girls education in comparison to boys education 

Nowadays, graphs are used almost everywhere. In stock market, graphs are used to 
determine the profit margins of stock. There is always a graph showing how prices 
have changed over time, food price, budget forecasts, exchange rates…

Mean is used as one of comparing properties of statistics. It is defined as the average 
of all the clarifications. Mean helps Teachers to see the average marks of the students. 

A large standard deviation indicates that the data points can spread far from the 
mean and a small standard deviation indicates that they are clustered closely around 
the mean. Standard deviation is often used to compare real-world data against a 
model to test the model.

In finance, standard deviation is often used as a measure of the risk associated 
with price-fluctuations of a given asset (stocks, bonds, property, etc.), or the risk 
of a portfolio of assets, Standard deviation provides a quantified estimate of the 
uncertainty of future returns.

Application activity 10.5
1. Using internet or reference books from the school library, make a research to 

provide in written form at least one example of where the following statistical 
terminologies are needed and used in real life situations: 

• Frequency distribution 
• Statistical graphs like Pie chart, cumulative frequency polygon 

or ogive 
• Mode and median
• Standard deviation 

Make a presentation of your findings to the whole class 

2. Collect data on 20 students’ heights in your class and organize them in a 
frequency distribution. Calculate the mean of 20 students’ heights, variance 
as well as standard deviation. What conclusion can you make based on the 
calculated mean, variance and standard deviation?
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10.6. END UNIT ASSESSMENT 10

1. Use the graph below to answer the questions that follows 

a. Use the graph to estimate the mode. 

b. State the range of the distribution.

c. Draw a frequency distribution table from the graph

2. In test of mathematics, 10 student-teachers got the following marks:

6, 7, 8, 5, 7, 6, 6, 9, 4, 8

a. Calculate the mean, mode, quartiles and interquartile range

b. Calculate the variance and standard deviation

c. Calculate the coefficient of variation.

3. A survey taken in a restaurant shows the following number of cups of coffee 
consumed with each meal. Construct an ungrouped frequency distribution. 

0    2    2   1   1   2    3   5     3   2   2   2     1   0   1   2     4   4   0    1   0    1    4   4  2   
2      0   1   1   5

4. The amount of protein (in grams) for a variety of fast-food sandwiches is reported 
here. Construct a frequency distribution using six classes. Draw a histogram, 
frequency polygon, and ogive for the data, using relative frequencies. Describe 
the shape of the histogram. 
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23 30 20 27 44 26 35 20 29 29
25 15 18 27 19 22 12 26 34 15
27 35 26 43 35 14 24 12 23 31
40 35 38 57 22 42 24 21 27 33
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UNIT 11
POLYNOMIAL FUNCTIONS

Key Unit competence: Use concepts and definitions of 
functions to determine the 
domain of polynomial functions, 
solve related problems and 
represent them graphically in 
simple cases (plotting linear and 
quadratic functions)

11.0. Introductory Activity 11

A person was reading a newspaper and met some graphs which need to be analysed 
and interpreted in order to gain full information. 

• See below different types of presented graphs and their related 
expressions or functions 

• Discuss about their common characteristics and their differences 
in terms of shapes and great exponent of the variable x .
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11.1 Definition of a polynomial function

Activity 11.1

Observe the following expressions and identify how many terms each has and 
deduce the common characteristics of their powers or exponents 

2 x 5x3

2 5x + 2x x− 5x −

2 5 6x x+ + 5 3 8x x− + 22 5 6x x+ +

Make a research and prepare a half page explaining the mathematical name of an 
algebraic expression made by one term, two terms, three terms, many terms 

CONTENT SUMMARY

Definition of a monomial:

A monomial is a variable, a real number, or a multiplication of one or more variables 
and a real number with whole-number exponents

A function that is expressible as the sum of finitely many monomials in x is called 
polynomial in x.

Example 1

3 4 7x x+ + ; 217
3

x− ; y and 5x  are polynomials. Also ( )32x −  is a polynomial in x 
because it is expressible as a sum of monomials.

In general, f is a polynomial in x if it is expressible in the form 

( ) 2
0 1 2 ...... n

nf x a a x a x a x= + + + +  where n is a nonnegative integer and 

0 1, ,........, na a a  are real constants.

A polynomial is called 

• Linear if it has the form 0 1 1, 0a a x a+   ≠

• Quadratic if it has the form 2
0 1 2 2, 0a a x a x a+ +   ≠

• Cubic if it has the form 2 3
0 1 2 3 3, 0a a x a x a x a+ + +   ≠
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Application activity 11.1

The largest exponent within the polynomial determines the degree of the 
polynomial.

1. Observe the polynomials in the table below and write the degree of each 
one. 

Polynomial function 
in general form 

Degree Name of function 

y ax b= +

2y ax bx c= + +

3 2y ax bx cx d= + + +

4 3 2y ax bx cx dx e= + + + +

2. From the 4 given polynomial functions in the table above, deduce the general 
form of an n-degree polynomial function. 

11.2 Domain and range of a polynomial function 

Activity 11.2

In following arrow diagram, for each element of set A state which element of B is 
mapped to it. 
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CONTENT SUMMARY
A function is a rule that assigns to each element in a set A one and only one element 
in set B. We can even define a function as any relationship which takes one element 
of one set and assigns to it one and only one element of second set. The second set is 
called a co-domain. The set A is called the domain, denoted by Domf or Df.  

If x is an element in the domain of a function f, then the element that f associates 

with x is denoted by the symbol ( )f x  (read f of x) and is called the image of x 
under f or the value of f at x.

The set of all possible values of ( )f x  as x varies over the domain is called the range 

of f and it is denoted ( )R f .

Example 1
Four children, Ann, Bob, Card and David, are given a spelling test which is marked out 
of 5; their marks for the test are shown in the arrow diagram:

A function f can associate more than one element of the domain onto the same 
element of the range. For example, Ann 4→  and Card 4→ . Such functions are said 
to be many-to-one.

Functions for which each element of the domain is associated onto a different element 
of the range are said to be one-to-one.

Relationships which are one-to-many can occur, but from our preceding definition, 
they are not functions.
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Example 2

One-to-one function

The domain is { }, ,A B C

The codomain is { }, , ,W X Y Z

The range is { }, ,W X Y

Many-to-one function

The domain is { }, ,A B C , the codomain is { }, , ,W X Y Z  and the range is { }Y Z,
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One-to-many relationship

Because this is a one-to-many relationship, it is not a function. 

We shall write ( )f x  to represent the image of x under the function f. The letters 
commonly used for this purpose are f, g and h.

Example 3

Given that ( ) 2f x x= , find the values of ( ) ( ) ( ) ( ) ( )0 , 2 , 3 , 4 5f f f f and f

Solution

( ) 20 0 0f = =     ( ) 22 2 4f = =

( ) 23 3 9f = =    ( ) 24 4 16f = = ( ) 25 5 25f = =

Note:

( ) 2f x x=  can also be written as 2:f x x→  which is read as “f is a function which 
maps x onto 2x ”. The domain of  the function 2( )f x x=   is the set of real numbers 

 and the range is 0
+

 .

Example 4

Draw arrow diagrams for the functions. Use the domain { }1,2,3

a. : 3f x x→

b. 2: 1h x x→ +
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c. : 2 1g x x→ +

Solution

a. : 3f x x→

b. 2: 1h x x→ +

c. : 2 1g x x→ +

Example 5

The functions f and g are given as ( ) 3 0f x x for x= +     ≥  and 

( ) 2 3g x x for x=     − 2 ≤ ≤

State the range of each of these functions.
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Solution

If 0x ≥ , then 3 3x + ≥ . Thus, the range of  f  will be ( ) 3f x ≥

If 2 3x− ≤ ≤ , then  20 9x≤ ≤ . Thus, the range of g will be ( )0 9g x≤ ≤

Note: Given that ( )f x  is polynomial, then the domain of definition 

is the set of real numbers. That is Domf =   ( ),x f x∀ ∈ =   
Application activity 11.2

1. State which of the following relations shows a function

  

2. In the following arrow diagram, state the domain, co-domain and range

3. If ( ) 2 4f x x= + , find

a. ( )2f
b. ( )2f −

c. ( )f d
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d. The value of a if ( )f a a=

4. Find the domain of definition for each of the following functions

a. ( ) 3 22 2f x x x= + −  

b. ( ) 2g x = −

c. ( ) ( )26f x x= +

11.3 Parity  of a polynomial function: even and odd 
functions 

Activity 11.3

For each of the following functions, find ( )f x−  and ( )f x− . Compare ( )f x−  

and ( )f x−  using =   or ≠

1. ( ) 2 2 3f x x x= + +

2. ( ) 2 5f x x= +

3. 5( ) 3 8f x x x= − +

CONTENT SUMMARY
Even function

A function ( )f x  is said to be even if the following conditions are satisfied 

• ,x Domf x Domf∀ ∈ − ∈

• ( ) ( )f x f x− =

Example: The function ( ) 2f x x=  is an even function since 

,x Domf x Domf∀ ∈ = − ∈ =   and ( ) ( ) ( )2 2f x x x f x− = − = =
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Odd function

A function ( )f x  is said to be odd if the following conditions are satisfied 

• ,x Domf x Domf∀ ∈ − ∈

• ( ) ( )f x f x− = −

Example: ( ) 3f x x=  is an odd function since ,x Domf x Domf∀ ∈ = − ∈ =   

and ( ) ( ) ( )3 3f x x x f x− = − = − = −

Application activity 11.3

Study the parity of the following functions

1. ( ) 22 2 3f x x x= + −  

2. ( ) 3g x x x= −  

3. ( ) ( )2g x x x x= +
 

11.4 Plotting linear and quadratic functions

Activity 11.4

1. Copy and complete the tables below. 

 

2. Use the coordinates from each table to plot the graphs on separate Cartesian 
planes.

3. What is your conclusion about the shapes of the graphs?
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CONTENT SUMMARY

Linear function

Any function of the form ( )f x mx b= + , where m is not equal to 0 is called a linear 
function. The domain of this function is the set of all real numbers. The range of f 
is the set of all real numbers. The graph of f is a line with slope m and y intercept b.

Note: A function ( )f x b= , where bis a constant real number is 
called a constant function. Its graph is a horizontal line at y b= .

Examples of a linear function are 1, 2 3, 3 4,...y x y x y x= + = − = − +

Graphs of linear functions. 

The ordered pair (x, y) represents coordinates of any point on the Cartesian plane. 
Consider a line passing through the points 1 1( , )A x y  and 2 2( , )B x y .

From A to B, the change in the x-coordinate (horizontal change) is 2 1x x−  and the 

change in the y-coordinate (vertical change) is 2 1y y− . 

By definition, gradient / slope is equal to 2 1

2 1

y ychange in y coordinates
change in x coordinates x x

−−
=

− −
In the Cartesian plane, the gradient of a line is the measure of its slope or inclination 
to the x-axis. It is defined as the ratio of the change in y-coordinate (vertical) to the 
change in the x-coordinate (horizontal).

When drawing a graph of a linear function, it is sufficient to plot only two points 
and these points may be chosen as the x and y intercepts of the graph. In practice, 
however, it is wise to plot three points. If the three points lie on the same line, the 
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working is probably correct, if not you have a chance to check whether there could 
be an error in your calculation. 

If we assign x any value, we can easily calculate the corresponding value of y.
Determine the x intercept, set f(x) = 0 and solve for x and then determine the y 
intercept, set x = 0 to find f(0).
Consider the equation y = 2x + 3. 

• When x = 0,  y = 2 × 0 + 3 = 3 
• When x = 1, y = 2 × 1 + 3 = 5
• When x = 2, y = 2 × 2 + 3 = 7 and so on.

For convenience and ease while reading, the calculations are usually tabulated as 
shown below in the table of values for y = 2x + 3: 

x  0 1 2 3 4

2x  0 2 4 6 8

3+  3 3 3 3 3

2 3y x= +  3 5 7 9 11

From the table the coordinates (x, y) are (0, 3), (1, 5), (2, 7), (3, 9), (4, 11)....
When drawing the graph, the dependent variable is marked on the vertical axis 
generally known as the y – axis. The independent variable is marked on the horizontal 
axis also known as the x – axis.
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Quadratic function

A polynomial equation in which the highest power of the variable is 2 is called a 
quadratic function.  The expression 2y ax bx c= + + , where ,a b  and c  are constants 
and a ≠ 0, is called a quadratic function of x or a function of the  second degree 
(highest power of x is two).

Table of values are used to determine the coordinates that are used to draw the graph 
of a quadratic function. To get the table of values, we need to have the domain (values 
of an independent variable) and then the domain is replaced in a given quadratic 
function to find range (values of dependent variables). The values obtained are useful 
for plotting the graph of a quadratic function. All quadratic function graphs are 
parabolic in nature.

Any quadratic function has a graph which is symmetrical about a line which is 
parallel to the y-axis i.e. a line x=h where h is constant value. This line is called axis 
of symmetry.

For any quadratic function  2( )f x ax bx c= + +  whose axis of  symmetry is the line 
x=h, the vertex is the point (h,f(h))

The vertex of a quadratic function is the point where the function crosses its axis of 
symmetry.

If the coefficient of the 2x term is positive,  the vertex will be the lowest point on the 
graph, the point at the bottom of the  U-shape. If the coefficient of the term 2x  is 
negative, the vertex will be the highest  point on the graph, the point at the top of  the 
∩-shape. The shapes are as below.

Since the quadratic function written as 2( )f x ax bx c= + + , then we can get the  

y-coordinate of the vertex by substituting  the x-coordinate  which is 
2
bx
a

= −  .So 

the vertex becomes , ( )
2 2
b bf
a a

 − − 
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The axis of symmetry of a quadratic function  is the x-coordinate of  the quadratic 

function and it is  calculated from 
2
bx
a

= −  . 

The intercepts with axes are the points where a quadratic function cuts the axes. 

There are two intercepts i.e. x-intercept and y-intercept. 

x-intercept for any quadratic function is calculated by letting y = 0 and y- intercept 
is calculated by letting x = 0

Graph of a quadratic function 

The graph of a quadratic function can be sketched without table of values as long as 
the following are known.

• The vertex
• The x-intercepts
• The y-intercept

Example : Find the vertex and axis of symmetry of the parabolic curve 22 8 6y x x= − +  

Solution
• The coefficients are a = 2, b = –8 and c = 6

• The x-coordinate of the vertex is ( 8) 8 2
2 2(2) 4
bh
a

− −
= − = = =  

• The y-coordinate of the vertex is obtained by substituting the 
x-coordinate of the vertex to the quadratic function. We get  

22(2) 8(2) 6 2y = − + = −

• The vertex is (2, –2) and the axis of symmetry is 2x = .

• When x = 0, 22(0) 8(0) 6 6y = − + = .
• The y-intercept is (0, 6)

When y = 0, 20 2 8 6x x= − + , we therefore solve the quadratic equation  for the 
values of x and we find the x-intercepts are (1,0) or (3,0)

The graph is as below.
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Application activity 11.4

1. Using the table of values sketch the graph of the following functions  

a) y = – 3x + 2

b) y = x2 – 3x + 2

2. Without tables of values, state the vertices, intercepts with axes, axes of 
symmetry, and sketch the graphs.

(a) y = 2x2 + 5x - 1 
(b) y = 3x2 + 8x - 6

11.5 Solve problem related to linear and quadratic 
functions

Activity 11.5

1. The cost C, in Rwandan francs, to produce x units of  a product in a certain 
company  is given by C(x) = 80x + 150 for x ≥ 0. 

a. Find and interpret C(10).
b. How many products  can be produced for 15,000 Frw? 
c. Explain the significance of the restriction on the domain, x ≥ 0. 
d. Find and interpret C(0).
e. Find and interpret the slope of the graph of y = C(x)
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CONTENT SUMMARY
There are a variety of functions that can be used to solve a host of real-world 
problems. Function examples range in type and complexity, depending on the type of 
phenomena they are modelling. For example, a linear correlation may exist between 
a good or service and its respective price. In this case, a linear function may be used 
to represent this correlation and to predict cost per number of goods.

There also exist problems in science, which requires a more in-depth analysis, in 
that the function needed to model them are non-linear. For example, we may need a 
parabolic function (quadratic function) to model and solve problems relating to an 
object’s position or displacement with respect to time

If a ball is projected from some height, its position through time might be represented 
by 2 9y t t= − + + , where t = time t in seconds and y = vertical height of the ball 
in meter. This is an example of a quadratic function. People may use polynomial 
function’s graph to make qualitative observations e.g. estimating roughly from what 
points on the graph that the ball was projected out and when it hits the ground or 
comes to rest.

Polynomial functions can also be used to model different situations, like in the stock 
market to see how prices will vary over time. 

Business people also use polynomial functions to model markets, as in to see how 
raising the price of a good will affect its sales. 

Polynomial functions are important in calculating medicine, building structures 
(houses, businesses…), vehicle design, designing games, to build computers (formulas 
that are used to plug to computer programs), knowing how much change you should 
receive when making a purchase, driving (amount of gas needed for travel). 
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Application activity 11.5

1. The local retailer has determined that the number x units of products sold in 
a week is related to the price p in dollars of each product. When the price was 
$220, 20 products were sold in a week. When the products went on sale the 
following week, 40 products were sold at $190 a piece

a. Find a linear function which fits this data. Use the weekly sales x as the 
independent variable and the price p as the dependent variable. 

b. Find a suitable applied domain. 

c. Interpret the slope. 

d. f the retailer wants to sell 150 products next week, what should the price 
be? 

e. What would the weekly sales be if the price were set at $150 per product?

2. Suppose C(x) = x 2 − 10x + 27 represents the costs, in hundreds, to produce x 
thousand pens. Find and interpret the average rate of change as production is 
increased from making 3000 to 5000 pens.

3. Make a research on internet or in reference books and find out  three examples 
of where you think linear and quadratic functions can be used in daily life

11.6. END UNIT ASSESSMENT 11

1. Find the domain of definition for each of the following functions

a. ( ) 3 22 2f x x x= + −
 

b. ( ) 2g x = −

c. ( ) ( )26f x x= +

2. For which value(s) the following functions are not defined

a. ( ) 3 2 1f x x x= + +

b. ( ) 9g x =
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3. Each of the following functions maps an element x of the domain onto its image 

y, i.e ( )f x y= . Find the range of each function for the given domain and 
state whether the function is one to one or many to one.

a. { }: 3 with domain : 0 4f x x x x→ +       ≤ ≤

b. { }2: with domain : 3 3f x x x x→      − ≤ ≤

d. 2: with domainf x x→ + 4      

4. Study the parity of the following function ( ) 3 1f x x= −

5. The temperature T in degrees Fahrenheit t hours after 6 AM is given by: 

21( ) 8 32, 0 12
2

T t t t t= − + + ≤ ≤

a. Find and interpret T(4), T(8) and T(12). 

b. Find and interpret the average rate of change of T over the interval [4, 8].

c. Find and interpret the average rate of change of T from t = 8 to t = 12. 

d.  Find and interpret the average rate of temperature change between 10 AM 
and 6 PM.
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