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FOREWORD
Dear teacher,

Rwanda Basic Education Board is honoured to present S6 subsidiary Mathematics
teacher’s guide for Advanced Nursing Program. This book serves serves as a guide to
competence-based teaching and learning to ensure consistency and coherence in the
learning of the Mathematics content. The Rwandan educational philosophy is to ensure
that learners achieve full potential at every level of education which will prepare them
to be well integrated in society and exploit employment opportunities.

In line with efforts to improve the quality of education, the government of Rwanda
emphasizes the importance of aligning teaching and learning materials with the syllabus
to facilitate their learning process. Many factors influence what they learn, how well
they learn and the competences they acquire. Those factors include the relevance of
the specific content, the quality of teachers’ pedagogical approaches, the assessment
strategies and the instructional materials available. We paid special attention to the
activities that facilitate the learning process in which students can develop ideas and
make new discoveries during concrete activities carried out individually or with peers.
With the help of the teachers, learners will gain appropriate skills and be able to apply
what they have learnt in real life situations. Hence, they will be able to develop certain
values and attitudes allowing them to make a difference not only to their own life but
also to the nation.

In the competence-based curriculum, learning is considered as a process of active
building and developing of knowledge and skills by the learner where concepts are
mainly introduced by an activity, situation or scenario that helps the learner to construct
knowledge, develop skills and acquire positive attitudes and values.

In addition, such active learning engages learners in doing things and thinking about
the things they are doing and they are encouraged to bring their own real experiences
and knowledge into the learning processes. In view of this, your role is to:

e Planyourlessons and prepare appropriate teaching materials.

e Organize group discussions for learners considering the importance of social
constructivism suggesting that learning occurs more effectively when the learner
works collaboratively with more knowledgeable and experienced people.

* Engage learners through active learning methods such as inquiry methods,
group discussions, research, investigative activities and group and individual
work activities.

e Provide supervised opportunities for learners to develop different competences
by giving tasks which enhance critical thinking, problem solving, research,
creativity and innovation, communication and cooperation.
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e Support and facilitate the learning process by valuing learners’ contributions in
the class activities.

e Guide learners towards the harmonization of their findings.

e Encourage individual, peer and group evaluation of the work done in the
classroom and use appropriate competence-based assessment approaches and
methods.

To facilitate you in your teaching activities, the content of this book is self explanatory
so that you can easily use it. It is divided in 3 parts:

The part 1 explains the structure of this book and gives you the methodological
guidance;

The part 2 gives the sample lesson plans as reference for your lesson planning process;
The part 3 details the teaching guidance for each concept given in the student book.

Even though this Teacher’s guide contains the solution for all activities given in the
learner’s book, you are requested to work through each question before judging
student’s findings.

I wish to sincerely extend my appreciation to the people who contributed towards
the development of this book, particularly REB staff and teachers for their technical
support.

Any comment or contribution would be welcome to the improvement of this book for
the next edition.

Dr. MBARUSHIMANA Nelson

Director General of Rwanda Education Board
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PART I. GENERAL INTRODUCTION

The teacher’s guide of Senior 6 Subsidiary Mathematics is composed of three parts.

The Part 1 concerns general introduction that discusses methodological guidance
on how best to teach and learn Mathematics, developing competences in teaching
and learning Mathematics, addressing cross-cutting issues in teaching and learning
subsidiary Mathematics, and Guidance on assessment.

Part 2 consists in sample lesson plan per unit. This means that since we have 4 units,
there are 4 sample lesson plans developed to guide the teacher on how to prepare a
lesson plan in Mathematics.

Part 3 is about the structure of a unit and the structure of a lesson. This includes
information related to the different components of the unit and these components are
the same forall 4 unitsin Senior 6 subsidiary Mathematics. This part providesinformation
and guidelines on how to facilitate learners while working on learning activities. All
application activities from the textbook have answers in this part. In part 3, the Teacher
Guide (TG) provides additional information for the teacher on the unit basis and there
are a variety of activities classified in 3 categories (remediation, consolidation and
extended activities) to help learners enrich their concepts and content development.

5.0.1. Developing competences

Since 2015 Rwanda shifted from a knowledge based to a competency-based curriculum
for pre-primary, primary and general secondary education. This called for changing
the way of learning by shifting from teacher centered to a learner centered approach.
Teachers are not only responsible for knowledge transfer but also for fostering learners’
learning achievement and creating safe and supportive learning environment. It implies
also that learners have to demonstrate what they are able to transfer the acquired
knowledge, skills, values and attitude to new situations.

The competence-based curriculum employs an approach of teaching and learning based
on discrete skills rather than dwelling on only knowledge or the cognitive domain of
learning. It focuses on what learner can do rather than what learner knows. Learners
develop competences through Subsidiary Mathematics unit with specific learning
objectives broken down into knowledge, skills and attitudes through learning activities.

In addition to the competences related to Mathematics, learners also develop generic
competences which should promote the development of the higher order thinking
skills in Mathematics.They are seen as generic competences because they can be
developed throughout the all 4 units of Senior 6 Subsidiary Mathematics as follow:
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Generic competences

Critical thinking

Ways of developing generic
competences

All activities that require learners
to convert, interpret, analyze,
compare and contrast, etc have
a common factor of developing
critical thinking into learners

Creativity and innovation

All activities that require learners
to plot a graph given algebraic
data have a common character of
developing creativity into learners

Research and problem solving

All activities that require learners
to make a research and apply
their knowledge to the real-life
situation have a character of
developing research and problem
solving into learners.

Communication skills

During Mathematics class, all
activities that require learners

to discuss either in groups or

in the whole class, present
findings, debate ... have a
common character of developing
communication skills into learners.

Co-operation, interpersonal relations
and life skills

All activities that require learners

to work in pairs or in groups have
character of developing cooperation
and life skills among learners.

Lifelong learning

All activities that are connected with
research have a common character
of developing into learners a curiosity
of applying the leant knowledge in a
range of situations. The purpose of
such kind of activities is for enabling
learners to become life-long learners
who can adapt to the fast-changing
world and the uncertain future by
taking initiative to update knowledge
and skills with minimum external
support.
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The generic competences help learners deepen their understanding of Mathematics
and apply their mathematical knowledge in a range of situations. As learners develop
generic competences they also acquire the set of skills that employers look for in their
employees, so the generic competences prepare learners for the world of work.

1.2.2 Addressing cross cutting issues

Among the changes brought by the competence-based curriculum is the integration of
cross cutting issues as an integral part of the teaching learning process-as they relate
to and must be considered within all subjects to be appropriately addressed. The eight
cross cutting issues identified in the national curriculum framework are: Comprehensive
Sexuality Education, Environment and Sustainability, Financial Education, Genocide
studies, Gender, Inclusive Education, Peace and Values Education, and Standardization
Culture. Some cross-cutting issues may seem specific to particular learning areas/
subjects but the teacher need to address all of them whenever an opportunity arises.
In addition, learners should always be given an opportunity during the learning process
to address these cross-cutting issues both within and out of the classroom.Below are
examples of how crosscutting issues can be addressed in Subsidiary Mathematics:

Cross-Cutting Issue Ways of addressing cross-cutting
issues

Comprehensive Sexuality Education: The Using graphs of logarithmic

primary goal of introducing Comprehensive and exponential functions

Sexuality Education program in schools is and their interpretation,

to equip children, adolescents, and young Mathematics teacher should

people with knowledge, skills and values in lead learners to discuss the

an age appropriate and culturally gender following situations: “Alcohol

sensitive manner so as to enable them to make | abuse and accident risk”,

responsible choices about their sexual and “Alcohol abuse and unwanted

social relationships, explain and clarify feelings, | pregnancies”.
values and attitudes, and promote and sustain
risk reducing behavior.

Environment and Sustainability: Integration of | Using differential equations
Environment, Climate Change and Sustainability | models, Mathematics teachers

in the curriculum focuses on and advocates should lead learners to represent
for the need to balance economic growth, the situation of “population
society well-being and ecological systems. growth” and discuss its effects
Learners need basic knowledge from the on the environment and

natural sciences, social sciences, and humanities | sustainability.
to understand to interpret principles of
sustainability.
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Financial Education:

The integration of Financial Education into

the curriculum is aimed at a comprehensive
Financial Education program as a precondition
for achieving financial inclusion targets and
improving the financial capability of Rwandans
so that they can make appropriate financial
decisions that best fit the circumstances of
one’s life.

Through different examples

and calculations on interest rate
problems, Mathematics teachers
can lead learners to discuss

on how to make appropriate
financial decisions.

Gender: At school, gender will be understood
as family complementarities, gender roles and
responsibilities, the need for gender equality
and equity, gender stereotypes, gender
sensitivity, etc.

Mathematics teacher

should address gender as
cross-cutting issue through
assigning leading roles in
the management of groups
to both girls and boys and
providing equal opportunity
in the lesson participation and
avoid any gender stereotype
in the whole teaching and
learning process.

Inclusive Education: Inclusion is based

on the right of all learners to a quality
and equitable education that meets their
basic learning needs and understands the
diversity of backgrounds and abilities as a
learning opportunity.

Firstly, mathematics teachers
need to identify/recognize
learners with special needs.
Then by using adapted
teaching and learning
resources while conducting a
lesson and setting appropriate
tasks to the level of learners,
they can cater for learners with
special education needs.
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Peace and Values Education: Peace and Values
Education (PVE) is defined as education that
promotes social cohesion, positive values,
including pluralism and personal responsibility,
empathy, critical thinking and action in order to
build a more peaceful society.

Through a given Mathematics
lesson, a teacher should:

Set a learning objective which is
addressing attitudes and values,

Use probing questions, while
teaching, in order to increase
feelings in learners about the
value. For instance, the teacher
asks learners: ‘what do you think
might happen if there are no
electronic materials to regulate
the intensity of an AC current?’
(UNIT 1) Then learners discuss
this in pairs or groups and give
feedback.

Encourage learners to develop
the culture of tolerance during
discussion

Encourage learners to respect
others’ ideas

Standardization Culture: Standardization
Culture in Rwanda will be promoted through
formal education and plays a vital role in
terms of health improvement, economic
growth, industrialization, trade and general
welfare of the people through the effective
implementation of Standardization, Quality
Assurance, Metrology and Testing.

By providing examples where

AC current is presented using
complex numbers and DC current
by a real number. Learners should
be asked to give examples of
different electronic materials
(transistor, diodes, charger, etc)
invented to avoid risks through
regulating and transforming the
intensity of complex current (AC)
into direct current (DC).

While solving correctly a given
mathematical problem, learners
are getting awareness of meeting
required standards. For example,
most of learners do not give
importance of the arbitrary

constant in integrating a function.

This is an opportunity for
mathematics teacher to discuss
the standardization culture.
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1.2.3 Guidance on how to help learners with special education needs in classroom

In the classroom, students learn in different way depending to their learning pace,
needs or any other special problem they might have. However, the teacher has the
responsibility to know how to adopt his/her methodologies and approaches in order
to meet the learning need of each student in the classroom. Also teachers need to
understand that student with special needs, need to be taught differently or need some
accommodations to enhance the learning environment. This will be done depending
to the subject and the nature of the lesson.

In order to create a well-rounded learning atmosphere, teachers need to:

¢ Remember that learners learn in different ways so they have to offer a variety
of activities (e.g. role-play, music and singing, word games and quizzes, and
outdoor activities);

* Maintain an organized classroom and limits distraction. This will help learners
with special needs to stay on track during lesson and follow instruction easily;

e Vary the pace of teaching to meet the needs of each child. Some learners
process information and learn more slowly than others;

e Break down instructions into smaller, manageable tasks. Learners with special
needs often have difficulty understanding long-winded or several instructions
at once. It is better to use simple, concrete sentences in order to facilitate them
understand what you are asking.

e Use clear consistent language to explain the meaning (and demonstrate or show
pictures) if you introduce new words or concepts;

e Make full use of facial expressions, gestures and body language;

e Pair a learner who has a disability with a friend. Let them do things together
and learn from each other. Make sure the friend is not over protective and does
not do everything for the one with disability. Both learners will benefit from this
strategy;

e Usemulti-sensory strategies. As all learners learn in different ways, it isimportant
to make every lesson as multi-sensory as possible. Learners with learning
disabilities might have difficulty in one area, while they might excel in another.
For example, use both visual and auditory cues.

Below are general strategies related to each main category of disabilities and
how to deal with every situation that may arise in the classroom. However, the list
is not exhaustive because each child is unique with different needs and that should be
handled differently.
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Strategy to help learners with developmental impairment:

Use simple words and sentences when giving instructions;

Use real objects that learners can feel and handle. Rather than just working
abstractly with pen and paper;

Break a task down into small steps or learning objectives. The learner should
start with an activity that s/he can do already before moving on to something
that is more difficult;

Gradually give the learner less help;

Let the learner with disability work in the same group with those without
disability.

Strategy to help learners with visual impairment:

Help learners to use their other senses (hearing, touch, smell and taste) and carry
out activities that will promote their learning and development;

Use simple, clear and consistent language;
Use tactile objects to help explain a concept;
If the learner has some sight, ask him/her what he/she can see;

Make sure the learner has a group of friends who are helpful and who allow him/
her to be as independent as possible;

Plan activities so that learners work in pairs or groups whenever possible;

Strategy to help learners with hearing disabilities or communication difficulties

Always get the learner’s attention before you begin to speak;
Encourage the learner to look at your face;

Use gestures, body language and facial expressions;

Use pictures and objects as much as possible.

Keep background noise to a minimum.

Strategies to help learners with physical disabilities or mobility difficulties:

Adapt activities so that learners who use wheelchairs or other mobility aids, can
participate.

Ask parents/caregivers to assist with adapting furniture e.g. The height of a table
may need to be changed to make it easier for a learner to reach it or fit their legs or
wheelchair under.
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e Encourage peer support wen nedded;

¢ Get advice from parents or a health professional about assistive devices if the
learner has one.

Adaptation of assessment strategies: each unit in this teacher’s guide provides
additional activities to help learners achieve the key unit competence. These assessment
activities are for remedial, consolidation and extension designed to cater for the needs
of all categories of learners; slow, average and gifted learners respectively. Therefore,
the teacher is expected to do assessment that fits individual learners.

Remedial activities After evaluation, slow learners are
provided with lower order thinking
activities related to the learnt
concepts to facilitate them in their
learning.

These activities are also given
to assist deepening knowledge
acquired through the learning
activities for slow learners.

Consolidation activities After introduction of any concept,
arange number of activities is
provided to all learners to enhance/
reinforce learning

Extended activities After evaluation, gifted and
talented learners are provided with
high order thinking activities related
to the learnt concepts to make
them think deeply and critically.
These activities are given to gifted
and talented learners to keep them
working while other learners are
getting up to required level of
knowledge through the learning
activity.

1.2.4. Guidance on assessment

Assessment is an integral part of teaching and learning process. The main purpose
of assessment is for improvement of learning outcomes. Assessment for learning/
Continuous/ formative assessment intends to improve learners’ learning and teacher’s
teaching whereas assessment of learning/summative assessment intends to improve
the entire school’s performance and education system in general.
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Continuous/ formative assessment is an on-going process that arises out of
interactions during teaching and learning between. It includes lesson evaluation
and end of sub unit assessment. This formative assessment should play a big role
in teaching and learning process. The teacher should encourage individual, peer
and group evaluation of the work done in the classroom and uses appropriate
competence-based assessment approaches and methods.

Formative assessment is used to:

Determine the extent to which learning objectives are being achieved and
competences are being acquired and to identify which learners need remedial
interventions, reinforcement as well as extended activities. The application
activities are developed in the learner book and they are designed to be given as
remedial, reinforcement, end lesson assessment, homework or assignment

Motivate learners to learn and succeed by encouraging learners to read, or learn
more, revise, etc.

Check effectiveness of teaching methods in terms of variety, appropriateness,
relevance, or need for new approaches/strategies. Mathematics teachers need
to consider various aspects of the instructional process including appropriate
language levels, meaningful examples, suitable methods and teaching aids/
materials, etc.

Help learners to take control of their own learning.

In teaching Mathematics, formative or continuous assessment should compare
performance against instructional objectives. Formative assessment should measure
the learner’s ability with respect to a criterion or standard. For this reason, it is used to
determine what learners can do, rather than how much they know.

Assessment should be clearly visible in lesson, unit, term and yearly plans.

Before learning (diagnostic): At the beginning of a new unit or a section of work;
assessment can be organized to find out what learners already know / can do,
and to check whether the learners are at the same level.

During learning (formative/continuous): When learners appear to be having
difficulty with some of the work, by using on-going assessment (continuous). The
assessment aims at giving learners support and feedback.

After learning (summative): At the end of a section of work or a learning unit,
the Mathematics teacher has to assess after the learning. This is also known
as Assessment of Learning to establish and record overall progress of learners
towards full achievement. Summative assessment in Rwandan schools mainly
takes the form of written tests at the end of a learning unit or end of the month,
and examinations at the end of a term, school year or cycle.
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Instruments used in assessment.

e Observation: This is where the Mathematics teacher gathers information by
watching learners interacting, conversing, working, playing, etc. A Mathematics
teacher can use observations to collect data on behaviours that are difficult to
assess by other methods such as attitudes, values, and generic competences and
intellectual skills. It is very important because it is used before the lesson begins
and throughout the lesson since the Mathematics teacher has to continue
observing each and every activity.

* Questioning

i) Oral questioning: a process which requires a learner to respond
verbally to questions

ii) Class activities/ exercise: tasks that are given during the learning/
teaching process

iii) Short and informal questions usually asked during a lesson

iv) Homework and assignments: tasks assigned to learners by their
Mathematics teachers to be completed outside of class.

Summative assessment: The assessment can serve as summative and informative
depending to its purpose. The end unit assessment will be considered summative when
it is done at end of unit and want to start a new one.

It will be formative assessment, when it is done in order to give information on the
progress of learners and from there decide what adjustments need to be done.

The assessment done at the end of the term, end of year, is considered as summative
assessment so that the teacher, school and parents are informed of the achievement
of educational objective and think of improvement strategies. There is also end of
level/ cycle assessment in form of national examinations.

1.1.5 Learners’ learning styles and strategies to conduct teaching and learning
process

There are different teaching styles and techniques that should be catered for. The
selection of teaching method should be done with the greatest care and some of
the factors to be considered are: the uniqueness of subjects; the type of lessons;
the particular learning objectives to be achieved; the allocated time to achieve the
objective; instructional available materials; the physical/sitting arrangement of the
classroom, individual learners’ needs, abilities and learning styles.
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There are mainly four different learning styles as explained below:

a) Active and reflective learners

Active learners tend to retain and understand information best by doing
something actively: discussing or applying it or explaining it to others.
Reflective learners prefer to think about information quietly then they react.

b) Sensing and intuitive learners

Sensing learners tend to like learning facts and often like solving problems by
well-established methods and dislike complications and surprises.

Intuitive learners prefer discovering possibilities and relationships and like
innovation and dislike repetition.

¢) Visual and verbal learners

Visual learners remember best when they see pictures, diagrams, flow charts,
time lines, films, demonstrations, etc.

Verbal learners get more out of words—written and spoken explanations.

d) Sequential and global learners

Sequential learners tend to gain understanding in linear steps, with each step
following logically from the previous one.

Global learners tend to learn in large jumps, absorbing material almost
randomly without seeing connections, and then suddenly “getting it.”
1.2.6. Teaching methods and techniques that promote active learning

The different learning styles mentioned above can be catered for, if the teacher
uses active learning whereby learners are really engaged in the learning
process. The following are active techniques to be used in Mathematics:

e Group work

e Research

e Probing questions

e Practical activities (drawing, plotting, interpreting graphs)

* Modelling
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What is Active learning?

Active learning is a pedagogical approach that engages learners in doing things and
thinking about the things they are doing. Learners are key in the active learning process.
They are not empty vessels to fill but people with ideas, capacity and skills to build on
for effective learning. Thus, in active learning, learners are encouraged to bring their
own experience and knowledge into the learning process.

The role of the teacher in active The role of learners in active learning
learning
The teacher engages learners Alearner engaged in active learning:

through active learning methods
such as inquiry methods, group
discussions, research, investigative
activities, group and individual work

Communicates and shares relevant
information with peers through
presentations, discussions, group work and

activities. other learner-centred activities (role play,
case studies, project work, research and
He/she encourages individual, investigation);

peer and group evaluation of the
work done in the classroom and
uses appropriate competence-
based assessment approaches and
methods.

Actively participates and takes responsibility
for his/her own learning;

Develops knowledge and skills in active
ways;

He provides supervised opportunities
for learners to develop different

competences by giving tasks which
enhance critical thinking, problem

Carries out research/investigation by
consulting print/online documents and
resourceful people, and presents their

; o7 findings;
solving, research, creativity and
innovation, communication and Ensures the effective contribution of each
cooperation. group member in assigned tasks through

clear explanation and arguments, critical
thinking, responsibility and confidence in
public speaking

Teacher supports and facilitates the
learning process by valuing learners’
contributions in the class activities.

Draws conclusions based on the findings
from the learning activities.

Main steps for a lesson in active learning approach

All the principles and characteristics of the active learning process highlighted above
are reflected in steps of a lesson as displayed below. Generally, the lesson is divided
into three main parts whereby each one is divided into smaller steps to make sure that
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learners are involved in the learning process. Below are those main part and their small
steps:

1) Introduction

Introduction is a part where the teacher makes connection between the current and
previous lesson through appropriate technique. The teacher opens short discussions
to encourage learners to think about the previous learning experience and connect it
with the current instructional objective. The teacher reviews the prior knowledge, skills
and attitudes which have a link with the new concepts to create good foundation and
logical sequencings.

2) Development of the new lesson

The development of alessonthatintroducesanew concept will go through the following
small steps: discovery activities, presentation of learners’ findings, exploitation,
synthesis/summary and exercises/application activities.

Discovery activity
Step1

e The teacher discusses convincingly with learners to take responsibility of their
learning

e He/she distributes the task/activity and gives instructions related to the tasks
(working in groups, pairs, or individual to instigate collaborative learning, to
discover knowledge to be learned)

Step 2
e The teacher let learners work collaboratively on the task;
e During this period the teacher refrains to intervene directly on the knowledge;

* He/she then monitors how the learners are progressing towards the knowledge
to be learned and boosts those who are still behind (but without communicating
to them the knowledge).

Presentation of learners’ findings/productions

* In this episode, the teacher invites representatives of groups to present their
productions/findings.

e After three/four or an acceptable number of presentations, the teacher decides
to engage the class into exploitation of learners’ productions.

Teacher's guide 13



Exploitation of learner’s findings/ productions

e The teacher asks learners to evaluate the productions: which ones are correct,
incomplete, or false,

e Then the teacher judges the logic of the learners’ products, corrects those
which are false, completes those which are incomplete, and confirms those
which are correct.

Institutionalization or harmonization (summary/conclusion/ and
examples)

The teacher summarizes the learned knowledge and gives examples which illustrate
the learned content.

Application activities
e Elaboration activities to apply the learned concept in solving problems.

e Exercises in real life contexts.

The teacher guides learners to make the connection of what they learnt to real life
situations. At this level, the role of teacher is to monitor the fixation of process and
product/object being learned.

3) Assessment

In this step the teacher asks some questions to assess achievement of instructional
objective. During assessment activity, learners work individually on the task/activity.
The teacher avoids intervening directly. In fact, results from this assessment inform
the teacher on next steps for the whole class and individuals. In some cases, the
teacher can end with a homework/ assignment. Doing this will allow learners to relay
their understanding on the concepts covered that day. Teacher leads them not to wait
until the last minute for doing the homework as this often results in an incomplete
homework set and/or an incomplete understanding of the concept.

NOTE TO THE TEACHER ON THE IMPORTANCE OF MATHEMATICS IN
THE MEDICINE FIELD

Some students become nervous when they hear the word ‘“Mathematics.” This worried
feeling is called Mathematics anxiety. Because Mathematics is very important to all
areas of life, it is important for the teacher to help students overcome such anxiety.

In this regard, before the learning of a new Mathematical concept, the teacher should
help learners to mentally assess what they already know about the topic. He/she will
explain them that the best learning takes place when they participate and engage
their mind and take notes during class so that they remember and practice important
concepts.
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Even though this book contains the mathematics concepts for Advanced levels, the
teacher is advised to start by what the learners know and their ability to perform
some skills. From the prerequisites, he/she will use learning activities to help learners
build knowledge and develop skills, attitudes, and values.

The discussion on the new concept will lead students to discover new knowledge and
relate it to their real-life experiences. The teacher tries to help learners to highlight the
meanings and applications of the concept they developed. When giving application
activities and examples, the teacher selects those related to nursing, medicine,
biology, chemistry, or other real-life experiences for students of Associate Nursing
Program. When such examples are missing, for example in the unit of complex
numbers, the teacher can give some examples from other sciences or professions
(such as engineering) but he/she will not task them to do such activities during the
assessment.

As a conclusion, the teacher must regularly motivate students to discuss the important
applications of Mathematics in real life situations. Such applications are summarized
below.

Professionals in the medical field use Mathematics to determine proper doses for
patients’ medicine, read results from computed tomography (CAT) scans, Magnetic
Resonance Imaging (MRIs) and X-rays and to evaluate body mass index. Physicians,
nurses, and others in the medical field use mathematics daily in hospitals and offices
and when performing research. Mathematics plays a crucial role in health, as it allows
for the safe administration of painkillers and antibiotics and ensures appropriate
treatment and diagnoses.

The role of Arithmetic is very important in medicine as it leads to clinical calculations or
medication dosage. Health care workers must be careful when making mathematical
calculations. Itis possible for errors to have harmful effects. For example, miscalculating
a medication dosage for a patient can lead to further sickness or even death. Even
simple errors, such as copying a wrong number or placing a decimal point incorrectly,
may create serious problems.

Many medication dosages are calculated according to the patient’s body weight. This
prevents giving too much medication to a smaller patient or too little medication to a
larger patient. Dosage by weight is typically given in terms of milligrams per kilogram
per day.

Statistics plays a huge role in the everyday activities of a medical laboratory. They
use quality control to ensure analysis are accurate and precise. Statistics could also
determine how to handle patient results and whether corrected reports need to be
made. Statistics is also a major player in determining the reference ranges for tests. Data
is compiled from all the healthy patients, and they can be setup by age and gender. Any
results below or above these ranges can be considered abnormal which would require
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immediate attention.

Calculus as the study of both the infinitesimally small and the infinitely large object, it
forces us to consider what kinds of changes happen on an infinitesimally small scale.
These kinds of changes are common in biology and medicine; tiny changes in medicine
(such as pH, drug concentration, etc.) can effect large changes in the health of a patient.

In medicine, Integrals lead to the ability to think of the body as the sum of many smaller
pieces (namely the different systems, organs, tissues, etc) and to consider their effects.
Overall, the study of variations and how different variables changing can change an
overall system has useful applications in medicine.

In the areas of Research, medical professionals draw charts, analyse graphs and study
statistical trends to understand societal ailments, such as the prevalence of chronic
illnesses and diseases. When reading results from CAT scans and X-rays, doctors use
geometric concepts to convert the two-dimensional images on the screens into three-
dimensional body parts. They determine abnormalities by looking at body parts from
many different angles.

Clearly, Mathematics is vital to the medical profession. A deep understanding of
Mathematics will improve a student’s performance in science classes and on the
Medical Admission Tests. Additionally, having a familiarity with arithmetic, Calculus,
Geometry, Statistics, and Probability will improve his or her practice of nurse and
physician.
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PART II: SAMPLE LESSON PLANS

Sample Lesson for unit 1: Complex Numbers

School Name: XXXXXX

Teacher’s name: YYYYYYY

. Unit | Lesson ] Class
Term Date Subject Class Duration .
N° N° size
Subsidiary 80
Term1 oo [.] 2022 S 1 1of16 | . | ...
m [ —Maths 6 of 16 minutes

Type of Special Educational Needs to be
catered for in this lesson and number of
learners in each category

3slow learners and 2 low vision
learners

Provide their seats where they will
be able to look on black board easily
and avoid forming their own group.

Unit title

COMPLEX NUMBERS

Key Unit Competence:

Perform operations on complex numbers in different forms
and use them to solve related problems in Physics, etc.

Title of the lesson

Definition and properties of “ the imaginary number i ”’

Instructional
Objective

Given a complex number of the formZ =@+ ib  \earners
will be able to distinguish the real part from the imaginary
part and provide their own complex numbers Z without
difficulties.

Plan for this Class
(location: in / outside)

This class will be held indoors and learners will be
organized in small groups; the groups containing slow
learners or low vision will seat near the blackboard for
facilitating them to see what is written or presentation of
their classmates’ findings.

Learning Materials
(for ALL learners)

Flashcards containing the complex numbers, real numbers
and pure imaginary numbers

Textbooks to facilitate research

References

Subsidiary Mathematics S6,... ..

Teacher's guide

17



Timing for each
step

Description of teaching and learning

activity

Questions-answers technique is used

to facilitate learners, group activities

and presentation of findings is used to
make learners involved in the content
development and then the exploitation
of the presentation follows and finally
the harmonization/ institutionalisation of
the group findings is made by the teacher
who guides the learners to make the
summary. Finally, the lesson assessment
is individually and then peer assessment/
correction is done by learners after the
collective correction on the board. Low
vision learners are seated on front desk
nearby the board. Ensure slow learners are
asked level appropriate questions.

Teacher
activities

Learner activities

Generic
competences
and cross
cutting issues
to be addressed
+ a short
explanation

Introduction

Give examples

Task 1: In the whole class

Critical thinking

that help discussion, learners find | is enhanced
15 minutes learners to out if: while learners
remember are discussing
how to solve The equation x—2 =0 on how to
equations in x— 2= 0= 2= 0 5ye quadratic
different sets has a solution in Nor in equations
upto R Z.
The equationx+4 =2
has a solutionin Z or in
Q
The equation4x =5 has
asolutionin ZorinQ
Ask learners to
discuss how to | The equation x> =3hasa
solve quadratic | solutionin QorinR
equations
of the form Task 2: Individually,
ax? +bx+c =0 | learners solve the
in R (set of qt;adratic equation
real numbers). | X ~16=0.
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Move around
to check
learners’ work
with focus on
slow learners

The slow learners solve
equations

x—4=0

and (x+4)(x—4)=0

and provide
individual
feedback
accordingly

Development of Distribute Discovery activity:

the lesson the tasks to
learners Task 1: In small groups, | Team work and

learners discuss how cooperation

Give to solve theza quadratic are enhanced
instructionsto | equationx”+16=0, _ | through group
learners after replacing —1by i work

(Discovery actitity,
Exploitation of
learners’ findings
and harmonization,
Institutionalization
and summary)

Ask learners

.2
touse i" =-1
to solve the
unsolved
quadratic
equationsin R.

Invites group
representatives
to present their
findings

and then present their
findings to the class.

Task 2:In small groups,
learners identify the real
part and the imaginary
part of a complex
number z=4+5i

Task 3:Learners present
their findings from tasks
1and 2

Learners take the
summary from the task1
and 2:

The imaginary number
Lis an element of a new
set “set of complex
numbers C”

Communication
skills will be
developed
through group
discussions and
presentation of
findings

Peace and
value education
is addressed
through group
discussions
while learners
freely express
their ideas and
respect others
thoughts

Teacher's guide
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50 minutes (task
1: 20 minutes, task
2: 20 minutes, task
3:10 minutes)

After
presentations,
harmonize the
group findings
by providing
corrections and
completing
knowledge

Make a
summary

Gives the
application
activity

Given two real numbers
aand b the complex
number z is defined as
z=a+bi,ais the
real part and b is the
imaginary part of z

Mathematically the set
C of complex numbers
is defined as follow:

(C:{zzaﬂ'b; a,beR andiz:fl}

Application activity :

In small groups, learners
read carefully a given
text on application of
complex numbers in
physics and identify

the real number, pure
imaginary number or
complex number for
the formula found in
the text. Finally they
make a research to find
out the application of
complex numbers in
other subjects and then
share with other groups
during the next lessons.

Distributes the
assessment
task and gives
instructions

Individually, learners
work out the following:

Using the properties
of the number i,
find the value of

a)i” b)i"

Inclusive
education is
addressed by
providing the
remediation
activities &
tasks to slow
learners and
while short
sight learners
are facilitated
by big print
flashcards

20
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Assessment: Lead learners In Electricity when
) to work out the | dealing with direct
15 IpILES questions 2a, currents (DQ), we
2c and 3 from encountered Ohm’s
application law, which states that
activities on the resistance R is the
page 4and ratio between volta
then monitors and current, or R =—
the learners . With alternating
working on the | currents (AC) both U
task and | are expressed by
complex numbers, so
Evaluates the resistance is now
the answers also complex. A complex
produced by resistance we call
the learners impedance and denote
and ask them it by the symbol Z .
to make a The building blocks of
coIIectiye AC circuits are resistors
correction (R, [Q]), inductors
and peer (coils, L, [H=Henry])
assessment. and capacitors (C,
[F=Farad]). Their
respective impedances
are Z, =R, Z, =ioL
1 .
and Z. = ——; which of
ioC
them has an imaginary
part?
Teacher To be completed by the teacher after the lesson

self-evaluation

Teacher's guide
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Sample Lesson for unit 2: Logarithmic and exponential functions

School Name: XXXXXXXX

Teacher’s name: YYYYYYYYYYYYYY

Unit | L cl
Term Date Subject Class | " | “%%%°" | pyration | o>
Ne Ne size
Subsidiary
| N N A 2022 2 17 of1 i
f-120 Mathematics >6 /017 | 40 min

Type of Special Educational Needs to be
catered for in this lesson and number of
learners in each category

3 slow learners and 2 low vision
learners

Unit title

Logarithmic and exponential functions

Key unit competency:

Extend the concepts of functions to investigate fully
logarithmic and exponential functions and use them

to model and solve problems about interest rates,
population growth or decay, magnitude of earthquake,
etc.

Title of the lesson

Problems about alcohol and risk of car accident

Instructional
Objective

Given the equation modelling the risk of a car accident,
learners will be able to accurately determine the risk
corresponding to a given concentration of alcohol in the
driver’s blood, the concentration corresponding to a
given risk and, vice versa.

Plan for this Class
(location: in / outside)

The lesson is held indoors, the class is organized into
groups ,3 slow learners are scattered in different groups,
and 2 low vision learners seat on the front desks near
the blackboard in order to see and participate fully in all
activities

Learning Materials (for
ALL learners)

Textbooks and charts containing graphical
representations to interpret in the course of the lesson

References

-Advanced level syllabus, Subsidiary Mathematics S6

-Subsidiary Mathematics textbook and Teacher’s guide
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Timing for
each step

Description of teaching and learning
activity

e Two learners chosen randomly present,
one after another, their findings, from
the assignment, and learners interact
under the facilitation of the teacher,
who, then, links the presentation to the
lesson of the day.

e Learners are organized into groups to
discuss the discovery activity and the
examples, the reporter from one group,
presents the findings and the learners
interact. The teacher facilitate learners to
capture the key concepts of the lesson
through harmonization .

e Finally, the learners are assigned to
individual tasks, and the correction is
done on the chalk board

Teacher activities Learner activities

Generic
competences and
cross cutting issues
to be addressed + a
short explanation

Introduction:

5 minutes

Learners solve
individually the
following equation:
e** =3 and then
two learners present,
one after another,
their findings, and the
learners interact.

The teacher asks
learners to work
individually and
present their
findings about

solving the
exponential
equation

- The teacher links
the introduction to
the lesson of the
day

Communication
skills developed
through the
presentation and
sharing ideas

Development of the lesson

Teacher's guide
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Discovery
activity:

10 minutes

The teacher
organizes the
learners into
groups of 4 and
assigns them

the task (activity
2.17) and gives
instructions
related to the
task (organization
of the group,

role of each
member, duration,
presentation)

Teacher goes
round to monitor
the work of each
group and provide
assistance where
needed

Learners follow
the instructions
and in small groups
they work out the
activity 2.17

Each group
analyzes and
discuss the activity
2.17 under the
direction of the
task manager of
the group:

Cooperation and
communication
skills through
discussions

Financial education
through consuming
limited amounts of
alcohols and paying
taxes

Peace and values
education;
Cooperation,
mutual respect,
tolerance through
discussions with
people with
different views and
respect one’s views

Presentation
of learner’s

Teacher invites
the reporter of

-Learners present
their findings:

Cooperation and
communication/

findings and a sample group attentive
exploitation: | to present the Expected answers listening during
findings of the ( Refer to solution of presen;?tlons'and
group activity 2.17, in TG) group discussions
15minutes
The teacher -Learners follow the
encourage resentation i P
learners to follow | " Critical thinking
attentively -Learners evaluate through evaluating
) .
the findings of other | Other's findings
Teacher takes |
. earners
notes on key points
from learners’ -Learners evaluate
presentation. their own findings
The teacher asks
learners to amend
the presentation
and to evaluate
their work
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Conclusion/

Summary:

5 minutes

Assessment

5 minutes

-Teacher facilitates
the learners to
capture the main
points of the
presentation

-Teacher requests
learners to write
down the main
points in their
books

- Teacher asks
learners to
individually work
out the application
activity 2.17

-Teacher asks
learners to
identify other
misbehaviours
resulting

from excess
consummation of
alcohol.

e The main point:

The risk is modelled
by an equation of the
type R(x) = Roek"

e Learners take
notes in their
books

Individually, learners
work out the
application activity
2.17 and finally they
make a correction on
the chalk board.

Expected answers

( Refer to solution of
learning activity 2.17,
in TG)

e Learners
discuss other
misbehaviours
resulting
from excess
consummation of
alcohol.

Critical thinking and
problem solving
skills are developed
through analysing
and solving real

life Mathematical
problem.

Comprehensive
sexuality education
developed while
learners discuss
about different
misbehaviours
related to excess
consummation of
alcohol

Observation
on lesson
delivery

To be completed after receiving the feed-back from the learners
(what did the learners liked, what challenged them,...)
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Sample Lesson for unit 3: Integration

School Name:XXXXXXXXXX

Teacher’s name: YYYYYYYYYYYYY

Term | Date Subject Class | Unit | Lesson | Duration | Class
Ne° Ne° size
Il weee [...[2022 | Subsidiary S6 3 3 of11 40 min
Mathematics

Type of Special Educational Needs to be
catered for in this lesson and number of
learners in each category

3 slow learners and 2 low vision
learners:

Unit title Integration
Key unit Use integration as the inverse of differentiation and as the
competency: limit of a sum and then apply them to find area of a plane

shapes.

Title of the lesson

Anti-derivatives

Instructional
Objective

Given a simple function, learners will be able to accurately
determine its anti derivatives by considering the derivative
in reverse order, from the answer to the question

Plan for this Class
(location: in /
outside)

The lesson is held indoors, the class is organized into groups,
3 slow learners are scattered in different groups ,and 2 low
vision learners seat on the front desks near the blackboard
in order to see and participate fully in all activities

Learning Materials
(for ALL learners)

Textbooks and charts containing the table of derivatives

References ¢ Advanced level syllabus, Subsidiary Mathematics S6
e Subsidiary Mathematics textbook and Teacher’s guide
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Timing for
each step

Description of teaching and learning activity

e Learners work individually the
introductory activity, and the correction is
done on the chalk board by two learners,
one after another under the guidance of
the teacher.

e Then they discuss in groups the discovery
activity, followed by the presentation by a
sample group, interaction of learners and
harmonization of the results under the
facilitation of the teacher.

e Next, they discuss in pairs the solved
example and compare their results with
the answer proposed in the book

e Finally, the learners are assigned individual
tasks, and the correction is done on the
chalk board, and the teacher winds up the
lesson.

Teacher activities

Learner activities

Generic
competences

and cross cutting
issues to be
addressed + a
short explanation

Introduction:

5 minutes

The teacher asks e |earners work

learners to work
individually:

individually.

e Two learners ,one
after another, write
the answers on the
chalkboard:

f'(x) =cosx;
g(x) =x"

f(x)=sinx;

Fi(x) =...

g(x)=...;
g'(x)=2x

The answer for g(x) is
- The teacher links not unique
the introduction to
the lesson of the

day

Communication
skills developed
through the
presentation and
sharing ideas

Teacher's guide
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Development of the lesson

exploitation:

the findings of the
group

The teacher

the group.

Expected answers

( Refer to solution of

Discovery The teacher e Learners form Cooperation and
activity: organizes the groups communication
learners into groups Each skills through
L]
ach group discussions
Teacher gives analyzes and
10 minutes learners activity discuss the activity
3.2 to discuss in (31',2 ur;der t?ih
groups and gives tal\;icrr:c;:; o gf Peace a‘nd values
instructions related the erou & educatlor?;
to the task group Cooperation,
mutual respect,
tolerance through
discussions with
Teacher goes round people with
to monitor the work different views
of each group and and respect one’s
provide assistance * Leamerspresent | .
where needed to the teacher their
eventual problems
Presentation | Teacher invites the e Thereporter Cooperation and
of learner’s reporter of a sample presents the work | communication/
findingsand | group to present on the behalf of attentive

listening during
presentations and
group discussions

15 minutes encourages learners . )
. activity 3.2, in TG)
to follow attentively
Teacher takes . Critical thinking
notes on key points | o |earners follow the through
) .
from learr?ers presentation evaluating other’s
presentation. findi
e Learners evaluate ndings
The teacher asks the findings of
learners to amend other learners
the presentation
and to evaluate
their work e Learners evaluate
their own findings
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Conclusion/ Teacher e Thelearners come | - Critical thinking
facilitates the to the main point: | and problem
Summary: learners to solving skills
elaborate the are developed
' ;igr:jtr;/t;fnthe An anti-derivative of through.analys ng
5 minutes f(x) is an function F(x) ‘_‘Tnd solving rez'jl
such that [F(x)]'=f(x) life Mathematical
problem.
o Learners take -Financial
O notes in their education is
books addressed
5 minutes through good
Teacher requests | * Individually management of
learners to write learners work out | the school fees
down the main the application brought by the
points in their activity 3.2. and elder brother
books finally they make a
correction on the | ~Standardisation
chalk board. culture: good
habit of paying
Expected answers school fees.
( Refer to solution of
application activity 3.2,
Teacher asks .
inTG)
learners to
individually
work out the
application
activity 3.2
Observation To be completed after receiving the feed-back from the learners
on lesson (what did the learners like, what challenged them,...)
delivery

Teacher's guide
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Sample of lesson plan for unit 4: Ordinary differential equations

School Name: XXXXXXXX

Teacher’s name: YYYYYYYYYY

Term | Date Subject Class | Unit | Lesson | Duration | Class
Ne° Ne° size
" ... [-[2022 | Subsidiary S6 4 4 0f15 | 40 min
Mathematics | PCB

Type of Special Educational Needs to be
catered for in this lesson and number of
learners in each category

3 slow learners and 2 low vision
learners.

Unit title Ordinary differential equations
Key unit Use ordinary differential equations of first and second order
competency: to model and solve related problems in Physics, Economics,

Chemistry, Biology, ...

Title of the lesson

Differential equations and population growth

Instructional
Objective

Given the equation modelling population growth, learners
will be able to accurately solve the equation, plot and

interpret the graph of the population growth in a given time.

Plan for this Class
(location: in /
outside)

The lesson is held indoors, the class is organized into groups,
3 slow learners are scattered in different groups, and the
group with one of the 2 low vision learners sits on the front
desks near the blackboard.

Learning Materials
(for ALL learners)

Textbooks, Scientific calculators, graph drawing software
such as GeoGebra

References ¢ Advanced level syllabus, Subsidiary Mathematics S6
e Subsidiary Mathematics textbook and Teacher’s guide
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Timing for each
step

Description of teaching and learning
activity

e Two learners chosen randomly present,

one after another, their findings, from
the assignment, and learners interact

Generic
competences
and cross
cutting issues
to be addressed

under the facilitation of the teacher, +ashort
who, then, links the presentation to the | explanation
lesson of the day.
 learners are organized into groups to
discuss on the discovery activity and the
examples, the reporter from one group
presents the findings and other learners
interact. The teacher facilitates learners
to capture the key concepts of the
lesson through harmonization.
e Finally, the learners are assigned to
individual tasks, and the correction is
done on the chalk board.
Teacher activities | Learner activities
Introduction: The teacher asks | Learners solve Communication
learners to work | individually skills developed
individually and the following through the
. present their differential equation: presentation
5 minutes . . ) .
findings about sin xdx —sin ydy =0 and sharing
and then two learners ideas
solving the (including one slow
differential learner) present, one
equation with after another, their .
separable findings. Indus“.’e .
variables education is

¢ The teacher
links the
introduction
to the lesson
of the day.

While presenting, the
rest of the class follow
attentively, interact
with their colleagues or
ask questions for better
understanding.

addressed by
providing the
remediation
activities & tasks
to slow learners
while short sight
learners are
facilitated by
sitting on the
front desks near
the blackboard .
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Development of the lesson

Discovery
activity:

10 minutes

The teacher
organizes the
learners into
groups of 4 and
assigns them
the task (activity
4.4) and gives
instructions
related to

the task
(organization of
the group, role
of each member,
duration,
presentation)

Teacher goes
around to
monitor the
work of each
group (focus

on groups with
slow learner)
and provide
assistance where
needed

Learners follow the
instructions and in
small groups they work
out the activity 4.4

Each group analyzes
and discuss the activity
4.4 under the direction
of the task manager of
the group

Learners may be given
the graph showing the
population growth of
a city or a country and
requested to give their
own interpretations.
They may also be
requested to advise
the policy makers on
different majors to be
taken while there is an
exponential increase of
the population.

Cooperation and
communication
skills through
discussions

Peace and values
education;
Cooperation,
mutual respect,
tolerance
through
discussions with
people with
different views
and respect
one’s views

Environment and
Sustainability:

is addressed
while discussing
the effects of
population
growth on the
environment,
and on Climate
Change.

Comprehensive
sexuality
education
developed
while learners
discuss theissue
of population
growth
through graph
interpretation
and adopt the
family planning
program as an
advice.




Presentation of
learner’s findings
and exploitation:

15minutes

Teacher invites
the reporter of
the sampled
group to present
the findings of
the group;

The teacher
encourages
learners to follow
attentively,

Teacher takes
notes on key
points from
learners’
presentation.

The teacher

asks learners

to amend the
presentation and
to evaluate their
work.

* Learners present
their findings:

Expected answers

( Refer to solution of
activity 4.4, in TG)

Learners follow the
presentation,

e Learners evaluate
the findings of peers
and ask questions,

e Learners evaluate
their own findings.

Cooperation,
communication
and attentive
listening during
presentations
and group
discussions;

Critical thinking
through
evaluating

other’s findings.

Conclusion/

Summary:

5 minutes

Assessment

5 minutes

e Teacher
facilitates
the learners
to capture
the main
points of the
presentation,

e Teacher
requests
learners to
write down
the main
points in their
notebooks,

The main point:

The population growth
is modelled by the
differential equation

d—P:KP ,(Pis
dt

Population, 7 is time
and K is a constant of
proportionality).

e Learners write the
summary in their
notes books,

Critical thinking
and problem
solving skills
are developed
through
analysing and
solving real life
Mathematical
problem
(population
growth of a city
or country).
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e Teacher asks
learners to
individually
work out the
application
activity 4.4 .

e Teacher asks
learners to
identify other
effects of
population
growth

Individually learners
work out the
application activity 4.4
and finally they make a
correction on the chalk
board.

Expected answers

( Refer to solution of
learning activity 4.4, in
TG)

-Learners discuss the
impact of population
growth.

Inclusive
education is
addressed by
providing the
remediation
activities & tasks
to slow learners
and while short
sight learners
are facilitated
by letting them
sit on the front
desks near the
blackboard .

Observation on

lesson delivery

To be completed after receiving the feed-back from the

learners (what did the learners liked, what challenged them,...)

PART III: UNIT DEVELOPMENT

34

Teacher's guide



1.1 Key unit competence

Perform operations on complex numbers in different forms and use them to solve
related problems in Physics, etc.

1.2 Prerequisite knowledge and skills

e Addition/ subtraction of two vectors and their geometrical representation in

Cartesian plane (Senior 2: unit 7 and Senior 4: unit 7)

Solving equations in the set of real numbers (Senior 1: unit 3; Senior 2: unit 1 and
Senior 4: unit 2).

Definition of the principle trigonometric ratios (Senior 4: Unit 1)
Solving trigonometric equations (Senior 5: unit 4)

Solving exponential equations (Senior 4: unit 2 and Senior 5: unit 3)

1.3 Cross-cutting issues to be addressed

Inclusive education (promote education for all while teaching)

Peace and value Education (respect others view and thoughts during class
discussions)

Gender (equal opportunity of boys and girls in the lesson participation)

Standardization culture (regulation of the current intensity)

1.4 Guidance on the introductory activity

a)Learners work on the introductory activity to understand the importance of
imaginary number “i” in solving equations which can’t be solved in the set
of real numbers.

b)Let learners read the introductory activity in the Learner’s book. Through
examples, let them discover the importance of the introduction of each of
previous sets of the new set of numbers that will include the solution for the
given equation.
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c)Through question-answer, facilitate Learners to realise that x=+2are
solutions of equation x° — 4 = 0 in the set of real numbers R and that the
equation x” +4 =0 does not have solutions in R because the square root of
a negative number is not possible in R.

d)Through class discussions, let learners think of different ways of getting
solutions of the equation x* +4 =0 and by introduction of i lmaglnary number
“i” letthemuse “i* = —1” to find that are solutions of the equation x* + 4 = 0

H S H

e)Help learners to understand that the imaginary number is element of a

new set of numbers known as set of complex numbers “C ”.

UNIT 1: COMPLEX NUMBERS (27 periods)

Key unit Competence: Perform operations on complex numbers and solve related

problems.

Week Lesson title Number
of Periods

Introductory activity on complex number

2 Definition and properties of “the imaginary number i ” 2
2 3 Geometric representation of complex numbers 2
4 Addition and subtraction in the set of complex numbers 1
3 5 Conjugate of a complex number 1
6 Multiplication and powers of complex number 1
7 Division in the set of complex numbers 1
4-5 8 Modulus of a complex number 2
9 Square roots of a complex number 2
10  Equations in the set of complex number 2
6-7 11 Definition and properties of a complex number z in polar 2
form
12 Multiplication and division of complex numbers in polar 2
form
13 Powers and De Moivre’s formula 2
8-9 14 Definition and properties of a complex number z in 1
exponential form
15 Euler’s formula of complex numbers 2
16 Application of complex numbers in other sciences. 1
17 End unit assessment 1
18  Remediation 1
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Notice:

For application of mathematics content to other subjects, the teacher will consider
the prerequisite of learners in this domain then act accordingly; the time to spend and
importance to be given to application activities will depend on the learner’s level of
knowledge.

: Definition of complex number

a) Prerequisites/Revision/Introduction:

Through examples, let learners discuss how to solve quadratic equations in R
(set of real numbers). For example, use the quadratic equation x* —16 = 0 and
let learners find that the solution is x = 24 because the square root of a positive
number exists.

b)Teaching resources:

Learner’s book and other Reference textbooks to facilitate research

Flash cards containing the complex numbers, real numbers and pure imaginary
numbers

c) Learning activities:

Ask learners to use the formula for solving quadratic equation x> +16 =0 in the
set of real numbers from activity 1.1, and by introducing the imaginary number
i= \/—_1 or j> =—1 , let them find the square root of a negative number which
does not existin R .

Lead learners to realize that the solution x =®4i is the solution of the equation
2
x"+16=0.

Explain to the learner that the solution x=24i containing the imaginary
number Iis an element of a new set called “set of complex numbers C and that

NcZcQcRcC,

Through generalization, let learners discover that given two-real numbers @
and b the complex number z is defined as, z = g +ib where the number a is
called the real part of z and the number b is called the imaginary part of z and
i =-1.

Let learners be aware that the definition of complex numberis mathematically
written as follows: C = {a +ib; wherea,beR and i’ = —1}

Through different examples, help learners to understand the importance of
complex numbers by showing their application in electrical engineering, as well
as in physics. For example, complex numbers are used when some quantity
has a phase as well as a magnitude. Such situation occurs when one deals with
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sinusoidal oscillating voltage and current (other examples in physics include
optics, where wave interference is important, and quantum mechanical wave
functions). In other subjects, complex numbers are used to make calculations

easier.

Application Activity 1.1
Solution for question 1

a)z=4+2i, Re(z) =4, Im(z) =2
b)z=i, Re(z) =0, Im(z) =1
)z=2-1i, Re(z)= V2, Im(z)=-1
d)z=-3.5, Re(z)=-3.5,Im(z)=0
Solution for question 2

a)25=(6x4)+1, ¥ =i
b)2310=(577x4)+2, i =-1
T1=(17x4)+3, "' =i =i
d)51=4x12+3, i* =i =i
e)28=4x7, i*=i"=1

Solution for question 3

1
The inductors and the capacitors are Z, = joLandZ. = —C have imaginary part.
Jjo
: Geometric representation of complex numbers

a) Prerequisites/Revision/Introduction:

¢ Using the activity 1.3, guide learners in plotting points: A(2,3)and B(-3,5) in
Cartesian plane.

b)Teaching resources:

e T-square, ruler, if possible Mathematics drawing software as GeoGebra, Mathlab,
graph, etc.

e |earner’s book and other textbooks to facilitate research
c) Learning activities:

e Given the complex number z = -3+ 5;, ask learners to plot the point z(=3,5)
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in a complex plane and then from activity 1.3, facilitate them to plot the point

z(a,b)affix of z=a+bi inacomplex plane.

* Through class discussions, ask learners to establish a relationship between
Cartesian plane and complex plane by considering x—axis as real axis and

y —axis axis as imaginary axis.

e Using figure 1.3, let learners deduce that the complex

lane consists of two

number lines that intersect in a right angle at the point 0,0) . The horizontal
number line (or x—axisin Cartesian plane) is the real axis while the vertical
number line (or y —axis in Cartesian plane) is the imaginary axis.

Application activity 1.2

Solution for question 1

Im(z)

4

3

2

z=—3.5+1.2¢ T
12 = 1

1
4 -3 -2 -1 0

S AB=AE=[ N2 ]

Solution for question 2

As X = X, + X ,the netreactance vectoris jX, + jX.=200;-150;=50;

This is an inductive reactance, because it is positive imaginary.
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: Addition and subtraction in the set of complex numbers

a) Prerequisites/Revision/Introduction:

e Guide learners to plot the point 4(1,2)and B(-2,4)then deduce the

coordinate of the vector O4+ OB = OC , where C is a new point in the
Cartesian plane.

Figure 1. 1 The sum of two vectors JA and 073

b)Teaching resources:
e T-square, ruler, if possible Math draw software as GeoGebra, math lab....
e Learner’s book/ Internet or textbooks to facilitate research

c) Learning activities:

* From Activity 1.4 and basing on the answer found in a), guide learners in plotting
respectively the affix z(1,2) and z,(-2,4)of z, =1+2iandz, = -2+4i.

e Basing on the geometrical representation of z(1,2)and z,(-2,4), facilitate
learners to deduce the affix z(—1,6) of the complex number z, +z, .
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Im(z)

Relz)

Figure 1. 2 Geometric representation of Z = —1+6i

e Through theinterpretation of the figure 1.2 by learners and parallelogramrule, let
Learner to find that the sum of two complex numbers z, =a+bi and z, =c+di
is obtained by adding the sum of real parts to the sum of imaginary part
as follow: [Re(zl)+Re(zz)]+i[Im(zl)+Im(zz)J ,therefore the sum of
z, =a+biand z, = c+diis obtained by (a+bi)+(c+di)=(a+c)+(b+d)i

e Through a variety of examples and graphical representations of two different
complex numbers in the complex plane, lead learners to calculate the
difference of two complex numbers z =a+biand z, =c+dias follows:

(a+bi)—(c+di)=(a—c)+(b=d)i
Application Activity 1.3
Solution for question 1
a)Facilitate learners to remember how to add vectors graphically:

Vector addition is found geometrically by constructing a parallelogram, using the
two vectors z, =a+bi andz, =c+di as two of the sides. Then, the diagonal is the
resultant (or the sum vector).
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Im(z)
1
2 1 Q ' 3 4 5 (] T &
3 z 9 =1 RE{Z}
]
!
=3 \
!
LY
=3 \
¥
!
=4 \
|
p |
=] H
i
!
-5 \
\

2 el k.

g4 L =T S \
=~ o i
-8 Tl -
] i) s ]

-8

From graphical representation
(5-i)+(2-7i)=7-8i=5+2—i(1+7)

b)

Imiz)

zo= 10+ Bi

After representing graphically, 6+ 3iand 10 +8i, we deduce that

(643i)—(10+8i)=—4—5i=6-10+i(3-8).
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Note that (6+37)—(10+8i)=(6+3i)+[—(10+8i) ]

¢) Graphically, we have:

e Im.(z)

5
z=4-0.6i Re(z)

-5

From graphical representation, we get
(4+2i)—(4-2i)+(4-0.6i)=4i+(4-0.6i)=4+3.4i
d) (8-i)—(2-i)=8-2-i+i=6
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Tm(z)

-3

-5

From geometric presentation, we deduce that the answer is

Conjugate of a complex number

a) Prerequisites/Revision/Introduction:

e Use the activity 1.5 and facilitate learners to plot the numberz =2+5i in the
complex plane and lead them to find the image P'(2,-5) of the point P(2,5)
affix of z by the reflection of real axis.

b)Teaching resources:

e T-square, ruler, if possible Mathematics drawing software as GeoGebra, Mathlab,
etc.

e Learner’s book and reference textbooks for developing learners’ self-confidence
through research activity.

c) Learning activities:

* Through the interpretation of the figure 1.8 and class discussion, let learners to
discover that z' =2—5i is the conjugate of z = 2 +5i.

* Using figure 1.8, the answer of the activity 1.5 and a variety of example 1.5,
lead learners to discover that for every complex numberZ = a+bi there is a
corresponding complex number z = g — pj called conjugate of Z that is the
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reflection of ? by real axis.
Application Activity 1.4

Solution for question (a)

1)
G
Im(z)

5
= 2 17
i
I
I
|
i
I
I
|
i
I
1 CY

-3 -2 -1 # 3 L] =] -

i
| Re(z)
I
I
i
I
I
|
|

| = 4

z=2+4i,;=2—41' T=2+4i
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Z=244i, z=-2-4i, z=-2+4i
4)

it

2 + <4
R [ —

i Re(z}

o

]
e i

=

K

z ==2-4i, z =2+4i, z =24
Solution for question (b)

From graphical representation or numerical analysis, we find that z =z.

: Multiplication and powers of complex number
a) Prerequisites/Revision/Introduction:

e By means of examples, help learners to calculate the product in the set
of real numbers. Let them apply the following distributive property

(a+b).(c+d)=a(c+d)+b(c+d)
b)Teaching resources:
e Learner’s book and other reference textbooks to facilitate research
c) Learning activities:

 Given two complex numbers z, =4 —7i and

z, =5+3i, lead learners to determine the product

2.2, = (4=Ti).(5+3i) = z,.2, =[ (4.5) — (-7).3 | +i[ (43) +5.(-7) | & 2,2z, = 41-23i by
applying the distributive property and converting i* into — 1
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e Using the same procedure, facilitate learners to calculate the power
22 =(4-7i) =(4-7i)(4-7i) & 27 =-33-56i

e Letlearners go through the example 1.6 and work out application activities 1.5 to
emphasize their skills in calculating the product and powers of complex numbers
Application Activity 1.5
Solution
a)z=i(3-7i)(2-i)=17—-i
b)z=(1+i) =3(2—i)’ =—6+35i
: Division in the set of complex numbers

a) Prerequisites/Revision/Introduction:

e Through different exercises, let learners determine the conjugate of the complex
numberz =541

b)Teaching resources:
e Internet and textbooks to facilitate research
c) Learning activities:

e Through the activity 1.7, let learners apply the rules of rationalizing the
denominator inR and convert % into —1, and assist them to transform the

denominator of z= 5+ 3." into real part without changing the value of z as
+1
follow: Z:M@ZZM
(5+)(5-1) 26

e Facilitate learners to determine the quotient of2+3i and5+iwhich is

(2+i)(5-1) _10-2i+15i+3 _13+13i _1 1.
(5+i)(5-1) 25+1 26

e From the activity 1.7, let learners work in small groups and make generalization

zZ . .
on how to find —- given two complex numbersz, =a+biand z, =c+di.
z
2

e Fromthe harmonization of groups work, help learners to realize that the quotient
z, _(a+bi)(c—di)_(ac+bd)+(bc—ad)i

z
21 jis obtained by 2L = _
z, B OvRnEaRy z, (c+di)(c—di) c+d’
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e Letlearners go through the examplet.7 and work out application activities 1.6 to
emphasize their skills in calculating the quotient of complex numbers

Application Activity 1.6

Solution for question 1

2) = or(2+i)(1-2i)=(2+2)+i(1-4)=4-3i

Hence - 1 1 _4+3’_L(4

(2+i)(1-2i) 4-3i 16+9 25

B \/5 1+ \/_ 1+1i
b)Z—{\/ngl] (l—lj Let z \/__Ha dz, = Ti,

+3i).

(ﬁ—i)(ﬁ—i) 3-23i-1 1
thus z, = 311 = 1 :5(1—1\/5) and
1+i (1+0)(1+i) 20 .
22: - = =—=1,.
1-i 1+1 2
Therefore,

z=z2 (fHT(IZJ :B(l—iﬁ)T-is=%(1—z\/§)4-i

ut, (1-iv3) =1-4(iv3)+6(i3) ~4(iW3) +(i"3)
=1-4i3-18+12i/3+9=-8+8i\/3.

Hence, z =%(—8+8i«/§)-i :%(—IH\B)J = —ﬁ—%i.
Solution for question 2

The solution of this type of problemis based on the fact that two complex numbers are
equal if and only if their real parts and imaginary parts respectively are equal to each
other.

x+4y=12 (1)

xy=-16 (2)

From equation (1), we get x =12 -4y .Replacing x in equation (2), we obtain:
(12—4y)y =-16<4y°-12y-16=0< 1’ -3y-4=0< (y—4)(y-+

a) x+4y+xyi:12—l6i©{

Hence,y=—lor y=4.

If y=—1,then x=16 ;if y=4,then x =—4.
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The solutions of the given problem are (16,—1) and (—4,4).
b) x—7y+8xi=6y+(6y—100)i

x=Ty=6y x—13y=0 (1)
8x=6y—100  [8x—6y=-100 (2')

From (1'): x = 13y Substituting the value of X in (2 ) gives

100 50
104y -6y =-100 <98y =—100 ==,
yeny o YT T 9
Putting the value of yin (1’):x:—@ .
49
650 50
Hence, x=———and y=——.
49 49
| 1 x—iy 1-2i
2 x+iy+1+2i ®x2+y2+ 5 (x#0and y0)
5(x—iy)+(x2+y2)(1—2i):1@5(x—iy)+(x2+y2)(1—2i):1
5(x2+y2) 5(x2+y2)
(x2+y2+5x)—(2x2+2y2+5y)i
= =1
5(x2+y2)
x*+ " +5x
EE A (o)
5 2 2
Hence, (2x +)/2)
2x°+2y"+5y
—— =0 b
5(x2+y2) ( )
2 2 — 2 2 4 2 4 2_5 =0
(a)&(b)@ X"+ y 4+ S5x =5x"+5y - X"+ 4y X
2% +2y* +5y=0 2x* +2y* +5y=0

The linear combination (a')—2(b") gives us
—Sx—-10y = 0<:>5(x +2y ):O<:>x + 2y =0
Letting y=a,weget x=-2a, acR.
Substituting these values in (a ') yields

16’ + 4a* + 10a=0<=20a* + 10a= 0

<:>10a(2a+1)=0©a=00ra=—%.
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The value a =0 is to be eliminated since it is incompatible with the condition
x#0and y#0.

1
Let a= > =x=1 and y= —% .These values satisfy the equations (a ‘) and (b‘)
1

, therefore the solution of the problemis and y = R

Solution for question 3

weiy) (i) +(x-iy)
1+77 b

. . \2

X+1y (x—i-ly)

2T 2-x_l.y 2x_l.y
X+iy X+iy

(x2 +2xyi— Y’ +x° —2xyi—y2)(x+iy)
- 2()c+iy)2 (x—iy)
2(x-y7) 2oy

red.
2(x+iy)(x—iy) X'+ arrequre

: Modulus of a complex number
a) Prerequisites/Revision/Introduction:

e Facilitate learners to plot the point 4(0,0),B(3,0) and C(4,3) in the Cartesian
plane, and join those points to find a triangle and then find the distance of the
side AC.

b)Teaching resources:

e T-square, ruler, if possible Math draw software as GeoGebra, Mathlab, graphcalc,
etc.

¢ Internet and textbooks to facilitate research
¢) Learning activities:

e From the activity 1.9, lead learners to calculate the modulus of z = a+bi and let
them discover that the modulus is always a positive real number denoted by |z
such that|z|=zZ =va* +b° .

)

¢ Insmall groups, facilitate the learners to calculate the modulus by explaining that
the modulus value looks like the length of the vector with origin (0,0) to the
affix of the complex numberz .
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e By using figure 1.9, harmonize the Learners’ group works and help them to get
the real meaning of modulus through observation and interpretation.

e Individually, let learners go through the example1.8 and work out application
activities 1.7 to emphasize their skills in calculating the modulus of complex
numbers.

Application Activity 1.7
Solution for question 1
1. z, =2-3ithen |Z1| —J4+9 =413,
2, =3—4ithen |z,|=/9+16 =25 =5,
2, =6+ 4ithen |z,| =36 +16 =+/52 =24/13,
z, =15-8ithen |z,|=v/225+64 =~/289 =17.

(2_3i)(3+4i) _ 415 :|Z|_|Zl|'|22| _ 5\/5 _ S

(6+41)(15-81) z-2z, ' |z||] 23x17 34"
Solution for question 2

z =

If z=1 -1, z,=-2+4i, z;, =3 — 2i,then
a) |2z, -3z |=|-7+11i| =170

b) |zl.72 + 7. 22| =12

9 |zl+zz+1|:|(l—i)+(—2+4i)+1|:| 3| P _ 3 34l
2=z, +1| [(1=0)—(-2+4i)+1| [4-5i] [4-5i] a1 41
Q) |z + 22 |22 =2 = |10 + (-2 i) +|(3-20) - (24 40)7

=[-2i+(-12-160)[ +|(5-120)~ (=12 -160) =|-12-18i]" +[17+ 4]

- (\/144+324)2 +(\/289+16)2 —773

Solution for question 3
z+2

=2 |z+2|=2|

z

Let z=x+iy where x,ye R
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z+2

=2C>|x+iy+2|:2|x+iy|C>J(x+2)2 +y? =20x" + )’

Squaring both sides we get

Then,
z

& (x + 2)2 +y’ =4x" +4y [squaring both Sides]

S X H4x+4+)y =4 +4y  ©3x7 +3)" —4x =4 <:>x2—§x+y2 :%

2, »_ 16 . . 2
a4 x—g +y :?whlch is the equation of a circle with centre at E’O and

4
radius of Eunits .

Solution for question 4
Letz = x+ yi, we have

|Z—2i|=|z+2|<::>|x+iy—2z'|:|x+iy+2|<::>\/xz—#(y—Z)2 :\/()H—Z)z+y2
Squaring both sides and then expanding yield
X+ —dy+d=x"+4x+4+)y & 4dy=dx S y=—x

This is a straight line, mediator of the segment joining the points z, =2iandz, = -2

. (See the figure bellow).

y
3__
=—x
Zl=2i
24
/
Ve
/7
//
/ T
//
z, ==2 V4
VA : : —
-3 -2 -1 0 1 2 3
14
94
34
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: Square root of a complex number

a) Prerequisites/Revision/Introduction:

Givenz = a +bi, let learners discuss and calculate z*, the square of a complex
number z=a+bi.

b)Teaching resources:

Internet and textbooks to facilitate research

c) Learning activities:

From activity 1.9, let learners work in groups and solve(a + ib)2 =6—4i, where
@ and b are real numbers.

Facilitate them to discuss the value of @ and b and determine the square root
of z=6—4i. Help learners to solve the equation from activity 1.9 by matching
similar terms of the equation both sides or identification technique and then

a’—b*=6
2ab=-4
While working in groups, help learners remember how to solve bi-quadratic

solve the obtained similitaneous equations{

equation of the form: ax* +bx* +c=0.

2 2
a —-b =6
Facilitate learners to find solutions of {2 b4 by solving bi-quadratic
ab=—
equation b* +6b° —4 =0 . Letthem suppose that x = »* and solve the quadratic

equation x* +6b>—4=0

Or alternativelly, facilitate Learners to find solutions of

a-b'=6 (1)
2ab=-4 (2)
by considering |Z|2 =|Zz|and a*+b* =213 (3)

Generally, harmonize thelearners’ group works and let themrealize that when the
complex number z = x +iyis the square root of a complex number a + bi, this

means that (x+yi)2 :(a+bi): |x+iy|2 =|a+ib| < x> +2xyi—y’ =a+ib.

2 2
Equality of two complex numbers gives r -y o=a .
2xy=>b

54
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x:iﬁ(“m)
]

e Individually, let learners go through the example 1.9 and work out application

activities 1.8 to emphasize their skills in determination of the square root of
complex numbers

Therefore,

Application Activity 1.8

Solution

a) —3+4i,letustake |x+iy|2 =|-3+4i|
x:i\/%(a+\/a2+b2)
yzi\/%(—a+\/a2+b2)

1
xzi\/z(—3+\/9+l6)© T
1 y=tJ4=42
y== 5(3+\/9+16)

or

Therefore, square roots of =3+ 4i are 1+2i and —1-2i

b) z=-2i
x:i‘/z:il
a=0 2
b==2<0 " >
y:i E:il

As b is less than zero, we take the different signs, and the square roots of z = -2 are
1-i and =1+

<) z=2-2i\3

Find xand y.

x=i\/%(2+x/4+12) =+3

It implies that {

y:i%\/%(—%@) = +]
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As b is less than zero, we take the different signs of x and y:
Square roots of z = 2-2i3are \3—iand —/3 +i.
: Equations in the set of complex numbers

A. Simple equations of the form Az + B =0 where A and B are two given
complex numbers, 4 =0

a) Prerequisites/Revision/Introduction:

* Give to learners different exercises on solving equation of the formax+b =0 in
the set of real numbers.

b)Teaching resources:
Internet and textbooks to facilitate research
c) Learning activities:
e From the activity 1.10, facilitate learners to work in small groups and find

the solution set of the equation 4z+5i=12—iand let them find that:

4Z:12—i—5i<:>4Z:12—6i:>Z=3—%i

e From the activity 1.10 ,facilitate learners to have a general idea on how to find
the solution set of the equation Az + B =0 (where A and B are two complex
numbers, A different to zero) by helping them to remember that they apply

the same process as solving equation of the form ax+5 =0 in the set of real
B

numbers. Let them find out that Az+ B=0=z= _Z and Z must be written

inthe form of z =x+ yi

 Individually, let learners go through examplet.10 and work out application
activities 1.9, to emphasize their skills in solving equations of the form 4z+ B =0

Application Activity 1.9

Solution:
2i1+41 9 3§
=—+4+—

N If 1+3i)z=2i+4i; then z=
1+3i 5 5

Tz+(8-2i)w=4-9i
(1+i)+(2-i)w=2+7i
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8 11i
From the the second equation, w= §+?l, then replaceing w by its value in the

first equation, we get the valueof z: z=—+—1.

B. Quadratic equations of the form 42 *+Bz+C=0 where A, Band C are
three given complex numbers

a) Prerequisites/Revision/Introduction:

* Give learners different exercises on solving equation of the form 4z> + B=0 in
the set of real numbers.

b)Teaching resources:
Internet and textbooks to facilitate research
c) Learning activities:

e From the activity 1.11, facilitate learners to work in small groups and find
the solution set of the equation 4z+5i=12—iand let them find that:

4Z:12—i—5i<:>4Z:12—6i:>z=3—%i

e From the activity 1.11, facilitate learners to have a general idea on how to find
the solution set of simple quadratic equations in the set of complex numbers.
Let them remember that it recalls the procedure of how to solve the quadratic

equations in the set of real numbers considering that v—1 =i. There fore,

A22+C=0:>zzz_—c<z>zz\/__7’
A A

e Through group activiy, help learners to solve the equation of the form

~B+~B*-44C
24
. By considering the case where A, B, and Care the real numbers and A different to

AzZ* +Bz+C =0, (4 #0) andleadthemtothefollowing: z =

zero, facilitate sudents to find out that the equation 4z° + Bz + C = 0 has either
two real roots, one double real root or two conjugate complex roots depending
on the value of A= B> -44C

1) If A=0, thereis a doublerealroot z =z, = %
—-B++VA -B—-+A
2)If A> 0, there are two distinct real roots z, =T\/—and Z, = T\/—

3)If A <0, there is no real root. In this case, there are two conjugate complex

—B+iN-A _—B-i-A

roots z, :Tand z, Y
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e Individually, letlearnersgo through example1.11and work out application activities
1.10, to emphasize their skills in solving equations of the form Az” + Bz +C =0

Application Activity 1.10

Solution for question 1
a) 22— +i)z+ 4 +3i=0
=(3+i)i\/(3+i)2—4-(4+3i) _ G+ EVI+6i-1-16-12i _ (3+i):\-8-6i

> -
Let us first find V-8 —6i :

2 2
/a+ a +b2 +/—8+ 84 +36
2
_ /—a+ a*+b _ /8+ 84+3 _ 43

\N—8—6i=1-3i0or —1+3i.

3+0)+(1-3i

(3+7) ( l>:2—iorl+2i.
2

b) z* + 9=0. It implies that z = +3;

Then z =

Solution for question 2
(z—4)isafactorof 2’ —15z—4ifz=4isazeroof p(z)=2'-15z—4.
Or p(4):43 —15(4)-4=64-60-4=0;
Hence, (z—4)is afactor of z* =15z —4.
Since (z—4)isafactorof 2> —15z—4, z =4 isoneofthesolutionsof z° —15z—4 =0
; other solutions could be found by factorization.

To get other factors, let us use synthetic division,

1 0 —-15 —4
4 4 16 4
1 4 1 0
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Thus, 2’ —15z-4 =(z-4)(* +4z+1)

Solvez* +4z+1=0 by discriminant method:

A=16-4=12
Then,
z, :#and z, :_4_—22\/§,thus, z, =-2+3 and Z, =2-3

Therefore, the solutions of z° —15z—4=0are 4, 2 + 3 and 2—\/§ .

: Definition and properties of a complex number z in polar form

a) Prerequisites/Revision/Introduction:

From the activity 10.12, help learners to remember how to write a vector M
using trigonometric relations. Using figure 1.10, let learners discuss and find
that a=rcosf@and a=rsin@. Finally, facilitate learners to deduce that

M(r,0)=r1(cos@+sinb).

b)Teaching resources:

Internet and textbooks for research

¢) Learning activities:

From the activity 10.12 and the figure 1.10, let learners discuss in small groups
to find out r =ae, +be, =rcosbe, +rsinbe, and simillarly, facilitate them to

discover that when given the complex number z with the affix P(x,y) and the
modulus |Z| = \/xz -i-y2 =71, the complex number z will be written as follow:
z=x+iy=rcos@+irsinf =r(cosd+isinb)

Help learners to understand that z = r(cos @ +isin ) is called the polar form.
Let them find out that its affix is represented by the coordinates (7.&) where
r=4x"+ y2 is its modulus and @ the angle between the corresponding vector

and x — axis.

Explain to the learners that the angle @ is called the argument of z and then
given z = x +iy, the formula used to convert to the polar form are the following:

r=4x"+y>, x=rcos@, y=rsind and «9:arg(z)=::1rctanZ
X

In small groups , let learnersgo through example 1.12 and work out application
activities 1.11 to emphasize their skills in converting a complex number from
algebraic form to polar form and vice versa.
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Application activity 1.11

Solution for question 1

The table of trigonometric values and the scientific calculator can help the learner to
find the argument of z.

Let @ be argument of the complex number z

cosfd=0
a) If z=-2ithen |z|=2,1 9_2__p thus @ lies on negative y—axis
sinf =—=—

i.e.0= —%[23] . The principal argument is —% .

cosH:% T
b)If z=1-i then |2=+2, _12 , thus @ lies in 4™ quadrant and 6 = —Z[Zﬂ].
51n9=$
The principal argument is _%.
c039=l o T
O)If z=1-i/3 then|z| =2 2 ,thus @ liesing®"quadrantand 0 = —;[27[]
£ ) \/g
sinf =——

The principal argument is—% .

d)If z=-1+iV3,

cosd = —l

2
then |2|=2, 2 Thus @ liesin 2™ quadrant and 6 =Tﬂ[27t].

sinf =—
2

- . 2
The principal argument is T .

_ 3
e)lf z=—/3-1, 14)=2 €0sf="""thus 6 liesin 3rd quadrantand @ = —%[2%]
sinf =——
2

. The principal argument is —5?7[.
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Solution for question 2

cosﬁz—ﬁ
a) If z=-1+i then |z|:\/§ , thus @ lies on 2™ quadrant and
sinf =—
V2
0= 3”[27r] Therefore, z=\/5(cos37ﬂ+isin37ﬂj.

| —

cosf =—
1 3

b)If z=-—+i——, then |7[=1,
2 2

sind =

, thus @ lies in 2" quadrant and

Nlﬁw

0= 27r[

2r]. Therefore, z = I(cos%ﬂsm%j

Q) Z——Z(%—i—l%] ~1-i\3

cosf = —% 5
|z| =2, , thus @ lies in 3 quadrant and €@ =——ﬂ[27r].
B3 3
sinf =—
2
2
Therefore, z = 2[(:05 + i sm(—%ﬂ .
2
cosf=—=1 . . .
If z=2 then |z[=2, 2, thus @ lies on positive x — axis and
sind =0

0 =0[27]. Therefore, z =2(cos0+isin0).

0=0
e)If z=—i then |]=1,{""
sind =-1

0:—1[27@. Therefore, z=2 cos(—£ +isin| -2 ||
2 2 2

Solution for question 3

, thus @ lies on negative y—axisand

a) z=5cis270" =5(c0s270° +isin270°) = 0 +5i
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b) z = 4cis300° = 4(cos300° +isin300°) = 4| cos (60" )+ sin (-60°) |
:4(%—1'?J =2-2i\3

SECHEAR W EA RS

d) z=3cis Z 23] cosZ+isinZ |=0+3i
2 2 2

: Multiplication and division of complex numbers in polar form
a) Prerequisites/Revision/Introduction:
* Give exercises involving trigonometric identities:

cos @ cos @ xsingsin @ = cos(¢ F 6);cos @sin @ £ cos @sin ¢ = sin(¢ £ 0)

e Given two complex numbers z =J3- i and z, =1+1, let learners work in
groups or individually to find out the modulus and argument of each number.

b)Teaching resources:
Learner’s book, Internet and textbooks for research
c) Learning activities:

e Write on the board the two complex numbersz, =+3— i andz, =1+i

. In small groups, ask learners to express these numbers in polar form,
z

then compute the product z.z,and the quotient —- Ensure that
2

learners use above trigonometric identities to come up with the following

final results: z, :2(cos%—isin %) and z, = \/E(cos% +isin %)

Thereforez,.z, = z,.z, = 1.1, [COS(H] +0,)+isin (6, +6, ):' and
L. i[cos(@1 —6’2)+isin(6’l -0, )] Ask learners to express these results in
Z h

their own words, e.g., the modulus of the product of two complex numbers is
the product of the moduli and the argument is the sum of arguments.
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* Let learners go through the example 1.13. Individually, ask them to work out
application activities 1.12 to develop their skills and increase their self confidence
in calculating the product and quotient of complex numbers in polar form.

Application Activity 1.12
Solution

Conversion in polar form

1
cosfd=—
Vs
1) z=1+i. We have |7|=2, \/157 thus @ lies in 1t quadrant and‘9=z[2”]
sinf =—
V2
T
.Therefore, z = (cos—+zs1 Z)
cost9=——3
2)w=—/3+ithen Iw|=2, 2 | thus @ lies in the 2nd quadrant and
sinf =—
2

0 =5?7[[27r] . Therefore, z = Z(COS%ZHsin%[j .

NG

cosf =——

3) y=-3+i3 |[y|=243, | 2 thus @ lies in 2" quadrant andezs?ﬂ[br].

sinf =—
5 .5
Therefore, y = Zﬁ(cos% +isin ?ﬂj .
Computation for operations

1) z-w= 22 cos—+zsin13—” = 2/2] cos Az +isin iz
12 12 12

12

. 137 11z . 117z
z- 2 cos—+zs1n— =246]| cos| ——— |+isin| ———
2) 2= f( 2 j [[ ( 12) ( lzﬂ

cosO+isin0)=T.

2
3);_ﬁ(
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4) Xzﬁ(cos%ﬂ'sinzj :\/E(COS7—ﬂ+iSin7—ﬁj :

z 2 12 12 12

: Powers and De Moivre’s formula
a)Prerequisites/Revision/Introduction:

e From activity 1.14, let learners work individually and convert z =1—i+/3 in polar
form.

b)Teaching resources:

Learner’s textbook and other reference books for research.
) Learning activities:
e After checking whether all learners have converted z=1-i+/3 in polar form
accurately, let learners work in groups and calculate z° .
¢ [nthe same groups, ask learners to determine 2 =z"zin polar form
e From different products, let learners deduce De Moivre’s theorem:
(cos@+isin@)" =cos(nb)+isin(n6).

Let learners go through the example 1.14 and work out application activities

1.13 to develop independently their skills in calculating the power of complex
numbers in polar form.

Application Activity 1.13
Solution for question 1

.. 9 .. ..
a) (cos3z+isin3z) =cos27x+isin277 =cosz+isinz=—1
2

5z .. Sm)s .
b) | cos—=—+isin— | =cosz+isinz =-1
2 2
5
Q) (cos;ﬂsm;} =cosm+isinz =-1

d) (cos 45° +jsin 45° )2 =c0s90° +isin90° =i
e) (cos 60° +isin 60° )3 =cos180° +isin180° =1

Solution for question 2

a)(lﬂ'«/g)6 =2° (cos%zﬂ'sin%rj: 2°(cos 2z +isin2z)=2°
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b)(—\/§+i)10:210(c0s%+zsin%J 21°(cos?+zsm§j 29(1+zf)

: Definition and properties of a complex number zin exponential
form

a) Prerequisites/Revision/Introduction:

Using examples and activities help learners to review exponential concept and how

to solve simple exponential equations learned in Ss.

b)Teaching resources:

Learner’s book, internet and other appropriate textbooks for research

¢) Learning activities:

Guide learners to make a research in the library or on the internet wherever
possible to find out the relationship between complex number in tngonometrlc
form with exponential function, that is, expressing cosé+isin@into e’

Considering that z = cost9+zsmt9 is the polar form of a complex number, Iet

learners find out the form of z =¢€"”. | form stundents that this notation is due
to the mathematician Euler.

Given that the voltage is expressed by U (1) = U, " where @ is the the angular
frequency which is related to the frequency by @ =27 f and ¢ the time for
which the voltage appears somewhere in the AC circuit, ask Learners to work in
groups and write this voltage form as a complex number in the polar and deduce
its modulus and the argument.

From the findings of activity 1.15, harmonize the group findings by explaining
that any complex number z of modulus |z| and argument & can be written as

z= |Z|(cos O+isin)= |z| e’

Explain to learners that z =r.¢” is called an exponential form of the complex
number z , where r and @ are the modulus and the argument of z respectively
and then let them know that all powers‘ properties applicable for other forms of
complex numbers are also applicable for exponential form.

Let learners go through the example 1.15 and work out application activities 1.14,
to emphasize their skills in converting a complex number in exponential form
and vice versa.
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e By means of examples, facilitate learners to be interested by the application of
complex numbers in a range of real situations.

Application Activity 1.14

Solution for question 1
a)l-i= J2e ¥
b)2i=2e?

c)£+li _
2 S,

d)-BB-i=2¢ ¢
Im(z)
2't': =2
i
1.5
1
3
0.5 = B R + 5 1
-2.5 -2 0.5 q 15 }RE(Z}
z=1+1
Solution for question 2
iz ) 1 3
a)z=e? :cos£+ism£:—+i£
3 2
— AN ) N2 A2
b)z=e * =cos| —= |+isin| - = |=——-i—
4 4 2 2

V3ot

Q) z=3¢6 =3(cosz+isin£j:—+—z
6 6

—_

2 2

P

\S]

27
d)z=2e 3 :3(c052—7[+isin2—ﬁ):—l+i—
3 3 2
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Solution for question 3

. 4
iarctan—

21

a) z=-1+i3=2¢° b) z=3+4i=5e
Sr
6

Q) z=2-2i=22e ¢ d) z=-3+iB=23¢

: Euler’s formulae
a) Prerequisites/Revision/Introduction:

e Facilitate learners to remember De Moivre’s formula or theorem and convert the
polar form of a complex number into exponential form.

b)Teaching resources:
Learner’s textbook and any textbooks to enable research
c) Learning activities:

e Organise learners in groups to work out the activity 1.16. Basing on the group
findings and using question-answer technique, facilitate learners to realize
thatcosgzé(efﬂ +e™) and simg:%(eif’ _e—”) . Inform learners that these
identities are called Euler’s formulae. l

e In groups, let learners go through the example 1.16. Individually learners work
out application activities 1.15 to reinforce their learning and develop their
mathematical skills. Ensure all learners are capable to achieve high level of
performance through providing adequate feedback to individual learner.

Application Activity 1.15

Solution
" ¢ e Y (& +e™) cosdx cosx
a) sin” xcosx= . = -
2i 2 4 4
cos(2x+ cos cos(2x—
b) cos’xcosy= ( y)+ S ( y)
4 2 4
. . 3
; e"+e"” cos3x 3cosx
c) cos x= = +
2 4 4
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: Application of complex numbers in other sciences
a) Prerequisites/Revision/Introduction:

e Facilitate learners to remember how to convert the algebraic form of a complex
number into the polar form and then into the exponential form.

b)Teaching resources:
Internet or textbooks for research
c) Learning activities

* In groups, depending on the school facilities, let learners explore internet or
textbooks to look for different applications of complex numbers in other sciences
especially in Physics. This intends to support learners in developing their skills
and increasing their curiosity about complex numbers and their applications in
daily situations.

1. Definitions
e Complex number

Given two real numbers a and b, the complex number z is a number z = a+ib where
the number a is called the real part of z and the number b is called the imaginary part
ofzand i* = —1.

The set of all complex numbersis C = {z =a+ib, where a,b R and i* = —1}.
e Conjugate of a complex number

Conjugate of complex number z =a+bi is its reflection by x—axis and is denoted
and defined by z=a—bi.

e Modulus of a complex number
The modulus of z=a+bi is a positive real number denoted by|z|, such that
|z|:\/z-z :\/a2 +b*.

e Argument of a complex number

Argument of a complex number z = a +bi denoted by @ is an angle between a vector
of affix z = a+ bi with positive x —axis and defined as foll
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arctané,ifa >0
a
b .
7 +arctan—,if a <0and b >0
a
b .
—r +arctan—,if a<0and b <0
Q:arg(z): a
%,ifa:Oandb>0

—%,ifaanndb<O

Undefined,if a=0and b=0

2. Properties of the imaginary number “;”

The imaginary unit, i , “cycles” through 4 different values {1,i,—1,—i} each time we

multiply.

ol

-4 +4n+l . 4n+2 +4n+3
lnzl, ln+:l,ln+ :_l,anr — _
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3. Presentation of a complex number

There are four different ways of presenting a complex number: algebraic form,
geometric form, polar form and exponential form as illustrated in the following table

Form Formula/Graphical Additional information

representation
Algebraic

z=a+bi a,beRand i* =-1
Geometric
Polar
z=r(cosf+isinb) r=|z|,and 6 = arg(z)
or
z = rcisf
orr/Z6
Exponential

4. Operations in set of complex numbers
¢ Addition and subtraction in the set of complex numbers

To perform addition and subtraction of complex numbers we combine real parts
together and imaginary parts separately:

Given two complex numbers z, = a +bi and z, = c +di , then

z,+z,=(a+c)+(b+d)i and z,—z, =(a—c)+(b-d)i.
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¢ Multiplication, division and powers of complex numbers
The product of two complex numbers z, = a+bi and z, = c+di is given by:
z,.z, =(a+bi)(c+di)=(ac—bd)+i(ad +cb);
The division of two complex numbers z, =a+ib and z, =c+id
z _a+bi _(ac+bd)+(bc—ad)i
z, c+di c+d’

The powern of z=a+bi isgivenby:z" =z..z = (a + ib)...(a +ib) = (a + ib)n
ntimes

Square roots of a complex number

When the complex number z = x + yi is the square root of a complex number a +bi,
* %(a+\/a2 +b2)
x=% %(—a+\/a2+b2)

X
this means that

Multiplication or division of complex numbers in polar form and exponential form

From two complex numbers in polar form z, =rcis6, and z, = r,cisb,,
i(6,+6,)

)

The product of z,and z, is z, -z, =1, - rcis (6, + 6, ) =1, - e
%/—J

polar form exponential form

The quotient of z and z, is 2L = icis(é?l ~6,)= 5 e
z v,

2 > r

polar form exponential form
De Moivre’s formula and Power of a complex number using the polar/ exponential
form

Given the complex number z= r(cos@ﬂ'sin 9) , then,
=" [cos(n@) +isin (n@)] =r"e"

For r =1, we have De Moivre’s formula that is (cos @ +isin8)" = cosn6 +isin nd
Euler’s formula
From polar form and exponential form of a complex number rZ6, you get the

Lo, -
cos & :5(6’9 +e 9)
following formulae called Euler’s formulae:

sind = %i(e’g —e”y) |

Teacher's guide 71



Applicationof complex numbers in other sciences

Complex numbers are applied in other sciences to express certain variables or
facilitate the calculation in complicated expressions. They are mostly used in Electrical
Engineering, electronics engineering, Signal analysis, Quantum mechanics, Relativity,
Applied mathematics, Fluid dynamics, Electromagnetism, Civil and Mechanical
Engineering.

In sciences, it is better to use j as the imaginary number instead of using i to avoid
the confusion of the expression of the imaginary numberi and the expression of the
electrical currenti.

In alternating current, if the angular velocity of the wire is @w=2xf, respective

1
impedances are Z, = R,Z, = jwL and —— ,their modulus are the resistance R, the

capacitive reactance is |ZC| = _C and the inductive reactance is given by |ZL| =wlL.
0]

Application of complex numbers in other sciences

Complex numbers are applied in other subjects to express certain variables or
facilitate the calculation in complicated expressions. They are mostly used in electrical
engineering, electronics engineering, signal analysis, quantum mechanics, relativity,
applied mathematics, fluid dynamics, electromagnetism, civil and mechanical
engineering.

Application in electronics engineering

Information that expresses a single dimension, such as linear distance, is called a scalar
quantity. Scalar numbers are the kind of numbers that learners use most often. In
relation to science, the voltage produced by a battery, the resistance of a piece of wire
(ohms), and current through a wire (amps) are scalar quantities.

When electrical engineers analysed alternating current circuits, they found that
quantities of voltage, current and resistance (called impedance in AC) were not the
familiar one-dimensional scalar quantities that are used when measuring DC circuits.
These quantities which now alternate in direction and amplitude possess other
dimensions (frequency and phase shift) that must be taken into account.

In order to analyse AC circuits, it became necessary to represent multi-dimensional
quantities. In order to accomplish this task, scalar numbers were abandoned and
complex numbers were used to express the two dimensions of frequency and phase
shift at one time.
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In mathematics, iis used to represent imaginary unit. In the study of electricity and
electronics, jis used to represent imaginary unit to avoid confusion with i which
represents current in electronics. It is also customary for scientists to write the complex
number in the forma+ jb .

Complex numbers play a great role in electronics. The main reason for this is that they
make the whole topic of analysing and understanding alternating signals much easier.

We can now consider oscillating currents and voltages as being complex values that
have areal part we can measure and an imaginary part which we can’t. At first it seems
pointless to create something we can’t see or measure, but it turns out to be useful in
a number of ways.

1. It helps us understand the behaviour of circuits which contain reactance
(produced by capacitors or inductors) when we apply A.C signals.

2. It gives us a new way to think about oscillations. This is useful when we want
to apply concepts like the conservation of energy to understanding the
behaviour of systems which range from a simple mechanical pendulum to a

quartz-crystal oscillator.
In Signal analysis

Complexnumbers are usedin signal analysis and other fields fora convenient description
for periodically varying signals. For given real functions representing actual physical
quantities, often in terms of sines and cosines, corresponding complex functions are
considered of which the real parts are the original quantities. For a sine wave of a given
frequency, the absolute value|Z| of the corresponding z is the amplitude and the
argument arg(z) the phase.

If Fourier analysis is employed to write a given real-valued signal as a sum of periodic
functions, these periodic functions are often written as complex valued functions
of the form a)f(t) = zwhere @ represents the angular frequency and the complex
number Z encodes the phase and amplitude as explained above.

In Quantum mechanics

The complex number field is relevant in the mathematical formulation of quantum
mechanics, where complex Hilbert spaces (infinite dimensional space over C) provide
the context for one such formulation that is convenient and perhaps most standard.
The original foundation formulas of quantum mechanics - the Schrédinger equation
and Heisenberg’s matrix mechanics - make use of complex numbers.
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The quantum theory provides a quantitative explanation for two types of phenomena
that classical mechanics and classical electrodynamics cannot account for:

Some observable physical quantities, such as the total energy of a black body, take on
discrete rather than continuous values. This phenomenon is called quantization, and
the smallest possible intervals between the discrete values are called quanta (singular:
quantum, from the Latin word for “quantity”’, hence the name “quantum mechanics.”).
The size of the quanta typically varies from system to system.

Under certain experimental conditions, microscopic objects like atoms or electrons
exhibit wave-like behaviour, such as interference. Under other conditions, the same
species of objects exhibit particle-like behaviour (“particle’” meaning an object that can
be localized to a particular region of space), such as scattering. This phenomenon is
known as wave-particle duality.

In Relativity

In special and general relativity, some formulas for the metric on space time become
simpler if one takes the time variable to be imaginary. (This is no longer standard in
classical relativity but is used in an essential way in quantum field theory.) Complex
numbers are essential to spinors, which are a generalization of the tensors used in
relativity.

In Applied mathematics

Indifferential equations, itiscommontofirst find all complexroots 7 of the characteristic
equation of a linear differential equation and then attempt to solve the system in terms
of base functions of the form f () =¢".

This part provides the answers of end unit assessment activities designed in integrative
approach to assess the key unit competence with cross reference to the textbook.

The following are standards (ST) which have been based on in setting end unit
assessment questions:

ST1: Correctly apply the properties of complex numbers to perform operations on
complex numbers in algebraic form, in polar form or in exponential form; reflecting
analytically and logically about their learning and setting their own goals.

ST2: Accurately find and achieve the best possible solution to problems involving
sets of complex numbers, having evaluated a range of alternatives.

ANSWER FOR QUESTION ONE
6+3i)(10—8i
La) z+z,=16+11i py 2 (0430)00=8) o)y
; z, 164
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c)z.z,=36+78i

d) (z-2)(z+2)=(6+3i-10+8i)(6+3i+10-8i) ==9 +196i
1.

Z=R+ja)L+L<:>Z=R+ja)L+¢
joC ja)C(—ja)C)

joC

< z=R+ jolL—-
-] a)ZCZ

©z=R+jol—-L
wC
1
& z=R+ j(wL——
J( wC)
When R=10,L =5,C=0.04 and w =4, we get

z=10+j(4x5-

0.04><4)

1
=10+ (20—
- S 0.16)

z=10+ j13.75
.a) z=3+3i= 3ﬁ(cos%+isin%) :3x/5.eiZ

b)(3+3i)5 = {3\/5(008%+isin%ﬂ5 = (3\/5)5 (cossjﬁﬂ'sins_”): (3\/5)5 ei%ﬁ

4

2
+yi) =3+3i
¢) Let z =(x+ yi) be square root of Z=3+3i then, (x-+ 1) !

x> — " +2xyi =3+3i
Equate real parts and imaginary parts to get:

X' =y"=3(1)
2xy=3 (2)
x2+y2: [32+32:\/§:3\/§
3+3V2
-2 =3 x== 5
Solving (1) and (3) to get: =N
g g x2+y2:3\/§ _3+3\/§
y: R
2
Then in algebraic form z:i{\/3+3\/§ +i\/—3+3\/§J
2 2
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ANSWER FOR QUESTION TWO
Let z= r(cos¢9+ isin H) be complex number in polar form, and
i= cos£+isin£ , Then,
2 2
r(cos0+isin6’)x cosZ+isin |=rcos| @+ |+isin| 6+ |z
2 2 2 2
..z isrotated in anticlockwise with angle %

ANSWER FOR QUESTION THREE

) - - 2 -2 -
. ix ix ix ix N _19 ix ix ix
a) SIn” XCOSXx = . = :

2i 2 —4 2
3ix ix —ix ix —ix —3ix 3ix ix —ix —3ix
et =" te " +e" e +e et —e"—e " te
-8 -8
3ix —3ix ix —ix
I{e"+e e’ +e 1 1
=— - =—cos3x——cosx
4 2 2 4 4
ix —ix 2 ix ix 2ix 2 —2ix ix —ix
b) coszxsinx: e +e e —e :e +2+e _e —e
2 2i 4 2i

O 106" 4o o LD _ i (e3ix e ) n (eix _e—ix)
R 8
1 e X _e— x elx _e_lx
= . + .
2i 2i

s 5 eix_e—ix 2 eix +e—[x 2
c)sin” xcos” x = -
2i 2

4
_ er _ 2eixe—ix + e—Zix eZix + 2eixe—ix + e—Zix
—4 4

B eZix _2+e—2ix e2ix +2+e—2ix
—4 4

( e £ 26" 4126 —4 -2 4142e 7 4o J
~16

=l(sin3x+sinx) =lsin3x+lsinx
4 4 4
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e et -2 1 e +e™ 2 1 I 1 1
=l—|=—= - =——cos4x+—=———cos4x
- 8 &8 8 8

-16 8 2 16
4 eix _ e*ix 3 eBix _362ixefix + 3eix672ix _ 673”
d) sin” x = =
2i —8i
B e3ix _ 3eix + 3efix _ e{;ix B (e3ix — e_3ix ) — 3 (eix — e_ix)
—8i —8i

3ix _-3ix ix _—ix
__lfe e 3¢ ~¢ =—l(sin3x—3sinx)=§sinx—lsin3x
2 4 4 4

ANSWER FOR QUESTION FOUR

Analytically/ numerically, let O be the starting pointand 4, B and C be the turning
points in northeast, west of north and south of west respectively. The result of all
displacements is represented by the vectorO4+ AB+ BC = OC..

27,

Or 04 =12(cos45" +isin45") = 126+, 4B = 2o[cos(3o° +90° ) +isin (30" +9o°)] =20e3

and FC:lS[cos(6o°+180°)+isin(60°+180°)]
2,

- 18[cos(180° ~60°)+isin (180° - 60° )] —18e .

Therefore,

OC =12¢* +20e? +18e ? :12(%“%]+20(—%+i§]+18[—l—i£]

2 2
=(6ﬁ—10—9)+i(6ﬁ+1oﬁ—9ﬁ)=(6ﬁ—19)+i(6ﬁ+ﬁ).
|0—C'|=\/(6\E—19)2 +(6ﬁ+ﬁ)2 =147;

62 +3
672 -19
Thus, the man is 14.7 km from his starting point in a direction 135°49' —90° = 45°49

west of north.

arg(%) = 7 +arctan =2.37=135%9 .
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Using a convenient unit of length which h represent lkm , and a protractor to measure
angles construct vectors OA4, AB and BC . Then by determining the number of units

inOC and the angle which OC makes with y —axis , we obtain the approxmately
14.7 km of displacement from origin (his starting point) in a direction of 45°49 west
of north.

The teacher’s guide suggests additional questions and answers to assess the key unit
competence.

A.Consolidation activities: Suggestion of questions and answers for deep
development of competences.

1) The table below shows examples of pure imaginary numbers in both
unsimplified and simplified form.

Unsimplified form | Simplified form
e 3i

V-5 i5
—J—-144 -12i

a) Explain how these pure imaginary numbers are simplified
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b)Explain why+/—18 is an imaginary number and write it in a simplified form

Solution

a)The following property explains how the pure imaginary numbers can be
simplified: For a>0,-a =iJa .

Example: the square root of —9 is an imaginary number. The square root
of 9 is 3, so the square root of negative 9 is 3 imaginary units, or 3.

b) v—18 is an imaginary number, since it is the square root of a negative number.
So, we can start by rewriting +/-18 as i~/18 . Next we can simplify\/ﬁ using

what we already know about simplifying radicals: v—18 =iv/9x2 = 3iV2.

2) Itis known that i =+/—1 and that i* =—1, use the properties of exponents and

find the value of i and i*.
Solution
We know that i* =i”-i.Butsince i* = —1, we see that i° =i -i =—i.

Similarly,i* =i*-i*. Again, using the fact thati” =—1, we have the following:
.4 )
=i =(—l)(—1)=1.

3)The table below summarize the powers of i.

i -1 —i 1 i -1 ‘ —i ‘ 1 ‘

From the table above, it appears that the powers of I cycle through the sequence
i,—1,-,1.
220 5

a)Using this pattern, find i

b)Suppose that it is possible to list the sequence i,—1,—i,1 up to the 138™ term,

but the work can take too much time. Consider that i* =1,i* =1,i"> =1 etc,
and 136 is a multiple of 4, calculatei'®.

Solution

While 138 is not a multiple of 4, the number 136 is a multiple of 4. Let’s use this to
help us simplify i"".

) =i** = (1) =1 byt =i =i = (1) = 1.(-1) =1
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4)let z,=5+2i,z,=1+3i,z,=2-3i and z, =—4-7i.

Plot the complex numbers z, z,, z;and z, on Argand diagram or complex plane
and label them. Plot the complex numbers z, +z, and z, — z, on the same Argand
diagram. Geometrically, explain how do the positions of the numbers z, + z, and

— ?
z,—z,relatetoz, andz,?

Solution
Im(z)
3 &5 — I + dﬂ'
2 zr=5+2i
2
i -4 3 -2 -1 2 3 4 5 5 7 Re(z:)
-1
-2
e 23 = 2-3i
-4
-5
-6
E
zi=+4—8i
80 Teacher's guide



14

-2

-4

z, + z, is at the endpoint of leading diagonal of parallelogram constructed from affixes
of z, andz, while z —z,is at the second diagonal of the same parallelogram from
affix of z,.

5) Convert z = —1—i in polar form

Solution

Let z=a+biwhere g=-1land b=-1. In polar form the modulus of
z=|z| =V 41 =42

2
x=rcos¢9<:>—lzﬁcosﬁzcosez—gand

y:rsin9<:>—1:\/§sin0:>sin0:—g

0= STE , the coordinates of Z in polar form are z(r,0) = z(\/i,%rj

20—-4i
3+2i

5) Find the quotient of two complex numbers
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Solution
20-4i (20-4i)(3-2i) 52 52

= =———I
342i  (3+2i)(3-2i) 13 13
B.Remedial Activities: Suggestion of Questions and Answers for remedial
activities for slow learners.

1) Calculate the product of the following complex numbers and write the result
in the form of @ +bi

a)Multiply—4(13+5i),  b)Multiply2i(3—8i) <) Multiply(1+4i)(5+1)

Solution

a) 3(2+4i)=3(2)+3(4i)=6+12i

b) (5+3i)i=5i+3i" =-3+5i

o) (2-7i)(3+4i)=(2)(3)—(7)(3)+(2)(4i)—(7i)(4i) =34-13i

2) Plot the following numbers in the complex plane or on the Argand diagram
a) 3-5i; b) —-4+71 c¢) —i-3

Solution
10 PR

I, =447

Relz)

=340
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3) Solve each of the following equations for the complex number 2

a)4+5i=z—(1-i) bY(1+2i)z=2+5i
Solutions
a)4+5i=z-(1-i) = 4+5i+1-i=z=>z=5+4i
B)(1+2i)z =245 <> 2 = f:;’ == ((f:;’))((ll:i’)) z:%+%i

4) Solve the following equations forreal xand y .3+ 5i +x — yi = 6 —2i

Solution

345i+x—yi=6-2i<(3+x)+(5-y)i=6-2i

By identification of real part and imaginary part both sides, we get the following simple
equations:

3+x=6and5—y=-2.Therefore x=3and y=7

Extended activities: Suggestion of questions and answers for gifted and talented
learners.

1) Given that z = x+iy , do the following activities

a)Prove that there is no complex number such that |z| -z =i

b)Find z € C such that z* eR

¢)Find z e Csuch that Re[z(1+1)]+2zz =0

Solution

a)Suppose that some z € C satisfies the equation|z| -z =i < |z| =z +i -
Then |z| =Re(z)+i(Im(z)+1).Since |z|€ R, necessarilyIm(z)=-1.

Then, the given equation becomes (Re(z))2 +1=Re(z), and, squaring, we
obtain 1= 0that does not exist.

b)ifz=a+bi,a,beR, then z* e R < a’ —b* +2abi € R, that is if and only if
ab=0<a=0or b=0.Hence z> eR ifand onlyifze R (b=0) orif z isa
pure imaginary number(a =0).

c)Let z=a+bi, a,beR, thus
Re(z(1+1i) =Re[(a+bi)(1+i)|=Re[(a—b)+i(a+b)|=a-b.

The equation Re|z(1+1)]+zz = 0is then equivalent to
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2 2
a-b+a*+b’ =0 (a +%) +(b—%j :% whose solutions the points of

the circle with center in —l,l and radius —2
22 2

2) Find the least value of the positive integer for which (\/5 +i)n is
a) real b) pure imaginary

Solution

(\/5 +i)n =2" (cos%+ isin%) is a complex number,

a) (ﬁﬂ')" is real @sin%zoa%:kﬂ,kel\l@n:&c;

n
Therefore, \/§+i is real if nis a positive multiple of 6 and the least value of the
positive integer multiple of 6 is n=6.

b)(\/§+i)nis pure imaginary <> cos%=0<:>%:%+k7z,k eNen :3(2k+1);

Therefore, (\/§+i) is pure imaginary if nis a positive odd number that is multiple of

3 and the least valueis n=3.
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2.1 Key unit competence

Extend the concepts of functions to investigate logarithmic and exponential functions
and use them to model and solve problems about interest rates, population growth or
decay, magnitude of earthquake, etc.

2.2 Prerequisite knowledge and skills

Learners will perform well in this unit if they have a good background on: properties of
logarithm (Senior4: unit2), logarithmic and exponential equations (S5 unit 3), solving
equations in the set of real numbers (Senior 1: unit 3; Senior 2: unit 1 and Senior 4: unit
2), domain and range of polynomial, rational and irrational functions (Senior 4: Unit 4),
limits and derivatives of polynomial, rational and irrational functions (Senior 4: Unit 5).

2.3 Cross-cutting issues to be addressed

Inclusive education: promote the participation of all learners while teaching.

Peace and value Education: During group activities, the teacher will encourage
learners to help each other and to respect opinions of colleagues. In addition,
learners will be sensitized to fight alcohol abuse in the lesson on alcohol and risk
of car accident).

Gender: During group activities try to form heterogeneous groups (with boys
and girls) or when learners start to present their findings encourage both (boys
and girls) to present.

Environment and Sustainability: During the lesson on population growth, guide
Learners to discuss the effect of the high rate of population growth.

Financial education: guide learners to discuss how to manage the mortgage
loans taken from the bank.

2.4 Guidance on the introductory activity

Form groups of learners that are as heterogeneous as possible and guide them to
work on the introductory activity.

Walk around all groups to provide pieces of advice where necessary.

After a given time invite learners to present their findings and harmonize them.
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Solution:

a) Learners complete the table showing the money received by the accountant from
the 1t day up to 10" day.

USD

1stdays 200 200
3rddays  100x2x2x2 =100x2° 1600

Nthday  100x2x2x2x2...=100x2"  100x2"

b)The graph plotted in a rectangular coordinate.

Y -
100000 B = (10, 102400)
80000
y =100.2°
60000
40000
€ = (8, 25600)
20000
D = (4, 1600)
A =(0, 100)
0 2 4 ] 8 10 12 14
fla) = If(0<x<10,100-27) X

-20000

c) f(n)=100x2"USD (US dollars)

- During the presentation, let learners discover the concept of exponential function

F (t) starting with the property of a function with powers. F(f) =100x 2’
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- Learners establish the function Y (F') inverse of F ()
Y(F)=F"({)=In (ﬁ} — —In(100)+ Int
Y(1)=-4.6+1In(z)

d) The owner of the health center wants to possess the money /' under the same
conditions, discuss how he/she can know the number of days necessary to get such
money from the first day.

The owner of the health center wants to possess the money F, using the inverse function
Y(F)=-4.6+In(F), she/he will use the equation ¢ =—4.6+In(F) to calculate the
number f of days required.

Conclude that F(z)and Y (¢)are respectively exponential function and logarithmic
functions that are needed to be well studied so that they may be used without problems.
This unit deals with the behaviour and properties of such essential functions and their
application in real life situation.

UNIT 2: LOGARTHMICS AND EXPONENTIAL FUNCTIONS (6/24 periods)

Key unit Competence: Extend the concepts of functions to investigate fully
logarithmic and exponential functions and use them to model and solve problems

about interest rates, population growth or decay, magnitude of earthquake, etc

Week Lesson title Number of
Periods

Introductory activity on Logarithmic functions

2 Domain of definition of logarithmic function 2
1 3 Limits of logarithmic functions 1
4 Continuity and asymptote of logarithmic functions 2
12 Exams
1-2 5 Differentiation of logarithmic functions 2
6 Variation of logarithmic function 2
7 Domain of definition of exponential function 1
8 Limits of exponential functions 1
3 9 Continuity and asymptote of exponential function 1
10 Differentiation of exponential functions 1
11 Variation of exponential function 1
4 12 Interest rates problems 1
13 Mortgage problems 1
14 Population growth problems 1
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5 15 Radioactive decay problems 1

16 Earthquake problems 1
17 Carbon dating problems 1
6 18 Problems about alcohol and risk of car accident 1
19 End unit assessment 1
20 Remediation 1

Notice: For application of mathematics content to other subjects, the teacher will
consider the prerequisite of learners in this domain then act accordingly; the time spent
and importance given to application activities depends on the learners’ level of knowledge
and their interest.

: Domain of definition of logarithmic function
a) Prerequisites/Revision/Introduction:

Learners will perform better in this lesson if they refer to techniques for solving
elementary equations involving indices and powers (S4, unit 2). For example, guide
them to solve the equation such3* =81 in R.

b) Teaching resources:

Scientific calculators to evaluate logarithms, textbooks, graph papers. If possible, the
use of Mathematical software such as Geogebra to plot graph of logarithmic functions
and/or Microsoft Excel to compute values of a function and Internet to facilitate
research would be plausible.

c)Learning activities:

This lesson evaluates the set of elements for which a logarithmic function is defined.
To this end,

e Form groups and ask learners to work on activity 2.1.

* Facilitate learners to use calculator or Microsoft Excel to find images of given
real numbers, discuss their existence in the set of real numbers, dress a table of
values for given numbers and to plot the graph of f(x) =log,, (x).

e Ask randomly some groups to present their findings to the whole class;

e Lead learners to give observations about images found step by step for x >1,
x=1,0<x<1,andvalues x<0,

e Facilitate learners to deduce the domain and the range for f(x) =log,, (x) then
generalize for the function of type y =log, (u(x)) with u(x)>0, a#0,a>1
and then from their answers, write a short summary.
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e Guide learners to work on example 2.1 and work individually application activities
2.1to assess their competences.

Solution to activity 2.1

a) Complete the table of values for log,, (x)

x 100 |50 |40 |20 |10 |0.5 |0.8 |0.7 |-5 20 |-30

2 1.69 (1.6 |1.30|10 |[-0.30|-0.09]|0.15 |- - -

y=log,, (x)

b) The values of log,, (x) forx <0 do not exist in the set of real numbers.

¢) Discuss the values of log, (x) for 0<x<1, x=1and x>1.

log,,(1)=0, log,, (x) < 0for0<x <1 and log,, (x) >0 for x>1

d) The graph of log,, (x)for x>0

&

gle)y =Ini{x)

F(2) = logy(z)

-4 -3 -2 -1 o] 1 2 3 4 <] <] T

e)Forf:R—>R:x log, x,
dom f ={x eR: x>0} =]0,+o0] = Rj and range f =R = ]—o0, +o0
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Solution to application activity 2.1
1)a) y =log,(x—2)+4 is defined forx > 2. Thus Domf = ]2,+oo[
To find the range we proceed as following: y =log,(x—2)+4 < y -4 =log,(x -2)
(for x in the domain) <> x—-2=3"" < x=3""+2
Since 3" >0 VyeR,wehave x=3""+2>2.Thus, therangeis R
b)Y 108532 i Gefined only if 8-2x>0e 2x>-8=x<4 means
Domf = |-,4]
For the Range: y =log;(8—-2x) < 8-2x=5" < 2x=5" -8 x:4—7y
v ¥

5
5 >0 for all values of y implies x = 4—7 <4 Thus, the range is R

Observation is made to the following graph.

-6

The domain of the function f* is Domf = |3,+o[ . The range is R = |—o0, +a0[
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: Limits and asymptotes of logarithmic functions
a) Prerequisites/Revision/Introduction:

Students will learn better this lesson if they have a good understanding on concepts of
limits (limits of variable, one-sided limits, limits of functions at infinity) learnt in Senior
4, units.

b) Teaching resources:

Textbooks, Ruler, T-square, Scientific calculators, graph papers

e If possible, students may use mathematical software, such as Geogebra or
Microsoft Excel to plot the graph of logarithmic functions.

c)Learning activities:
e Form groups and provide each group with activity 2.2.

e Ask them to complete the given table and discuss how to determine the required
limits.

e Move around to ensure all learners in groups participate actively.
e Call upon groups to present their findings.

* Harmonize their findings by leading students to calculate limlnx, the
determination of the vertical asymptote and XILTEO Inx =+o0, =0

e Lead students to work on example 2.3 and let them work individually application
activity 2.2 for assessment.

Solution to activity 2.2

X 0.5 0.001 0.0001 2 100 1001 10000

-0.69 -6.90 -9.21 0.69 4.60 6.908 6.907

y=Inx

1) When the independent variable X takes values approaching o from the right,
y = In x takes the big negative values. We write lim Inx = —0. The graph of the

x—0"

function approaches the line of equation x = 0 considered as the vertical asymptote

tothe graph.

2)When Xx takes greater values, y=Inxtakes also greater values. Therefore,
lim Inx =+c0.

X—>+0
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a) Itis senseless to discuss hjgl Inx because y = In x is not defined for negative values
of the set of real numbers.

b) Theline of equation x = 0 is a vertical asymptote. This means that as the independent
variable x takes values approaching o, the graph of the function approaches the line

of equation x = 0 without intercepting.

Solutions to application activity 2.2

i)Evaluate the following limits

1) lim In(7x’ = x% +1) = +0

X—>+00

2) lim (ln%) = lim[lnl—ln(x—l)] =limInl-lim ln(x—l) =0—(—0) =400

x—>1* X — x—>1* x—>1" x—>1"

3) lim log, (x* ~5x+6) =0

4) lim In =In(lim

a a
a—>4" ,[a_4 a~>4+1[a_4

5) lim ln(x2 —4x+1) = +00

X400

) =+00

. 2+4logx
6) lim 228X _
X—>+00 X
1
Inx In x In x In x h‘g
i) im —=0, lim——=—-o0, lim——=0, lim| — :—:5(ln5’1):—51n5
x40y =0t x x>l x xﬁl X

1
. l
5
: Continuity and asymptote of logarithmic functions

a) Prerequisites/Revision/Introduction:

Students will learn better if they refer to the continuity of a function at a point or on
interval learnt in Senior 4, units.

b) Teaching resources:

T-square, ruler, text book, if possible Mathematical software such as Geogebra,
Microsoft Excel, Mathlab.

¢) Learning activities:
e Through group discussions invite learners to do all questions of activity 2.3 and

motivate them to complete table and deduce the continuity of a logarithmic
function in a given point.
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* Invite group representatives to present their findings, then help all learners to
conclude on the continuity of a logarithmic function and how to plot its graph.

e Let learners work on example 2.3 and work individually application activities 2.3

to assess the competences.

Solutions to activity 2.3:
1)Complete the table

X=X, y=log, x lim log, x
1 -2 -2
4
1 -1 -1
2

0 0
2 1 1

2 2

2)Fallall x, >0 , lim log, x =log, (x, ), therefore,
XX,

log, x is continuous on ]0,+o0[

3)The graph of the functiony =log,(x) can be plotted using a table of values

completed using a calculator

Y 6]

y = logs(x)

As x — 0,y — —o0, so the line of equationx =0 (the y- axis) is an asymptote to the

curve.
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4)The functionis continuous onaninterval 7 if x, € I, lim f(x)= lim f(x)= f(x,)

X=X,

Solution to application activities 2.3
1) Given the logarithmic function y =—1+1In (x + 1)
i)Vertical Asymptote has equation x = —1
i) Domf" = |1, +o0[
Range = R = |00, +a0|
iii) x —1int ercept
The x-intercept is obtained for y = 0. We solve the equation —1+In(x+1)=0
Inx+)=lox+l=e o x=c-1
Thus, the x-intercept is (e-1, 0).
iv) y—intercept is obtained by Letting x =0
Thus ¥ =-1+In(0+1)=~-1
The y-intercept is (0, -1).
v)For example, when x=5,y=-1+In(5+1)=-1+In6 which gives the point
(5,-1+1no6).
vi)The graph of f(x)=y=-1+In(x+1)

&

v = fle)=—1+in(z41)

A(5,1—1In6)

-4 -3 2 1 o] / ] 3 4 5 & T 2
X
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The graph of the logarithmic function f(x)=1log,x, 0<a<l

Y

X

—2

Main characteristics of the logarithmic function f(x)=log,x, 0<a<l
¢ The domainis |0,+o0[ and f(x) is continuous on this interval.
e Therangeis R
e The graph intersects the x —axis at (1,0)

e As x —> 0,y — 4, so the line of equation x =0 (the y- axis) is an asymptote to
the curve

: Differentiation of logarithmic functions

a)Prerequisites/Revision/Introduction:

Students will perform well in this lesson if they refer to the concepts of derivative and
their properties learnt in Senior 4, unit 6.

b)Teaching resources:

e T-square, ruler, Learner’s books, if possible Mathematical software such as
geogebra, Microsoft Excel, Mathlab....
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c)Learning activities:

Form groups and invite learners to do tasks of activity 2.4,

Walk around to different group and guide learners to determine the derivative of
the function f(x)= ln(x%in a point for which x, =2 by the use of the definition
of derivative of a function.

Invite some group members to present their findings.

Harmonize the results by highlighting the derivative of the function f(x) = In(x)
d d d

, —(In(u(x)),—(og x) and —|log wu(x)|.
dx( (u(x)) dx( g, X) dx[ g, u(x)]

Guide learners to work through example 2.5 and work individually application

activities 2.4 to assess the competences.

Solution to activity 2.4:

h ln(2+h)—1n2
h
-0.001 0.5001250 = 1/2
-0.0000001 0.5000000= %
0.001 0.4998750= %
0.0000001 0.50000002 = %
f'2)= limw -1 , these results reflect that
h—0 h 2
o In(x+h)-Inx 1
f'(x)=lim ( ) =—
h—0 h X
The number f”(2) is the slope of the tangent line to the curve y = f(x) =Inx at the
point P(2,In2).
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Solution to application activities 2.4

1) y=In /1 Here y= ln,/ =Inv1+x -Inv1- =—[1n(1+x) In(1- x)]
- I-x

Therefore, v _
dx 2 1+x 1—x 1 x?

2) To find the rate of climb (vertical velocity), we need to find the first derivative

—[2000111 (t+1)]= 2000—1 (tr1) == 2000
At =3 ,wehave v= 2000 2000 =500
341 4

Therefore, the velocity is 500km/min.

: Variation of logarithmic function
a) Prerequisites/Revision/Introduction:

Learners will learn better in this lesson if they refer to the following concepts: Increasing
or decreasing of a function (Seniors, unit 2), Derivative of functions learnt in Senior 4,
unit 6, solution of logarithmic and exponential equations learnt in Senior 5, unit 3.

b)Teaching resources:
Learner’s books, ruler, T-square, scientific calculator.
c)Learning activities:
e Through group discussions invite learners to do all questions of activity 2.5.

¢ During group work, motivate students to verify whether the function £ (x)=Inx
and g(x) =log,, x are increasing or decreasing on a given interval, to deduce
the tables of signs for f"(x)and g'(x) so as to establish the variation of those
functions on their domain.

 Invite some group members to present their findings.

¢ Harmonize the results emphasizing that the function f(x)=log, x is strictly

increasing on Ry" for @ >1and that f(x)=Ilog, x is strictly decreasing on
R, for0<a<I.

e Guide learners to work through example 2.6 and work individually application
activities 2.5 to assess the competences.
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Solution to activities 2.5

1) f(2)=0.693and f(10)=2.303, g(2)=0.301and g(10)=1

Therefore, both functions f(x) and g(x) areincreasing on the closed interval [2,10]
because f(10)— f(2)>0 and g(10)—g(2)>0

2) The variation table of f(x) and f'(x)= 1 on the domain ]O, +oo[
X

X 0 e +o0
3 + +  + + + +le + + + o+ O+ 0
+oo

/'

—a0

The variation table of g(x) and g'(x) = 11 0 on the domain ]O, +oo[
xIn

X 0 10 +eC

¥ + + + + vionlo) + + + + + 0

\

_9,;/ 1

3) The difference f(lO) - f(2)=1.61>0 and g(10)—g(2)=0.699 >0, prove that
the function f isincreasing faster than g on the interval[Z,lO].
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Solution to application activity 2.5

1) Variation of the function f(x)=

In(x —2)
x=2
f(x) isdefined < x—2>0. That ifx > 2.

Domf =]2,+o0|
. In (x - 2) .
lim ———~ = —0 , we have a vertical asymptote x =2
=2t x=2
. In(x-2)
lim ———— =0, we have horizontal asymptote y =0

1
£() d{ln(x2)}xzx(x‘z)‘l“n(’“‘z)_lln(xz)

Tdx| x-2 | (x—2) (x—2)°

f(x)=0<1-In(x-2)=0

In(x-2)=1<x-2=e<>x=e+2.

_In(e+2-2) Ine 1

e+2-2 e e

f(e+2)

Variation table of f(x)

X 2 (e+2) +o0
¥ + + + + 0 -
y 1/e
Max[(e+2) .1/e]
. / X’ 0
Teacher's guide 929



Graph of f(x)

Y
3-
2;
1_
_AE(4.72,0.37)
i
1 0 1 2 5 § X
14
2)
-2 d — 2
=34

1) h(2)=100In(z +1)
a) v(t) =%[1001n(t+1)] =%

100

1
b)When ¢ =2 sec, v(t) |t:2 = 2+1m/sec:%m/sec

¢) The velocity is increasing.
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: Domain of definition of exponential function
a)Prerequisites/Revision/Introduction:

Learners will learn better in this lesson if they refer to the following concepts: Increasing
or decreasing of a function (S5, unit 2), Derivative of functions learnt in Senior 4, unit 6
and solution of logarithmic and exponential equations learnt in Senior 5, unit 3.

b) Teaching resources:

Learner’s book and other reference textbooks, ruler, T-square, scientific calculator; if
possible, mathematical software and internet.

¢) Learning activities:

e Ask learners to do all questions in activity 2.6 with the aim of establishing
the domain of the function g(x)=e" inverse of f(x)=Inx, the domain of
h(x)=3"and their ranges.

e During group discussions, move around to each group and prompt them to
discuss the domain and range of the function p(x)=a"incase a>0,a#1 and
a=1.

e Lead learners to harmonize the results by generalizing how to find the domain
and the range of the function f(x)= a"") where u (x) is a function of x.

e Guide learners to work through example 2.7 and work individually application
activities 2.6 to assess the competences.

Solution to activity 2.6:

1) If f(x) = , let us complete the following table:

X 0 1 e 2 In(3) In(4)

g =/ ¢ e

The set of all values of g(x) is composed of all positive real numbers the range of g is
R™ =]0,+o0] .

Teacher's guide 101



2) Consider the function A (x)=3" and complete the following table

X -10 -1 (0] 1 10

h(x) =3x 1 1 3 310

1
310 3

a) VxeR,h(x)eR", the domain of A(x)is R =]-o0,+oc[

b) All values % (x) are positive, therefore, the range of 4 (x) is R" =]0,+oo[ .

Solution to application activities 2.6

1)f(x) =5,

Vx e R,f(x)x e R", we realize that domf = ]—oo,+oo[ and the range is the interval
J0. oo

2) h(X) — 2lnx
h(x)eR if x>0, therefore, domh = |0, +o0 .
The range is the set of all (x)=2"",x € R*. Thatis range h=R" = ]0,+0[

5 ()3

x+1
Condition for the existence of inR:x=2.

x—2
Therefore, Dom g =R\ {2} =]—00,2[U]2,400[ . Its range is R* = ]O,+oo[ .

: Limits of exponential function

a) Prerequisites/Revision/Introduction:

Students will perform well in this lesson if they have a good understanding on
Calculations on limits of polynomial, rational and irrational functions (SeniorS4, units),
solving logarithmic and exponential equations (Senior 5, Unit3), Limits of logarithmic
functions (Senior 6, unit2).

b)Teaching resources:

Learners’ book, calculator, ruler and T-square. If possible, mathematical software such
us Geogebra, Microsoft Excel, Math lab and graphcalc can be used.
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c¢)Learning activities:

Form groups of students and explain instructions related to the task to be done
in the activity 2.8.

Monitor how students are performing the task and provide support where
necessary to guide them on how to find the graph for the inverse of a given
function and how to interpret the graph of y = e* to deduce lim e" and lim ¢*.

X—=>=%0 X—>+0
Invite representatives of groups to present their findings.

Decide to engage the class into exploitation of students’ findings.

Judge the logic of the students’ findings, correct those which are false, complete
those which are incomplete, and confirm those which are correct and guide the
students to conclude about lim ¢* and lim a* for any values of a.

X—>—00 xX—>+0

Give the summary of expected feedback based on students’ answers.

Ask learners to work through example 2.7 in the learners’ book and work
individually application activities 2.7 to assess the competences.

Solution to activity 2.7

1) Given the graph of f(x)=Inx , the graph of itsinversey=f"'(x)=¢" is
obtained by reflecting the graph of f(x)=Inx in the axis with equationy =x .

Y ©

1 Ffle) —In{>)

ke
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2) Based on the plotted graph above, as x decreases towards —0, the graph of e*
approaches the line of equation y =0, therefore, lim ¢* =0 and the line y =0 is the

X—>—0

horizontal asymptote. As x increases towards+00, the images increase. Therefore,

lim e* = +o0.
X—>+00

3) Applying properties of limits we have:

4)a)lfaislessthanone, lim a* =+ and lima* =0

X—>—00 X—>+00

b) If ais greater thanone, lima* =0 and lim a* =+o.

X—>—00 X—>+0

¢) If equals one, the function is constant: y = 1.

Solutions to application activities 2.7

Evaluate limit of the function f(x) at 4o and -ooin each of the following case.

3 . X . 3
Nf(x) =€ Wehave lim &> =0 and lim "> =+

X—>+00 X—>—00

2
6x°+x 6x2+x i 6x2+x 6x%+x . 6xP+x

m m
2) f(x) =e€ S+3x -We have llm e 3+3x - eX—>+ac 5+3x = -‘,—w and llm e 5+3x — eX—h"c 5+3x — O

X—>+0 X—>—0

3)f(x)=2e" —e " —10e*.

lim (Ze6x —e " - 106“) = lim &% (2 —e " —106‘2") =400

X—>+0 X—>+0

)f(x)=3e -8 —e'™

lim (3@‘* —8e " — elox) = lim '™ (36‘1” —8e Y — 1) =—00

X—>+0 X—>+00
lim (3e'x —8e " - elox) = lim e™* (36“ -8- elsx) =—0
—3x 8x
e =2e
X)=——— .
5) (=55 =
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. e .
We obtain lim —r & o and lim
x40 Qg™ — T Q x>0

: Continuity and asymptotes of exponential function

a) Prerequisites/Revision/Introduction:

Learners will perform betterin this lesson if they have an understanding of the following
concepts: calculations of limits of polynomial, rational and irrational functions (Senior 4,
unit5), powers and radicals operations of real numbers (Senior 4, Unit2.), solving linear,
quadratic equations and inequalities (Senior 4, Unit3), logarithmic and exponential
function (Senior 5, Unit3), limits of logarithmic and exponential functions. (Senior 6,
unit3,)

b) Teaching resources:

Learners’ book, T-square, ruler, sheets of paper, if possible computers and Mathematics
drawing software such as Geogebra, Microsoft Excel, Mathlab and Internet to facilitate
research.

¢) Learning activities

e Using small groups, guide learners to understand the activity 2.8, in the learners’
book, and ask them to find the domain and range of f(x)=2"". Help learners
to find out and realize that domain of f(x) is the set of all real number
Domf = ]—oo, +oo[ and the range of f(x) is R = ]O,+oo[

¢ In the same groups, let learners find out that 11m 209 =0, hm f( )=+
and [im S (*) - 0. Deduce that y=0is horizontal asymptote tothe graph of f(x).

. L . 1 .. 1 1
¢ Finally, invite learners to find that )}13)1 f(x)zz,}gg! f(x)ZZ’and f(())z_

xo-0
and plot the graph of f'(x) = 2" using the following points
x=4;1(4) :4;andx:—1;f(—1):%

e Ask groups to present their findings to the whole class and then harmonize their
works to provide the lesson summary.

e Let learners work on activities in the example 2.9 and invite them to individually
work out the application activity 2.8 to assess their competences on continuity
and asymptotes of exponential functions
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Solution to activity 2.8

Let f(x)= 22
a) Domf = |~o0,+oo[ and Im f = |0, +o0]

A S S |
b) lim 2 * =277 = == 0. The equation of Horizontal asymptoteis y =0

X—>—00 oo

1 1
Q) For x=0, f(x)=27 = 2 therefore y-intercept of the graphis (O,Z)

x—2 —o0—2
d) lim 22 =2""7? =2 =+ and lim S S SN S
X—>+00 X—>—00 X —00 200 (_w) —00
+ 1 1 B 1 1 1
e)lim2™2=2"?=—== and lim2"?=2"?=—==. At x=0, f(0)=—.
) x0* 22 4 X0 22 4 S0 4

. : 1
Since the lim f(x) = lim f(x)= 7 the function has the continuity at x =0
x—0" x—0"

f) The graph of f(x)=2""

flz) =22

-4 -3 -2 -1 0 1 2 3 4 5 6 7

-3
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Solution to application activities 2.8

Given that f is a function given by f(x) =2"+1
a) Dom f = domf = |0, +oo[ or domf =R
b) The horizontal asymptote for the graph of f(x) is the equation y =0, because
)}13)1 f(x)= 2,}3} f(x)=2,and f(0)=2
¢) The y —interceptis (0,2)
d)The graph of f(x)=2"+1.

flx) =2%+1
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: Differentiation of exponential functions

a) Prerequisites/Revision/Introduction:

Learners will perform better in this lesson if they have an understanding of the con-

cept of derivatives or differentiation, their rules and applications (Senior 4: Unit 6);

differentiation of logarithmic functions (Unit3)

b) Teaching resources:

Learners’ book, T-square, ruler, papers, if possible computers, Math draw software
such as Geogebra, Microsoft Excel, Mathlab for graph sketching

¢) Learning activities:

Form small groups and invite learners to perform the activity 2.9 in the learners’
book and determine the inverse of f(x) and g(x)

u(x) u(x)

by using the following hint: given f(x)=¢e""and g(x)=a""., we find

r_u(x)

f' and g'asfollow: f'=u'e""and g'=u'(x)a" Ina
1
In the same groups, ask learners to use the derivative p'(x) =— of the function

X
p(x)=Inx, k'(x)= of the function k(x)=log,x and apply the

x.In2

1
L (x)]

to determine that the derivative of f'(x)=¢" andg'(x)=2"In2 .

following rule of differentiating inverse of logarithmic functions

Finally, ask learners to discuss and compare the used technique of determining
r_u(x)

the derivative of f(x) and g(x) to the following techniques f'=u'e"" and
g'=u'(x)a"" Ina

Ask groups to present their findings to the whole class and then lead to harmonize
their works to provide the lesson summary.

Let learners work on activities of the example 2.10 and invite them to individually
work out the application activity 2.9.

Solution to activity 2.9

a) Given the functions f(x)=e" and g(x)=2", their inverse are: f~'(x)=Inx and
g (x) =log, x respectively.

1
b)Given that p(x)=Inxand k(x)=log,x, it is known that p'(x)=— and
X

k'(x) =

" . Then applying the rule for differentiating inverse of logarithmic
xIn
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1 1

p[r' ()] ple)

functions we find

We already know that p'(x) = l, then p'(e’) = Lx

X e
1 1 1 1 1
Thus = =— =¢" and =
ple'(x)] p(e) L k()] ()

ex

Si K'(x)= ,

ince k'(x) 102
it follows that k'(2%) = ! and ! = i =2"In2.

2*In2 k*[}{l (x)]

2"In2
Solution to application activity 2.9

1) Given the function f(x) =4".
) f(x)=4"1n4

i f(5) =4’ =1024

iii) The slope of the tangent lineat x=5is f'(5)=4"In4=1419.56 ,

iv) For the function f(x)=4", f'(4)=4"In4=354.89

therefore, the equation of tangent at x=4 is y =354.89x—-1163.56
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1200 4

T:y =354.89x - 1163.56
1000 4

800 4

600 -

400 4

200 4

-2 -1 o 1 2 3 4 5 6 7 8
X

-200 4

The tangent to the function f(X) =4" gt X=4

2) a) f(x)=10" = f'(x)=3.10"In10

b) f(x) =xe " = f(x) =" "' (1+2x?)

34x+2 (34x+2)|x_34x+2 (x). B 4x‘(34x+2)1n3_34x+2 ~ 34x+2 (4xln3 _1)

¢)f(x)= = f'(0)= > 2 2

X X X X
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: Variation of exponential functions
a)Prerequisites/Revision/Introduction:

Generalities on numerical functions (S4, Unit 4), Concept of derivative of functions (S4,
Unit 6), Logarithmic and exponential equations (S5, unit3), Variation of logarithmic
functions (S6, Unit2)

b)Teaching resources:

Learner’s book and other reference books to facilitate research
c)Learning activities:

¢ Invite learners to work out the activity 2.10 in groups and let them find out that
the functions f(x) is increasing in the interval[1,10], the function g =0.5"is
decreasing in the interval [1,10] becausea = 0.5and 0.5 <1. From activity 2.10,
lead learners to realise and conclude that the function of the form f(x)=a",
with @ >1 , is always increasing and the function g(x)=a" withO<a <1, is
always decreasing. Inthe same groups, let learners calculate and realize that the
ttderivative of f(x) and g(x) are /' (x)=e" and g'(x)=5"In5 respectively.
Ask them to draw table of signs for /" (x)and g'(x) and note that the interval
of variation of those function is |0, +o0[ and finally, let them plot the graphs of
the functions: f'(x) and g (x)

e Ask groups to present their findings to the whole class and then harmonize their
works to provide the lesson summary.

e Letlearners read through the examples 2.11 and invite them to individually work
out the application activity 2.10 to increase their knowledge and skills on variation
of exponential functions

Solution to activity 2.10

Given two functions f(x)=2" and g(x)=0.5",

1) f(1)=2and f(10)=2", f(1) < f(10) and the function f (x)is increasing on the
interval [1,10].

2) g(l) :% and g(lO) :%, g(l) > g(lO) and the functiong(x)is decreasing on

the interval [1,10].
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1.1

3) f'(x)=2"In2and g'(x)=(0.5)"In0.50r g'(x)= > lnE
a) Table of variation of f'(x)
X —al 0 +aC
(%) + 4+ 4+ A m2 o+ o+ o+
1
. /
b)Table of variation of g(x)
X —a 0 +at
g'(x) nl
2
g(x)

Graph of the decresing function g(x) and increasing function f(x).
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5) The exponential function of the form f(x) =a", with a > 1 , is always increasing and
the exponential function of the form g (x) =a" with 0 <a <1, is always decreasing.

Solution to application activities 2.10

Given the function f(x)= xe*
a) The derivative of f(x)is f (x)=e" (1+2x?)
b) The derivative of f(x) hasno zeroin R and is always positive,

Table of variation of f(x) is presented as follow:

—o0 —+30

e ++ + + + F+ ++ A

f(x)

2
l-jrom the[table above, the function f(x) =xe" is always increasing on the interval
—00, +00

c) the function f has neither minimum nor maximum

d) Graph of the function f(x) = xe*
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E i
fl=) - x e}
=]
4
3
2
1
ﬂ T
4 =3 ) 1 U 1 2 & 4 8 L] X
-1
f

2) Given the function  f(x) = ©
x=2

a) Domf =R —{2} and Range f =R

e'(x-3)
(x-2)"

lirrilf(x) is not defined because lim f(x)=+o0 and lim f(x)=— , the function
x—> x—2" x—2"

f(x) =

b) f'(x)= f'()=0=x=3

X

e

has a vertical asymptote of equation x =2
x
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c) Variation table of f(x)

X —o0

2 3 400

e RS
£ 0

0+++++

a0

a0

20

M(3,e%)

4 7]

X

e
Graph of the function f(X) =

=20

o e et s X T R N e el e
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3)The consumption of natural mineral resource M has risen from 4million tonnes

at the rate of 20% per year. Assuming that growth of the consumption has been
continuous following the function M =M e" where M is the final value, M the
initial consumption value, r the annual rate of growth and ¢ the time in years.

a) the consumption after 6 years if » =20%, t =6 is M =4,000, 000"

Using calculator, we get, M =13,280,467T

b) Draw the graphiillustrating the consumption in function of time.

Graph showing the consumption in function of time or M (¢) = 4,000, 000"

Graph of M (f) = 4,000,000¢"

M
18000000

14000000

12000000

10000000

5000000 M = 4000t

S000000

(0, 4000000)

2000000
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: Interest rate problems
a) Prerequisites/Revision/introduction:

Learners will learn better the interest rate problems if they have a clear understanding
of:

¢ Logarithmic and exponential functions (Senior6, unit2, previous lessons)

e The concepts: principal, interest rate and the period for investment (From
Entrepreneurship)

b) Teaching resources:

Learner’s book, scientific calculators or Microsoft Excel eventual other books where
the content about rate problems can be found.

¢) Learning activities:

e Organize the learners into groups and ask them to attempt activity 2.11in the
learner’s book

e Havethem discuss the terminologies used when solving an interest rate problem
and predict, from the table, the total amount at the end of t years when the
interest is compounded once per year

e As they are discussing, concentrate on slow learners for further explanation and
provide assistance to groups in need.

e Check how adequately the learners are using calculators and how each member
of the group is contributing to the discussion.

e Once the group discussion is over, ask a group, chosen randomly, to present his
results while other learners are following attentively.

* Have learners exchange their view, in mutual respect and without confrontation
to establish the main points from the presentation, and to take note.

e Ask learners to work out example 2.12 under your guidance and work individually
application activity 2.11 to check the skills they have acquired.

Solution to activity 2.11

At the end of The total amount

The first year 2000+0.1(2000) =2000(1+0.1)
The second year 2000(1+0.1) +0.1[2000(1+0.1)] =2000(1+0.1)
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The third year 2000(1+01)
The fifth year 2000(1+0.1)

The ¢ year 2000(1+0.1)

Solution to application activity 2.11
nt
,
With bank I, the amount at the end of the yearis 4 = P(l + —j =

01 1X10 n
300000(1 +T] Frw="778,122 Frw

With bank Il, the amount at the end of the yearis: 4 = Pe" =300000e"”*"° Frw ="
799,336 frw

You should advise your aunt to invest at bank Il because 999,336Frw > 778,122Frw

: Mortgage problems
a) Prerequisites/Revision/introduction:
Learners will learn better the mortgage problems if they have a clear understanding of:
* Logarithmic and exponential functions(previous lessons)

e The concepts: loan, principal, interest rate, payment by instalment and the
period for investment(From Entrepreneurship)

b) Teaching resources:

Learner’s book, scientific calculators or Microsoft Excel, eventual other books where
the content about mortgage can be found.

¢) Learning activities:
e Form small groups and let the learners work out activity 2.12
e Giveclearinstructions onthedurationandhow the group workis to be performed
e Let learners discuss the terminologies used when solving a mortgage problem

* Help learners to identify and to analyse the quantities involved in question2

118 Teacher's guide



e Have learners determine the monthly payment retained at the bank ,by proper
substitution in the formula relating the different quantities and computation
using a scientific calculator

e Walk around, as the learners are discussing, to provide further explanation
where necessary, and to encourage each member to participate actively in the
discussion

* After group discussions, have agroup present his work andrequest otherlearners
to follow attentively, as they are evaluating, in the light of the presentation, the
work of their respective groups

e Ask learners to give their observation, in mutual respect and without
confrontation, so as to come with a common understanding on the main points
to be noted in the book

e Let learners proceed to example 2.13 under your guidance, and check their
working against the solution proposed in the learner’s book, and then request
them to work individually application activity 2.12 to check the skills they have
acquired

Solution to activity 2.12.

1) Collectinformation for the meaning of the following concepts: the periodic payment(
P), annual interest rate (r), mortgage amount (M), number t of years to cover the
mortgage and the number n of payments per year.

M (0,06)(20000000)
_ n _ 12 —
2)P= =T e — 143286:2 The amount to pay per month should
1—(1+5j 1—[1 @)
12

be 143286.2 FRW but in practice the bank will convert such amount into 143 287 FRW

. Generally bank offices round figure to the nearest greater integer. The last payment
will be less amount than 143 287 FRW, as there will be an adjustment by considering
the difference between the real amount and the amount to be paid per month.

The amount to pay per month is 143 287 FRW, the balance the brother will withdraw
each month is 500,000FRW-143,287 FRW=356713 FRW

At the end of 20 years, your brother would have paid 143287 x12x20Frw =
34,388,880 Frw:-

The interest the bank will realize is 34,388,880 FRW-20,000,000 FRW=14,338,880FRW
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Solution to application activity 2.12.

The periodic payment is P=200 000, the annual rate r=10%=0.01, the number of pay-
ments per year n=12(since the payment is monthly), the number of years to cover the
mortgage is t=20.,

™ P[l—(l+r)’”}
SolvinginM P = L yieldsto M = L n.
-1+ 5™ r

Replacing each quantity b# its value in the formula, we have

200000x12>{1_(1 +(1)-21)_n<20>}
M =

0.1
Calculations give M=20,808,156.36. So, the mortgage is 20,808,156 Frw.

: Population growth problems
a) Prerequisites/Revision/Introduction:

Learners will learn better the population growth problems if they have a clear
understanding of:

e Logarithmic and exponential functions (previous lessons)
e Graphical interpretation of functions (previous lessons)

b) Teaching resources:

Learner’s book, charts containing graphical representation of exponential functions,
scientific calculators, eventual other books where the content about population
growth can be found, and, if possible, a computer with mathematical software such as
Geogebra and Microsoft Excel.

¢) Learning activities:
e Form small groupssand let learners discuss the activity 2.13

e Distribute the tasks and give clear instructions on the duration and the internal
organisation of each group

e Let learners analyse the graph and answer the questions related to it, under the
supervision of the task manager of the group

e When the learners are on task, provide facilitation to the groups in need
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e Once discussions areover, choose a group to present their work Ask learners
to give constructive remarks in order to obtain an improved information to
be written by all members. Let learners proceed to example 2.14 under your
guidance, and check their working against the solution proposed in the learner’s
book, and then ask them to work individually application activity 2.13 to check the
skills they have acquired.

Solution to activity 2.13.

a)

Time t(minutes) | o 1|2 3 4

16

N
N

AN
(o]

Number of cells

b) the number of cells will be N(t) =2’

. Ifk N(t) =N0ekt, then N, =1,since it is independent of the base, and then
e =2

e Making k the subject of the formula, by applying natural logarithm on both sides
of the equation € =2'and then k = In2 ,such that N(t) = ™"
e Using the property: If ™ =u then nlnu=Inu" , we have & =¢"** =32

e From the graph, as the time becomes elapses, the number of cells grows
exponentially.

Solution to application activity 2.13
1) N(t) = Noe’k . Substituting for N, =1000000and N(5) = 2N, ,we obtain

1 10t n2)
k= gln 2.The population, in 10 years would be N(10) =1000000e >  =4000000
2) uuﬁuuuﬂ(]}?lk o 9005075 _

3) From 13000 ==11000¢**, & = %m%
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: Radioactive decay problems

a) Prerequisites/Revision/introduction:

Learners will solve easily some radioactive decay problems if they have a clear

understanding of:

Logarithmic and exponential functions (previous lessons)

Graphical interpretation of functions (previous lessons)

b) Teaching resources:

Learner’s book, charts containing graphical representation of exponential functions,
scientific calculators or Microsoft Excel, eventual other books where the content about
radioactive decay can be found and, if possible, a mathematical software with the
application Geogebra

¢) Learning activities:

Organize learners into groups and ask them to attempt activity 2.14

As they are discussing, concentrate on slow learners for further explanation and
provide assistance to groups in need

Check how adequately the calculators are used, and how each member of the
group is contributing to the discussions

Once the group discussion is over, ask a group, chosen randomly, to present his
results while other learners are following attentively

Have learners exchange their views in mutual respect and without confrontation
to note the main points

Ask learners to work out example 2.15 under your guidance, and work individually
application activity 2.14 to check the skills they have acquired

Solution to activity 2.14.

Function N(t) = N,e"* passes through points (0,1000) and (5,800),

1. 4
Then 800 = 1000e** Solving for k, we have: & = —5 I = 00446

Using GEOGEBRA to graph the function N (¢) =1000e™** ,

we obtain:
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000 e 0-2¢

BT 0 10 20 30 40

-1000 4

Graph of the function N(t) = 1000@70'%

Solution to application activity 2.14
1) a) The fixed priceis 5
b) As the quantity demanded becomes larger and larger, the price decreases

¢) From the formula N(x)=N,e", using N(0)=5 and N(1)=3,we find
N(x) = 5e*"

2)a) 50cm?  b)22.46 cm?
3)  u(r) =20+ (80 —20)e" =20+ 60¢"
u(4) =20+ 60" = 60;k = %m% ~—0.10136
Such that u(f) = 20 + 60e """ ; u(t) = 25 < 20+ 60e*'*7*" =25 < =23.971;

It will take about 24 minutes

: Earthquake problems
a) Prerequisites/Revision/introduction:

Learners will learn better the earthquake problems if they have a clear understanding
of:

¢ Logarithmic and exponential functions (, previous lessons)

e Graphical interpretation of functions (previous lessons)
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b) Teaching resources:

Learner’s book, scientific calculators and eventual other books where information
about the characteristics and measurement of an earthquake can be found.

¢) Learning activities:

Arrange the learners into groups for the discussion of activity 2.15

Distribute the tasks and give clear instructions on the duration and the internal
organisation of each group

Let learners discuss the terminologies used in modelling the magnitude of an
earthquake and how Richter used logarithms to compare the magnitudes of
earthquakes

When learners are on task, provide any assistance to groups in need

Once the discussions are over, choose a group to present its work when other
learners are following attentively

Ask learners to give constructive remarks, in order to obtain an improved result
to be written by all members. Have the learners work in order, with mutual
respect and without confrontation

Let learners proceed to example 2.16 under your guidance, and check their
working against the solution proposed in the learner’s book, and then request
them to work individually application activity 2.15 to check the skills they have
acquired.

Solution to activity 2.15

The quantities involved in the measurement of an earthquake: the epicentre, the

seismographic reading x, at a distance of 100 kilometres when there is no earthquake
and the seismographic reading X at a distance of 100 kilometres from the epicentre

when there is an earthquake.

The formula M (x) = logl is used to evaluate the magnitude of an earthquake.

Xo

The ratio of the seismographic readings is used to compare the intensities of two

earthquakes.
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Solution to application activity 2.15

a)Let x and y be the seismographic readings of the earthquakes at Ecuador and at
Mexico, respectively.

Then, log—* =7.8 and log—2— =8.1
0.001 0.001

This is equivalent to: —10"and —X =10

X

o 7.8
Dividing side by side, % - i?)T o X 1078 21070 = 0.998

0.001
This means that the earthquake at Ecuador was almost as heavy as the one that
happened at Mexico.

b)Let z be the seismographic reading of the earthquake at San Francisco.

=7.8 and log—2— =69

Then log =
0.001 0.001

This is equivalent to: =10"%and —* _ —10%°

X
Dividing side by side, 0.001 _ 107
L 106,9
0.001
This means that the earthquake at Ecuador was is about 8 times heavier than the one
that happened at San Francisco.

o X 2107560 210" =7.943
y

: Carbon dating problems
a) Prerequisites/Revision/introduction:

Learners will solve easily “carbon dating problems” if they have a clear understanding
of:

* Logarithmic and exponential functions (previous lessons)
e Graphical interpretation of functions (previous lessons)

b) Teaching resources:

Learner’s book, scientific calculators and eventual other books where information
about carbon dating can be found.
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¢) Learning activities:
e Form small groups and let learners discuss activity 2.16

e Walk around, as learners are discussing, to provide further explanation where
necessary, and to encourage each member to participate actively in the discussion

e Aftergroupdiscussions,askonegroup presenthisworkandrequestotherlearners
to follow attentively, as they are evaluating, in the light of the presentation, the
work of their respective groups

e Ask learners to give their observations, in mutual respect and without
confrontation, so as to obtain the main points to be noted in the book

e Let learners proceed to example 2.17 under your guidance and check their
working against the solution proposed in the learner’s book, and then request
them to work individually application activity 2.16 to check the skills they have
acquired.

Solution to activity 2.16

—0.6931,
N(1) = N,e A’, where H represents the half-life of Carbon-14, N_represents the
amount of the radioactive material at time t=0 (time of the death), solving for t, in the

—0.693
equation N(t) = N,e /H, we obtain IZL,ln N@®)
-0.693" N,

Solution for application activity 2.16

From the formula N(¢) = Noe_o'@% ,solving fort, ¢ = L. HM, and substituting
-0.693" N,
N(1) 5700
for H=5700 =0.79 ,we have: t =———.In(0.79) =1938.84
5700, N, ) 0.693 n(0.79)

The age of the animal given that the half-life of carbon-14 is 5700 years would be about
1939 years.

: Problems about alcohol and risk of car accident
a) Prerequisites/Revision/introduction:

Learners will learn better “problems about alcohol and risk of car accident” if they
have a clear understanding of:

e Logarithmic and exponential functions (previous lessons)

e Graphical interpretation of functions (previous lessons)
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b) Teaching resources:

Learner’s book, scientific calculators, charts and eventual other books where the
content can be found, and, if possible computer with the software Geogebra.

¢) Learning activities:
e Organize learners into groups to discuss the activity 2.17

e Distribute the tasks and give clear instructions on the duration and the internal
organisation of each group

e Let learners discuss the relationship between the alcohol concentration in the
blood of a driver and the risk of car accident.

e When the learners are on task, provide support to the groups in need

e Once discussions are over, choose a group to present his work when other
learners are following attentively

* Ask learners to give constructive remarks and complements, in order to obtain a
conclusion to be noted by all learners.

e Let learners proceed to example 2.18 under your guidance, and check their
working against the solution proposed in the book, and then request them to
work individually application activity 2.17 to check the skills they have acquired

Solution to activity 2.17
a) Excess of alcohol taken by the driver can yield to car accident
b)

i)The risk when there is no alcohol in the driver’s blood is 1; it is not zero because the
car accident is not due only to excess of alcohol in the driver’s blood.

i) More the concentration of alcohol in the driver’s blood, more the risk of accident.

¢) Since the risk grows exponentially, the equationis of the type R(x) = R,e" R(0)=1

1
and R(4) =5 give R(x) = Q)
Solution to application activity 2.17

a) For the concentration of alcohol in the blood of 0.05 and a risk of 8%, we have:

8=4e"" < " =2 0.05k=In2 < k= % =13.86
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b) Using k=13.86 and x=0.18, we have: R = 4¢"**"*'¥ = 48 477
For a concentration of alcohol in the blood of 0.18, the risk of accident is about 48.5%

) 100 = 4e"%" > 13.86x = In25 <> x = 0.2442 : for a concentration of alcohol of
0.24, the risk of accident is 100%.

I. Logarithmic functions

 Definition: log, x=y <> a’ =x, where a>0,a#1,x>0 ; this definition is
used to determine the domain and the range.

1
* Formula for changing the base, from base a to base e: log, x = ln_x
na

* Limits of a logarithmic function:

For f(x) =log, x the domainis ]0,+oo[ , If x, €]0,4o0[ , then limlog, x =log, x,

X—))CO

: -0 ja>1 , :
lim log, x = ;in particular, limInx =—o0.

x—0" +o0; O0<ax<l x—0*

. +o0; ;a>1 . )
lim log, x = ; in particular, lim Inx =+
X—>+0 —00; O<ax<xl X—>+0

0 o
Indeterminate cases —;— : the indeterminate can be removed by applying Hospital’s
o0
rule

. ) 0 0 . .. . 0 0
Indeterminate casesoo—o0;0x00;1”;0" ;00" : Re-write the limit to obtain — or — and
o0
then apply Hospital’s rule

e Derivative of a logarithmic function:

(log,u)' = —
ulna

Al
5 (Inu)' = ¥ where u is function of variable x;
u

For more elaborated functions, such as product, power, quotient, etc, containing
logarithms ,the rules for differentiation still apply

* Variations and graphs of logarithmic functions: either graph the function, using
software, such as Geogebra, and then analyse the graph to draw the conclusion
about maximum, minimum, increasing, decreasing, concavity, inflection point or,
study the sign of the first derivative (eventually the second derivative) and draw
conclusion about the variations, then graph the function.

II. Exponential functions

o Definition: f(x)=a", where a>0,a #1, ;this definition is used to determine
the domain and the range of an exponential function
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e Limits of an exponential function

For f(x) = a” the domain is |—o0,+o0]

o If x, €]—o0,400[ ,then lima* =a™

XX

X—>+00

0; O0<axl ¥t

) . 0;a>1 ) ) L
e lima" = ;in particular, lime* =0
X——0 +00; O<ax<l X——0
. . +o0; ;a>1 )
. . X
e lima' = ; in particular, lim e* =+

0 o«
Indeterminate casesB;— : the indeterminate form can be removed by applying
o0

Hospital’s rule.

» , - 0 oo
Indeterminate cases o0 —o0;0x00;17;0%;00": Re-write the limit to obtain — or — and
o0

then apply Hospital’s rule.

¢ Derivative of an exponential function:

@“)'=u'a"Ina; (e")'=u'e", where uis function of variable x.

Note that for compounded functions such us power, product and quotient in-
volving exponential functions, the differentiation rules are still applied.

 Variations and graphs of exponential functions: either graph the function, using
software, such as Geogebra, and then analyse the graph to draw the conclusion
about maximum, minimum, increasing, decreasing, concavity, inflection point or,
study the sign of the first derivative (eventually the second derivative) and draw
conclusion about the variations, then graph the function.

III. Applications of logarithmic and exponential functions

¢ Interest compounded » times per year, r: rate of annual interest, P: Principal

nt
A:P(Hl)
n

o Interest compounded continuously: 4 = Pe”
rM

_ n

* Formula connecting the quantities involved in a mortgage problem: 17(“5)7"'

where P: Amount after t years, M: Mortgage, r: Annual rate interest, n: Number
of payment per year, t: Number of years to cover the Mortgage
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e Law of exponential growth or decay
P(t) = P¢" where P: Population at time t, £, :Initial population, k>0 or k<0
, t: time
X
0.001
* Risk of car accident corresponding to concentration X of alcohol in the driver’s

blood R(x)=R,e".

* Magnitude of earthquake with seismographic reading X . M(x) =log

Given that the knowledge of the teacher must be wider than the one of the learners,
the following information is useful for the teacher, though not stated in the learner’s
book:

e The study of logarithmic and exponential functions can follow the study of
rdt
integrals. In this case, the natural logarithm of x is defined as Inx = J.— ,where
t
1
x>0

* The concepts of logarithmic functions and exponential functions can be taught
interchangeably. Exponential functions can be taught first: f(x) =a*, where
a>0and a=#1

e The roots of some equations involving logarithms or exponentials can be
approximated using Taylor’s expansion. Similarly, in the calculation of limits,
some indeterminate cases can be removed by approximating the function
involved in the limit, using Taylor’s expansion.

The Taylor’s expansion of f(x) at x=0,or the Maclaurin’s expansion of f(x)=¢e"

and for f(x)=In(1+ x) are given below:

x % X f lue of
=14 X4 X X . foranyvalueof X

20 3!

2 3 4

In(1+x) = x—x—+%—%+_,,for values of x in the neighbourhood of o

Examples:

a) Approximate e by a quadratic function and approximate the roots of the equation

e —x'=0

3
x’e

A imate e* tic functions th Iculate im—————
b)Approximate €' and In(l + x) by quadratic functions then calculate xlgt}xe""—ln(xﬂ)
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Solution:
2
a) e’ —x’ :O<::>(1+x+x?)—x2 :O<::>—%x2 +x+1=0x =—1+\/§;x2 =—1-43

2

0

b) Substituting x in the limit, we obtain the indeterminate case —
2 X 0
X (1 + X+ ?)

2 x
X e
=2

Then lirrol =] lzlirrol 5 5
re " —In(x+1) x(l—x+%)—(x—x7)

This part provides the answers of end unit assessment activities designed in integrative
approach to assess the key unit competence with cross reference to the textbook.

The following are standards (ST) which have been based on in setting end unit
assessment questions:

ST3: Thoroughly explore and investigate logarithmic and exponential functions;
reflecting analytically and logically about their learning and setting their own goals.

ST4: Correctly apply logarithmic and exponential functions in solving problems,
selecting the appropriate mathematical operations and calculations.

ANSWERS FOR QUESTION ONE
a) f(x)=log, (3x-2)
f(x)=log, (3x—2) is defined if and only if (3x—2) >03x>2ex >§
Thus, Domf = }%, +OO{ From the function, 0 <3x—-2 < +o0.
Then—oo <log,(3x—2) < +oo therefore, the rangeis R = |0, o0
b) f(x)= ln(x2 —1)
f(x)= ln(x2 —1) is defined if and only if x* —1>0<> (x—1)(x+1)>0

Using the variation table of < (x—1)(x+1)>0,

X —% -1 1 +oo
x-1 I I I 0+ + ++++++
x+1 N 0O+++++++++++++++++
(x-1)(x+1) | T+ +++ ++ 0-----mmoen - S0t +

Teacher's guide 131



We deduce the domaine requested: Domf" = ]-o0,—1[ U |1, +00[

From the function, 0 < x” —1< 400 .Then —o0 < In(x* —1) < 400 .Therefore, the range
is R = ]—o0,+o0

Q) f(x)=2e""

Domf =TR = ]-o0,+00]

From the function, —0 < 3x+1< +00;

Then 0 <e™"' <+o0;0r 0 <2e™" <+ Therefore, the range is ]0,+o]
d) /(1) =4""

f(t)=4mis defined if and only if 3t+120<:>t2_—1

Domf = {%lﬁoo{

From the function, 0 <3¢ +1< +00; Then 0 < \/m < +00;

1< 4P < 4o . Therefore, the range is [1,+o0[

ANSWERS FOR QUESTION TWO

. Inx . . .
a) lim —= = —oo .We have a vertical asymptote which has equation x =0
x=>0"  x

b) lim (3 +x"In x) = +0o0 .No horizontal asymptote

X—>+0

ANSWERS FOR QUESTION THREE

1)a)
-4 1 |

f(x)=log, o E[logz(x —2)+log, (x+2)—log, (x+2)] = EIOgZ(x ~2)

d 1

—f(x) =

g g@Qindx=2),
b —h =__—[—(4*" =Z(4**"Yn4
) i (x) dx[3( )] 3)( ) |

2) i)The value of the function y =e***' at x = - is Y= ez(_i)” —1

1
The intersection point is A(——,1)

i) ﬂ:2ez"+1 . At xz—l,—y=2e

dx 2 dx

2(—%)+1

=2

1
The equation of the tangentis y —1=2(x+ E) , which is equivalentto y =2x+2
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_f(iﬂ} == r_!u'2J"—1

Graph of the tangent of the curve at x=-0.5

ANSWERS FOR QUESTION FOUR
y=xe";

a_ (e —xe)=(1-x)e"
dx

d 1 d

Y _ 0 < x =1, the extremais (1,—) .From the study of the sign of & s

dx e dx

dy dy . . .

d_ >0 forx<1 ,and d_ < Ofor x >1.Therefore, the stationary point, the extrema is
x X

a maximum
ANSWERS FOR QUESTION FIVE

1) Five applications of logarithmic or exponential functions:

* In Geography: the magnitude of an earthquake is found using logarithms

e In Entrepreneurship: the interest rate problems can be solved using logarithm
and exponential functions

¢ In Chemistry: the radioactive decay problems are solved using logarithmic and
exponential functions

e InHistory: archaeology involves carbon dating whose principles are based on the
use of logarithms

* In Social studies: logarithms and exponentials are used in the determination of
risk corresponding to a given concentration of alcohol
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2) Assuming exponential growth, N(¢) =5.7¢*%

The population will reach 114 billion after t years such that 114 = 5.7¢"%

1 114
t =——In—— = 26.278 years. The population will reach 114 billion in the year 2021.

0.02

.solving for t,

The teacher‘s guide suggests additional questions and answers to assess the key unit
competence.

a) Remedial activities: Suggestion of questions and answers for remedial
activities for slow learners.

1) Find the domain and the range of the function;
a) f(x)=log(x—1) b) f(x)=4"
. 3

2)Calculate: lim (2 -—— e"‘]

X—>+0 Inx
3) Given the logarithmic function f(x) =log,(x—5)
a) Whatis the equation of the asymptote line?
b)if x=7 find y

Answers:

1) a) Domain: ]1, +oo[ and Range: R =]—o0,+o0[
b) Domain:[0,+oc[ and  Range: R =[I,+o0[

2) lim 2—i+e”‘ =2—;+ lime™ =2—i+e’°° =2-0+0=2
x—>+00 Inx IimInx x> +00

3)a) Vertical asymptote: x =5 , since lim log, (x —5) = —o0
x—5"

y=r(7)=log,(7-5)=log, 2 =1

b) Consolidation activities: Suggestion of questions and answers for deep
development of competences.

1)Consider the function f(x)=6""
a) Determine f”(x)

b)Find the equation of the tangent to the graph of the function at the point where
x=3
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) Graph the function and its tangent

2)Suppose the function f(x)=2x-Inx

a) State the domain and range

b) Find the 1t derivative.

¢) Solve for f(x)=0

d) Determine a point through which the graph passes

e) Draw the variation table of f(x), and find the stationary point and its nature.

f) Sketch the graph

3) Two earthquakes took place at town B, and at town K. Their magnitudes, on Richter’s
scale, were 5.6 and 5.2, respectively. Compare the two earthquakes by finding the ratio
of their seismographic readings.

4) An amount of 1, 000 000 FRW is invested at a bank that pays an interest rate of 10%
compounded annually.

a) How much will the owner have at the end of 15 years, in each of the following
alternatives?The interest rate is compounded:

i) Once a year.
i) Twice a year
b) Compare the two types of compounding, and explain which one is the best
5)How long will it take money to double at 5% interest when compounded quarterly?
Solution:
Na) f'(x)=(6"%)=6"1n6
b) f'(3)==6""In6=6In6and f(3)=6">=6
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: .y y=10.75(x—3) 46
J(z) =6%""

Graphic of the tangent to the graph of the function f(x) at the point X = 3
2) Function f(x)=2x—Inx
a) Domain: |0, +oo]

The rangeis R =] — oo, +o0[

b) The first derivative: f (x)=2 1
X
¢) Calculate f'(x)=0 <:>2—l:O @l:2<:>2x=1 @xz%
X X

d) An example of a point through which the graph of f(x) passesis A(l,2)

e) Variation table of f(x)

2 | =

fx) | —m——= 0+t

f(x) o0

1+1In2
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1 1
Function f is decreasing on interval ]O’E[ and increasing on ]§,+oo[ .

1
The graph has a minimum at point M (5,1 +1In ZJ
f) The graph of f(x)

i y = 2x — In(x)

1
M- ,1.69
(51:69)

Graph of the function f(X) =2x—Inx

3)Let X and y be the seismographic readings of the earthquakes at B and at K,
respectively.

Then, log Y _56 and log Y _52 Thisis equivalent to:

o 10> and
01

0.001 0.001
y — 105.2
0.001
X
PN 5.6
Dividing side by side, 0-00L 107 X _jgses2 _y0e 5 5118
Y 10~ y
0.001

This means that the earthquake at town B is about 2.5 times heavier than the
earthquake at town K.
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4)a)i) For once a year, at the end of 15 years the owner will have
A=P(+r) =1,000,000(1+0.10)"

=1,000,000(1.10)" = 4,177,248.16 fiw

i) For twice a year, at the end of 15 years, the owner will have

A=P(1 +g)2’ = 1,000,000(1 +%)2“5>

=1,000,000(1.05)*° = 4,321,942.37 Frw
b)Conclusion: since4,321,942.3>4,177,248.1, compounding many times per year
is better.

5) A= P(1 +OT(35)4’ =2P < (1.0125)* =2. Calculating t we obtain ¢ =13.95 years

c) Extended activities: (Suggestion of Questions and Answers for gifted and
talented learners).

1) The revenue R obtained by selling x units of a certain item at price p per unitis R=xp .

—0.02x

If x and p are related by p(x)=8.25¢
sell for the revenue to be maximized

.Find the price and the number of units to

2) Organic waste is dumped into a pond. As the waste material oxidizes, the level of
t—e”’

oxygen in the pond is given by f(¢) = , where t is the time in weeks.

Find the level of oxygen in the pond as the time gets larger and larger (express the
answer in percentage).

Solution:

)The revenue is  R(x)=8.25xe "™ The revenue is maximum if
R'(x) = (8.25x¢ ") = 0 < (8.25¢ % —0.165x¢ %) = 0

<1-0.02x =0 < x =50 .Thus p(50) = 8.25¢ %" = 825 3035

e

—t -t

2) lim = =1-=lim € _ 1-0=1. As the time gets larger and larger, the level of
t—>+w t t—>+0 t

oxygen approaches 1, that is 100%
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3.1 Key Unit Competence:

Use integration as the inverse of differentiation and apply the definite integrals to find
area of a plane shapes.

3.2 Prerequisite knowledge and skills

Solving exponential equations (Senior 4: unit 2 and Senior 5: unit 3)

Differentiation of polynomials, rational and irrational functions and their
applications (Senior 4, unit 6).

Logarithmic and exponential functions and their applications
(Seniors: unit3 and Senior 6: unit 2)

Trigonometric and inverse of trigonometric functions where there is application
of derivatives in solving real life problems; differentiation and linearization of
trigonometric function (senior 5: unit 4 and Senior 6: unit 1)

3.3 Cross-cutting issues to be addressed

Inclusive education (promote education for all while teaching)

Peace and value Education (respect others view and thoughts during class
discussions)

Gender (equal opportunity of boys and girls in the lesson participation)

Financial education (mortgage, rate of change, marginal cost, marginal utility,
demand function, marginal demand....)

Environment and sustainability (population growth,)

Comprehensive sexuality (alcohol abuse ...)
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e Invite learners to form groups and lead them to work on introductory activity to
understand the concept of the anti- derivative; using integration as the inverse of
differentiation and to calculate the area of a plane shape.

e Allow learners present their findings

e Harmonize their works and ensure that they got exact solution:

Solution for the introductory activity:

a) One unit stands for one meter:

10
A=(10,10)

Figure: The quadrilateral field

1) The area 4, found by the first group is 4, = area(AEDA) — area(AECB)

10x10

Calculate the area of area(AEDA) = 50m*

4X4

Calculate the area of area(AECB) = - 8m’
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Therefore 4, =(50-8) =42m’

2) The second group with high critical thinking skills used a function F'(x) that was
differentiated to find f (x) = x (which means F''(x)= f(x)) and the x-coordinate d

of D and the x- coordinate c of Cin the following way: 4, = F (d)—F(c).
2

x . .
Therefore F(x) = ?+ ¢, where ¢ is a given constant.

F(x) is said to be an integral of f(x) or anti-derivative of f(x), because
F'(x)= f(x)=x inthis case.

3) The area 4, found by the second group using F(x) is

2 2

1 4
4, = F(d)~ F(c) = F(10)— F(4). Then F(10) =%:50 and F(4)="-=8
Therefore 4, = F(10)—F (4) < 50—-8 = 42m’
4) We realize that 4, and 4, are equal (see results found in (1) and in (2).

Therefore, referring to the graph of the function f(x) on the figure 3.1, you can find
the area bounded by a function f(x) and x-axis and the lines of equations are x =x,
and x=ux, .

If F'(x)=f(x),theareais calculated using drea = F'(x,)—F (x,).

UNIT 3: INTEGRATION (18/30 periods)
Key unit Competence: Use integration as the inverse of differentiation and as the

limit of a sum and apply them to find area of plane shapes.

Week No Lesson title Number of
Periods
7 1 Introductory activity on integrals 1
2 Differential of a function 1
3 Anti-derivatives 1
810 |4 Definition and properties of indefinite integral 2
5 Basic integration formulae 2
6 Integration by change of variable 4
7 Assessment 1
112 |8 Integration by parts 4
9 Application of indefinite integrals 2
13 Exams
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1-2 10 | Application of indefinite integrals (Additional) 2
1 Definition and properties of definite integrals 2
12 | Techniques of integration 2
3-4 13 | Techniques of integration(cont) 2
14 | Applications of definite integrals: Calculation of the | 2
area of a plane surface.
15 End of unit assessment 1
16 Remediation 1

Notice: For application of mathematics content to other subjects, the teacher will
consider the prerequisite of learners in this domain then act accordingly; the time spent
and importance given to application activities depends on the learner’s level of knowledge
as well as their major subjects.

: Differentials
a) Prerequisites/Revision/introduction:

Learners will get a better understanding of the content of this lesson if they refer to
derivatives of functions (Senior 4, unit 6), increment or change in a variable or in a
function (Senior 4, unit 6).

For example, guide them to find the derivative of the function f(x)= Jx and the
change in the function f(x)= Jx when the variable x changes from 9 to 10.

b) Teaching resources:

Learner’s book, Reference books, scientific calculators. If possible computers with
mathematical software such as Geogebra, Microsoft Excel, Math-lab or Graph-Calc and
internet can be used.

¢) Learning activities:
e Form groups and ask learners to attempt activity 3.1, in the learner’s book.

e Facilitate learners to use scientific calculator to find the numerical values of
the given function y = f(x)at 2 and 10. Let learners discuss and illustrate the
relationship among increment of x, the change in y and the derivative f'(x).

* Ask one group to present his/her findings to the whole class.

e Guide learners to follow attentively and to interact about the findings and to
write a short summary.

e Let learners work out example 3.1 under your guidance and work individually
application activity 3.1 for assessment.
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Solutions to activity 3.1:

a) y=f(x)=4+0.5x+ 0.13/x; The consumption at x= 2 is
f(2)=4+0.5(2)+0. W2 =5+0.13/2 . The consumption at x=10 is
£(10) = 4+0.5(10) + 0.13/10 =9+ 0.13/10

b)The corresponding increment of y is

F(10)= £(2)=(9+0.1J10) = (5+0.13/2) ~ 4.175
c) If xchanges from x, to x, where (x, > x,) ,then f(x) changesfrom f(x,) to f(x,)
the increment of xis Ax = x, —x, and the changeinyis Ay = f(x,)— f(x,) =...
i lim Ay = li "(x,)Ax=dy=f"(x,)d
d)If Ax is very small, then we have Lim Ay A)l{g%f (xo) ly=f (xo) X

e) Graphical interpretation:

E
-1 0 1
g g+ Az X

In this regard, dy =0.5 +£dx .

2x

Solutions for application activity 3.1:

1-Inx
xZ

1a)d(sin3x) =3cos3xdx  b) d(x’e")=(2x+x%)e’dx <) d(lnx) =( Ydx
X

2) If x is the length of the side, then the volume of the tank is given by y = x*;
dy = 3xdx

For x=4and dx=0.02,dy=3(4)°(0.02)=0.96 .The volume of the tank is
X’ =4 m’ =64 m’ with an error of 0.96. In litres, the volume is 64000 litres with
an error of 0.96.
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: Anti-derivatives

a) Prerequisites/Revision/introduction:

Students will learn better the anti-derivatives if they have mastered the following
concepts: Derivatives of functions (Senior 4: unit6; Senior 6: unit2), Differential of a
function (Senior 6: unit3, lesson1)

For example, guide the learners to find the derivative y'= f'(x) for the function
y=f(x)ifi)y=sinx,ii)y=e",iii)) y=Inx.

b) Teaching resources:

Learner’s books and any other books where the content can be found.

¢) Learning activities:

Form groups and ask learners to attempt activity 3.2 in the learner’s book.

As they are working, walk around to ensure that they are performing the task
effectively and cooperatively.

Provide assistance where necessary by facilitating learners to determine
the positions of the caterpillars, to draw the graphs and to guess a function
differentiated to find a given derivative.

Ask one group to present his/her findings to the whole class

Guide learners to follow attentively their classmates and to interact about the
findings and to write a short summary

Guidelearners to work out example 3.2 under your guidance and work individually
application activity 3.2.

Solution for activity 3.2:

1) If v is the constant velocity, the position of a moving body at time t is given by

e(t) =

vt +¢,where ¢, is the initial position.

Ne(t)=2t+1 i) e(t)=2t+2 i) e(r) =2t +4

2) For the third caterpillar, e(t)=2t+4. Therefore, e'(t)=2m/min which is the
velocity.
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e(ty =2t +4

4@ (0, 4)

e'(t)y=4=v(t)
3)i) F(x) =sinx +k where k is a constant, since F''(x) =(sinx+k)"'=cosx

ii) There are infinitely many possibilities for F'(x)because k can take different values in
the set of real numbers.
i) They all differ by a constant.

Solution to application activity 3.2:
1) a) The position of the student is s(¢) = j(2t +Ddt =t +t+C

From initial condition we have s(0) = 0> +0+C =500 .Then, C=500. Therefore,
s(t) =1 +t+500

b) The school is ((20)2 +20+ 500) meters =920 meters from the office (considered as
origin).

In 20 minutes, the brother (or sister) would have travelled (50 m /min) (20 min) =1000
m, which is greater than 920 m. Therefore, the elder brother will meet the student
before reaching the school.

: Definition and properties of indefinite integrals
a) Prerequisites/Revision/introduction:

Students will learn better the definition and properties of indefinite integrals if they
have mastered the following concepts from previous years or previous lessons: Anti
derivatives of functions (Senior 6: unit 3, lesson 2), derivative of the sum, the product
or the quotient of two functions (Senior 4: unit 6).
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For example, guide the learners to discuss the following:

Given the derivatives f'(x) and g'(x) of functions f(x) and g(x) respectively, and a
constantk, find (f+g)'(x) and (k f)'(x)

b) Teaching resources:
Learner’s book and any other books where the content can be found.
¢) Learning activities:
e Form groups and ask learners to attempt activity 3.3, in the learner’s book.

* Monitor the work of different groups and facilitate the learners in need. Ensure
that the learners do not confuse derivative and anti-derivative

e Choose randomly a group to present the findings to the whole class, while the
audience is following attentively,

e Facilitate learners to exchange their views about the presentation of their
classmates

e Harmonize their findings and help them to conclude that the process of finding
the anti-derivatives or indefinite integral of a function is called integration.

¢ [nitiate learners to summarize the key points of the presentation.

e Guide learners to work out example 3.3 and example 3.4, and work individually
application activity 3.3, in the learner’s book to assess the skills they have acquired
from the lesson.

Solution to activity 3.3:
1 .
a) An anti-derivative of f(x)=x+2cosx is F(x) = Exz +2sin x
1 .
b)No, itis not unique. Other anti-derivatives are, for example, F, (x) = Exz +2sinx—1
1 . 1 .
E(x)= Exz +2sinx+4, E(x)= Exz +2sinx+7.
1, . C
¢) The part Ex + 2sin x is common to all anti derivatives;
All anti derivatives differ by an additive constant.

d) The systematic way of finding the set of all anti-derivatives of a given function is the
integration of f(x)=x+2cosx.
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Solutions to application activity 3.3:

na) [’ +3\/;—7)dx:ix4 + 2 —7x+C
b) j(4x—12x2+8x—9)dx:2x2 —4x} +4x* -9x+C
1

c) J.(Lz+e")‘—g)dx=———e_" —2Inx+C
x x x

2) Itis not correct because the integral of a quotient is not the quotient of integrals.

x =2 ) 1
jx—3dx:j(l—2x3)dx:x+x—2+c

x -5 5 1, 5
3) J.x—2dx=J.(x—5x )dxzzx +;+C

F(x):lxz+§+C;F(l):l+5+C:l;C:—5
2 x 2 2

1
Therefore, F(x)=—x" + > 5
2 x

4) f(x) :j(l+50x—4x2)afx=x+25x2 —%x3 +C

25 30

-G00

Figure: graph of the marginal cost and three of its corresponding possible total costs
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: Basic integration formula

a) Prerequisites/Revision/Introduction:

Students will learn better in this lesson if they have mastered the following concepts,

from previous years or previous lessons: derivative of functions (Senior 5: unit 4), Dif-

ferential of a function (S6: unit 3, Lesson 1), Anti-derivatives (Senior 6: unit 3, lessons 2
ands).

b) Teaching resources:

Textbooks and if possible the internet to facilitate research
¢) Learning activities:
e Letlearners form groups and perform activity 3.4;

e Walk around to each group and facilitate them to use the properties of anti-
derivatives to find integrals of given functions.

* Give each group time to present their findings.

1
* Through harmonization encourage learners to realize that Il+x

and _[a"dx zla_+ C using anti-derivatives properties from the given data.
na

e Help them realize that indefinite integral of a given function is a set of all anti-
derivatives of that function and that any anti-derivatives F of the function f
, every possible anti-derivative of f can be written in the form of F(X)+c¢
,where ¢ is any constant.

dx =arctan x + C

2

* Invitelearners to explore thelist of basic integration formula of indefinite integral
in their textbook.

¢ Invite learners to workout individually application activities 3.4 to improve their
skills in calculating indefinite integral of functions by using definition and basic
integration formula.

Solutions to activity 3.4

. 1
G'Ven(Arc tan x)' :1;2, it follows I1+ >dx =arctanx + C
+x X

Since [a—] =a" then, J‘axdxz ¢ . c
Ina Ina

The indefinite integral of a function is a set of all anti-derivatives of that function.
Therefore, given any anti-derivative F of the function f, every possible anti-derivative
of f canbe written in the form of F(X)+ c,where c is any constant.
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Solution to application activity 3.4:

Find the following integrals:

3x+1

3x+1 e
1) (e dx= +C
J ;

2) I cosec” (2x +3)dx = %cot(z x+3)+C

3)(
In

4) j(10x+cosx)dx = lexdx+fcosxdx :lojxdx+sinx+c

3)[3dx="+C

2
=10x7+sinx+C =5x*+sinx+C

5) | Adx =4f E__gtanx+C

cos’ x cos? x

6
6)[(8-x")dx = Ide—Idex:8x—%+C
: Integration by changing variables

a) Prerequisites/Revision/Introduction:

The students will perform well in this lesson if they refer to: Differential of a function,

Anti-derivatives of a function and basic integration formula for integration seen in

previous lessons (Senior 6: unit 3, Lessons 1, 2 and 3).

b) Teaching resources:

T-square, ruler and textbooks. If possible Mathematical software such as geogebra,

Mathlab, graphcalc and internet.

¢) Learning activities:

e Instruct learners to form groups and work on activity 3.5,

e Follow up the working steps of different group to give support where
necessary and motivate learners to mention any difficulty met when integrating

[2x(x> +4) dx if any.

o Stimulate learners to let u=x"+4, find 1** derivative of u= x’+4and through
group discussion, allow them to determine J‘2x(x2 +4)°dx using expression of

u.
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 Facilitate each group to present their findings.

e Harmonize the learners ‘works and help them realize that it is not easy to
determine integral of the 1‘orm.f236(x2 +4)’dx by using basic formula but the task
becomes very simple if we change the variable to obtain a new expression.
It means that if we cannot integrate Jh(x)dx directly, we should find a new

variable# and function f(u) for WhiChIh(x)dx:J.f(u(x))%dx:jf(u)du. The
X

method is the integration by changing variables or integration by substitution.

e Individually, let learners go through the example 3.5 and work out application
activities 3.5 to enhance their skills in calculating integral of functions by
changing variables or by substitution.

Solution to activity 3.5:

5+1 6
Y Lc=24cC
5+1 6

i) Cannot be integrated using basic formulae.

1) i)Idex =

2. It is open question (teacher leads learners to discuss the answer)
3) .[Zx(x2 +4) dx ii)j 2x(x” +4) dx =

To integrate this immediately is more difficult because you can’t find the integration
formula which can be applicable immediately.

Therefore, substitution method or changing variable can help as follows:
d
Let u=x"+4 thus d_u = 2x . By multiplying all sides by dx we get du =2xdx
x

Replacing variables # byx”+4 and du by Zxdx,givesj’Zx(x2 +4)Ydx = Iusdu
To integrate Iusdu is easy by using basic integration formula seen previously

5 u®
J-u du=—+C

6

6 (x+ 4)6

By substituting u by x'+4, LA C= + C . Therefore,

6
J‘2x(x2+4)5dx:%+C
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Solution for application activity 3.5
Determine the following integrals
1) jxexzdx Llet u=x" =du= 2xdx | thus
J-xexzdx = j%e”du = %Je“du

=le”+C=le”2 +C
2

2
2 1 2

Therefore Ixex dx:Eex +C

dx
)[———

(1-2x) 1
Letu=1—2x:>a’u=—2dx:>dx=—5du
dx —1rdu -1¢ ~1 u™?

Then, =—|==—|u7du =— +C

J.(1—2x)2 2 J.u2 2 J 2 (—2+1)

_ 1
:71(—1[1)+C :E(u")+C

dx =Substituting # by 1-2x, we get

J' )C+)C2
(=3x* +4-2x)

J-Lzzl[(l—Zx)’l]+C
1-2x)" 2
Let us take u =4-3x—2x°, du=(~6x—6x")dx = dx =
_— 2 3 du
Substituting # by 4—3x" —2x" and dx by ———
—6(x+x7)
J‘ x+x° —IJ'du 1
X=—|—=—=+c
(-3x* +4-2x") 6w 12u’
Coming back to the variable x,
D E——
(1-2x%)
2 du
Let u=1-2x", du :—4xdx:>dx=T
—4x

du

—6(x+x%)
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2
i 3 2
= [——dx= —Ld LY FEP AR LS +C=—§(u3)+C
3 : 4 AR 8
(1-2x%)? 4y’ 3
x 3 2
Finally, we find .[ T :_§(1_2x2)3 +C
(1-2x%)3
5)jx\/—1+x2dx:
Putting u = —1+ x> we have du = 2xdx = dx :CZJ—”
X

J.xmdx=j%\/;du=%uz+6‘ 3

By substitution we get Jxxl—l +xidy== %(—l + Xz)5 +C
: Integration by parts

a)Prerequisites/Revision/Introduction:

Learners will perform well in this lesson if they refer to: Differential of a function, anti-
derivatives of a function, basic formula for integration and integration by substitution
seen in previous lessons (S6, unit 3, Lessons 1, 2, 3 and 4).

b)Teaching resources:

Textbooks, mathematics softwares and Internet if available.

¢) Learning activities:
e Form groups and invite learners to attempt activity 3.5;
e Walk around to different groups to provide support where necessary.
e Leteachgroup present their findings.

e Through harmonization guide learners to find that there are some integrals that
can not be found using the substitution method. To overcome this situation,
we use other methods such as the integration by parts where the integration of
the product of two functions # and dv can be obtained by using the formula

udv =uv — | vdu which is deduced from the derivative of a product of two
unctions # and V.

e Let learners go through the example 3.6, and individually work out application
activities 3.6 to develop their skills in calculating integral of functions by
integration by parts.
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Solution to activity 3.6.

1) J‘3xz(x3 +1)dx =
Let u=x"+1,
du =3xdx

2

J.udu LG
2 2
1
J3x2(x3 +1)dx = jludu =Y ic-= lu2 +C
3 32 6
j3x2(x3 +1)dx = %(ﬁ +1)’+C= %(ﬁ +2xX +1)+C
2) Ixe"dx =
i) It is not easy to integrate this integral by substitution.
i) du=dx, dv=e'dx 3v:'[dv:'[exdx=ex
iii) J.udv = Ixexdx
iv) Iudv = uv—J.vdu = xe" —Iexdx =xe' —e' +c¢

Therefore, J. xe'dx =xe’ —e" +c

Solution for application activities 3.6

1) J. 3xe “dx J 3xe"rdx:3fxe_xdx

Integrate this by integration by parts method: let # = x then du = dx

dv=e"dx=>v= Ie_xdx =—e "

Thus.[ udv=uv-— I vdu = x(—e ) — J. (—e)dx =—xe " —e " +C

I3xe_xdx =3(—xe " —e " )+C
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2) I x* In xdx
Using integration by parts,

dv=x"dx X

du=ldx
u=Inx x
Set{ :

.[udv =u.v —J.va’u

3 3
judv (—)lnx— x—ﬂ:x—lnx—lszdx:x—lnx—lx3+C
3 x 3 3 3 9

3 3

1
Ilenxdx:x—lnx——x3+C=x—(lnx—l)+C
X 3 1 9 3 3

3)I§sin 2xdx = EJ.xsin 2xdx

For I= Ixsin 2xdx , let us take
1= Ixsin 2xdx

du =dx
u=x
=
{dv = sin 2xdx y= _ECOS 2x
2 1 .
IZ—ECOS,zx IMd and I:—§00s2x+zs1n2x+C.

_[—sm2xdx-1 :—(——0052x+lsm2x)+C
3 3 2 4

4._[ xv/x +5dx =

Integration by parts
du = dx
u=x .
= 3
{dv=\/x+5 \/z%(x+5)2

3 3
J.x\/x+5dx =§x(x+5)2 —J‘é(x+5)2dx

o) 34 3
Therefore [ xv/x+5d = SA(HS) (x4 5) 4 C

5..[ 8x cos xdx =8j X cos xdx
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Consider [ = Ixcos xdx

U=x du =dx
= . ’
dv = cos xdx y=sinx

Izjxcosxdxzxsinx—.[sinxdx

[ =xsinx+cosx+c

Therefore,

I8x cos xdx =81 = §(xsinx+ cosx)+C

: Applications of indefinite integrals

a) Prerequisites/Revision/Introduction:

Learners will get a better understanding of the content of this lesson if they refer to:
Trigonometric and inverse of trigonometric functions where there is application of
derivatives in solving real life problems (Senior 5: unit 4), Differential of a function
(Senior 6: unit 3, Lesson 1), Anti-derivatives (S6: unit 3: Lesson 2), Definition and
properties of indefinite integrals (Senior 6: unit 3, Lesson 3), Basic integration formula
(Senior 6: unit 3, Lesson 4),Integration by changing variables (Senior 6: unit 3,Lesson 5),
and Integration by parts (Senior 6: unit 3,Lesson 6).

b) Teaching resources:

Learners’ book, Internet and textbooks to facilitate research.

¢) Learning activities:

Form groups and invite learners to work on activity 3.7,

From the activity 3.7 ,ask learners to plot the graph of the weight F as function of
the height x above the ground level and interpret the obtained result.

Through group discussions, allow learners to find an expression for the work W
done in lifting the gallon if dW = F(x)dx .

In group, let learners find the work done when the gallon is 6 meters above the
ground level when the work done by the gallon is 40 Joules for 2 meters above
the ground

Invite learners to plot the graph of the work and interpret it in their respective
groups.

Invite learners to present their findings and harmonize their works to make the
lesson summary. Lead learners to realize that indefinite integrals are used to
determine the work done by a force moving through an axis using the following
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formulas: g =Iv(t)dt ) v=ja(t)dt and W = | F(x)dx where s is the position, v the
speed, a acceleration, t time and W the work. Individually, let learners read
through the examples.7 to enable them work out application activities 3.7, to
reinforce their skills .

Solutions to activity 3.7

a) Complete the table below

Height above the ground (m) Weight(N)
0 50
10 0

F(0)=ax0+b and ax0+b=50< b=50
F(10)=ax10+50 and ax10+50=0<= a=-5

Therefore, F(x) =—-5x+50

b)The graph is shown below

Foree(N)

12 14 16

Heighi(m)

¢) The work is found by integrating dW

W(x)= I(—Sx +50)dx = —%xz +50x + C means W(x) = —%xz +50x-50
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5
When x=6, W (6) = —=(6)* +50(6) — 50 = 160 . When the gallon is 6 meters above the
ground level, the wor%done is 160 Joules.
d)
250 Work({ joule)
200
150

100

50

25 a0

Height{n)
=50

The work increases up to its maximum value, occurring for x=10, then decreases.

Solution to application activity 3.7
LN LN
1)The total revenue is R(x) = I(30 —10e % )dx =30x+400e ¥ +C ,thatis
,Lx _L(o)
R(x) =30x+400e * +C and R(0)=30(0)+400e * +C =100« C=-300
1

Therefore, R(x)=230x +400e © —300

2) a) The demand function is D(x) = j(—0.000Zx + L)dx =-0.0001x> + Lx +C
400 400

or D(x) =—-0.0001x" +Lx +C;
400
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D(800) = —0.0001(800)> + ﬁ(SOO) +C =98« C=160

Therefore, D(x) = —0.0001x" + Lx +160
400

Drerroand

400
300 1
2001

100 4

§00 =400 =200 0 200 400 €00 800 1000 1200 1600 1800 2000 2200

Price per plate
=100+

Note: D(x) is a mathematical function, keep in mind that price can not be negative

b)If the price per plate is 1200 Frw, then the demand is

D(1200) = —0.0001(1200)° + L(1200) +160 =19, which is confirmed by the
graph above. 400

¢)As the price of food per plate increases, the demand decreases drastically/
significantly.

d) Therestaurant owner should be advised not to increase the price per plate, otherwise

he/she will loose all the customers.
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Definition and properties of define integrals
a) Prerequisites/Revision/Introduction:

Learners will perform better in this lesson if they have understanding on: Rules of dif-
ferentiation of polynomials, rational and irrational functions (Senior4: Unit6), Differen-
tiation of trigonometric functions (Senior 4: Unit 6), Differentiation of logarithmic and
exponential functions (Senior 6: Unit 2). Calculation of anti-derivative of any function
(Senior6: Unit 3, lesson2)

b) Teaching resources:

e Scientific calculators, ruler, textbooks, graph papers.
e Internet to facilitate research

e If possible, the use of Mathematical software such as Geogebra to plot graphs
of functions is essential.

a) Learning activities:

e Organize learners into groups and let them attempt activity 3.8; In their respec-
tive groups, ask learners to plot in a Cartesian plane the following: f(x)=2x,
y=0, x=0,and x =4 and let learners identify and name the shape made by
thelines y=2x,y=0, x=0,and x=4;

e In same groups, ask learners to determine the area of the obtained triangle
using the formula and then request learners to find the anti-derivative F'(x)
of f(x) =2x, then calculate F(4)—F (0)and then compare the area of the
shape and the result of F(4)—F(0).

e Invite randomly some groups to present their findings to the whole class and
after presentation facilitate learners to have a lesson summary

e Individually, invite learners to read through example 3.7 and then work out the
application activities 3.8 to enhance their knowledge and skills about definite
integrals.
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Solutions to activity 3.8

a)

The shape obtainedis the Triangle that has three vertices 0(0,0), A(4,0), and B(4,8)

b)Area of Triangle= % . The base B =4 units of length, and the height
H =8 units of length .

Then, the Area = % =16 square units . The area of the triangle is 16 square units .

¢) The antiderivative of f(x)=2x is F(x)=x"+c .

F4)-F(0)=[ (4" +c)= (0’ +¢)|=16+c-c=16 .

Comparison shows that the findings are the same.

Thus, the area of the triangle = F'(4) — F(0) =16 square units .

Solution to application activity 3.8

2 . 2 ) 2
13) .[(4)6 —3x)dx = 4i_3i _[[4x2 3x2 4x1* 3x1
1 3 2 1 3
(2—6j—(__1j—_4 1_2_
3 6) 3 6 6
3 L 2x7 . —2XT
i sin2x 4 s - sin— -
J-(coszx_zeX)dxz{ _Zexj| = —2e — —————— D¢ ¢
b) 2 P 5 .

1N
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= l—2eX - _—1—2e7 =1-2e*+2e* =1-2|e* —e*
2 2

2) F(x)=JF’(x)dx=I(5x2+1)d =57x3+x+c and

5 3
F(O):2<:>¥+O+c:2<:>c:2 thus F(x)=%+x+2

5 3
The graph of F(x)=%+x+2

6
Y

2) Given f(x)=y=30—2x—x2
a)lf x,=3, x0=3, y,=30-2x3-3"=30-6-9=30-15=15

Xo
The consumer’s surplus = J.f(x)dx —XoYo
0

x2 x3 ’
:{30x—2———} —(3x15)
2 3

=[(30x3)-9-9]-45
=90-18-45=27
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b) The graph of f(x) =y=30-2x—x’

Y

(0,30

30

ol y =30 —2x — 17

y.,"""‘""’"' (0. y0)

10

TP SRR

.
ra
'
L
o
=
ra
w
=
]
@
=]

=10

: Techniques of Integration of definite integrals
a) Prerequisites/Revision/Introduction:

Learners will learn better the techniques of integration of definite integrals if they have
good understanding on the calculation of anti-derivative of various types of functions
(Senior 6: Unit3, lesson2) and on the techniques of integration of indefinite integrals
(Senior 6: Unit3, lesson 4,5 and 6).

b) Teaching resources:

Scientific calculators, geometrical materials, textbooks and graph papers. If possible,
the use of Mathematical software such as Geogebra to plot the graph of functions and
the internet to facilitate research is essential.
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¢) Learning activities:
e Form groups of learners and guide them to discuss activity 3.9;

e Walk around to different groups to provide support where necessary and guide
them to discuss what happens to integral’s boundaries when one applies the
substitution method;

* Invite randomly some groups to present their findings to the whole class;

e Trough class discussions, let learners to analyse their findings and establish the
general rule used, then write summary in their notebooks;

e Guide learners to work through examples 3.8 and 3.9 and work individually
application activities 3.9 to assess the competences.

Solution to activity 3.9

1) f(x)=e"
)t=x",then x=0=r=0and x=2=¢=2"=4

i) t = x” = dt = 2xdx

2 2 4
i) j2xex2dx j2xe’“zdx =Je’dt =e [j=e'—e’=e* -1
0 0 0

iv) Itis clear that when we apply the substitution method, we also substitute boundaries
to keep integral the same.

e
2) Evaluation of sz In xdx
1
Let evaluate this integral by parts.

d. X
Let u=Inx and dv = x*dx ,a’u=—x and V=Ix2dx=?
X

‘x> de X .
—_ ?ln |0 —§x 0:— - =

e

e 3
J.xz In xdx = —In x|
3

Solutions to application activity 3.9

Va

2
1) Jcos xe*™“dx using integration by substitution
0

t=sinx
Let
dt = cos xdx

When x=0, t=0

When x=£, t=1
2
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1
< 1
I=|cosxe™dx= J.e’dt =[et] =el—e’=e—1
0

S 0 |y

1
2) Iln(l + x)dx using integration by parts
0

and dv=dx=v=x+c

Let u=ln(1+x):>du=
1+x

b b 1 1
I=[udv=uv—[vdu b [=[In(1+x)=[xIn1+x)] - [
:[u vV =uv :[v u becomes !n( +x) [x n( +x)]0 !l+x x

1
=in2-| 1= Jar=tn2-[x-In(1+x)] =n2-14In2=—1+2In2 =—1+In4
0 1+x 0

: Application of definite integrals
a) Prerequisites/Revision/Introduction:

Learners will perform better in this lesson if they have good understanding on:
 Application of indefinite integrals (Senior 6, unit3, lesson7)

e Calculation of definite integrals using appropriate techniques (Senior 6, unit3,
lessong)

b) Teaching resources:

Scientific calculators-square, ruler, textbooks, graph papers. If possible, the use
of Mathematical software such as Geogebra to graph functions and the internet to
facilitate research is essential.

c) Learning activities:

e Form groups of learners and invite each group to collaboratively attempt activity
3.10 in the learner’s book;

e Monitor how the students are performing the task and provide support where
necessary.

e Invite representatives of groups to present learners’ findings.

e Harmonize students’ work and to correct those which are false, complete those
which are incomplete, and confirm those which are correct.
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e Helplearnersto connect what they learnt to real life situations by highlighting the
importance of increasing the level of production in the financial management.

e Letlearners work through example 3.10;

* Invite learners to discuss the second task and work through example 3.11 and
finally the example 3.12 before asking them to work individually the application
activities 3.9 to assess the competences.

Solutions to activity 3.10

1)a)

N: 16 — z°

4 (4’ 0)5

N
I~
|-
w
1
N
I
iR
o
o

U

.
"

-10-

From the above figure, the definite integral which represents the measure of the area
bounded by the curve y = 16—x7, the x—axis and x=1, x=3 is I(16—x2)dx

1

3

b) Hence A:j-(16—x2)dx:{l6x—x?3}

1
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={16x3—33—3}—[16x1—2}=(48_9)_(%j

47 117-47 70 .
=39——=—:? square unit

3 3
2) Let C(q) denote the total cost of producing g units. Then the marginal cost is the

dC
derivative — = 3(q — 4)2 .
dq

The cost of production raised from 6 units to 10 units is given by the definite integral

10

C(q)zljg3(q—4)2 dg=|(g-4)'| =(10-4)'~(6-4) =216-8=208

3) The spring is compressed starting its natural length 0 m and finish at 0.25 m from

the natural length, so the lower limit of the integral is O and the upper limitis 0.25
0.25

> 0.25 P
Thus, the work done = I 16xdx = [Sx ]O =8(0.25)" —0=10.5 Joules
0

Solution for application activity 3.10

1. Allow learners to find the intersection points of the graphs for functions in-

volved.

Solving the equation f'(x)=g(x) yields x* +x—3=—x"-2x+2

2x*+3x-5=0
A=b"—4ac =3" —4[2x(-5)]
=9+40=49

—b+JA 347
xl: = :1

2a 4
L_cbA_3-7_-10_-5
? 2a 4 4 2
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Graphically

b s e -*‘T-----.\----

e e e e e e e e

A

-
2

j;[f(x)—g(x)]dxz J[(—xz —2x+2)—(x2 +x—3)}dx

1

_ | 5% — 3+ 5= | 2a =2 a4 5
—:[(— X" =3x+ )dx—{?x —Ex + xls
2

2

_[2.3,5) (20 75 25) 343,
302 24 8 2) 24

X

2) The figure bellow shows the graph of y =sinx and y =cosx in the same XY —

coordinates system
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3 -
Y
2 .
1 4
]
]
L]
1
1
1
. 1
[u] mi4 L) 2
-1 4
Yy = cosr
-2 4
. . V4 Sw
The graph of sine and cosine cross at x = 2 and x = i

5z
4 2z

The required areais 4=

Sty

T Sr

4 4

Sr

=[sinx+cos x]og —[cox +sinx]# +[sinx+cos x]if,
- 4

:(\/5—1)+(\/§+\/§)+(1+\/§)=4\/§ square units

(cos x —sinx )dx + .[ (sinx —cosx )dx + '[ (cosx—sin x )dx
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3) The parabola

~
o~
™)

o T T e e S

b x3 b b3
A= J.(x2 — O)dx =|— | =— square units
0 34, 3
4) Given f;—P =40- 3\/; , the change in profit is

X

121
121 3/2

P= j(40—3\/§)dx= 40x—3’;—
100 A 100

:(40><121—2><121%)—(40x100—2><100%)
- (4840 - 4000) - 2(1331-1000) = 840 — 662 = 178

1) The differential of a function

Ay _fr+h) = f(x)
Ax h

When Ax becomes very small, the changein y canbe approximated by the differential
of y, thatis, Ay = dy and Ax ~ dx.

The rate of change

means that Ay = f'(x)Ax.

Therefore, the differential of a function f(x) is the approximated increment of that
function when the variation in X becomes very small. Itis givenby dy = f'(x) dx f'
(x ) {\displaystyle f’(x)}.

Teacher's guide 169



2) Anti-derivatives

Let y= f(x) be a continuous function of variable x .An anti-derivative of f(x)is any
function F'(x)such that F'(x) = f(x). For any arbitrary constant C, F(x)+C is also
an anti-derivative of f(x) because (F(x)+ c) =F'(x)

3) Indefinite integral

Let y = f(x) be a continuous function of variable x . The indefinite integral of f(x)
is the set of all its anti-derivatives. If F'(x) is any anti-derivative of function f(x), then
the indefinite integral of f(x) is denoted and defined as follows:

If(x)dx:F(x)JrC where C is an arbitrary constant called the constant of
integration.

Thus, j F(x)dx = F(x)+C ifand only if F'(x) = f(x).
e Properties of indefinite integral

Let y = f(x) and y = g(x) be continuous functions and k a constant. Integration obeys
the following properties:

1)J.kf(x)dx = kjf(x)dx: the integral of the product of a constant by a function is
equal to the product of the constant by the integral of the function.

2) J[f(x)+g(x)]dx = If(x)dx+jg(x)dx: the integral of a sum of two functions is
equal to the sum of the integrals of the terms.

e Basic integration formulae

1) If k is constant,jkdx =kx+C

2) Iu"du = 1" +C , where n # —1, nis a rational number
n+1 b uht
3) If b#—1,and u adifferentiable function, Iu du = b il +C
+

4) jx_'dx = Ildx = 1n|x| + ¢ for x nonzero
X

5) jexdx =¢e" +c, the integral of exponential function of base e

X

6)Ifa>0anda¢1,J'axdx=a—+c
Ina

1
7) jﬁdlen|x—l|+C

dx :lln|ax+b|+C
ax+b a

8)1fa¢o,j
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n+l
9) If aiO,andni_l,J'(ax+b)ndx:M
a(n+1)

¢ Integration involving trigonometric functions
10)Icosxdx =sinx+C

11) jsinxdx=—cosx+C

dx
12) Iﬁ=Arctanx+C

13) j x = Arcsinx+C
1-x

d
14) I al =tanx+C
cos’ x

15)I _df =—cotx+C
Sin X
16) If a #0, j sin(ax + b)dx = — - cos(ax+b)+ C
a
17) J.sec2 xdx =tanx+C

18) J.coseczxdx =—cotx+C

19) j sec’ (ax + b)dx = - tan(ax-+ b) + C
a
20) J.cosec2 (ax+b)dx = —lcot(ax+ b)+C
a
21) [ cos(ax-+ b)dx = L in(ax+5)+C
a

4)Techniques of integration of indefinite integrals
* Integration by substitution

It is the method in which the original variables are expressed as functions of other
variables.

Generally, if we cannot integrate Ih(x)dx directly, it is possible to find a new variable

u and function f(u) for whichjh(x)dx = jf(u(x))dx = jf(u)du
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* Integration by parts

If u and vare two functions of X, the product rule for differentiation can be used to
integrate the product udv or vdu in the following way. Since d(uv) =udv+vdu it

comes that Jd(uv) = judv + Ivdu. This leads to: uv :J udv+ Ivdu.
thus [udv=u.v—[vdu.

When using integration by parts, keep in mind that you are separating the integrand
into two parts. One of these parts, corresponding to # will be differentiated and the
other, corresponding to dv, will be integrated. Since you can differentiate easily both
parts, you should choose a dv for which you know an anti-derivative to make easier the
integration.

5) Definite integrals

Let f be a continuous function defined on a close intervalb[a,b]and F be an anti-
derivativeof f.Thus,if F'(x) isananti-derivativeof f(x) ,then jf(x)dx = [F(x)+c}b

:[(F(b)+c)—(F(a)+c)} = [F(b)+c—F(a)—c] =F(b)—F(a)
e Fundamental theorem of integral calculus:

Let F(x) and f(x) be functions deﬁned on an interval[a,b]. If f(x)is continuous

and F'(x) = f(x), then j F(x)dx = [F(x)] =F(b)-F(a) .
e Properties of deﬁnlte integral

If f(x) and g(x) are continuous functions on a closed interval [a,b] then:

b
1. dexzo

2. J.f(x)dx = —j. f(x)dx (Permutation of bounds)

3. [[af ()£ g0l =a| f(x)dx+ B[ g(x)dx, & and BeR (Linearity)
4. Tf(x)dx =0 (Bounds are equal)
5. j-f(x)dx = jf(x)dx + J.f(x)dx with a<c<b (Chasles relation)

6. Vx € [a,b],f(x) <gx)=> If(x)dx < J.g(x)dx it follows that
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j)‘ f(x)dx

a

f(x)20= [ f(x)dx 20 and

<[|f(ldx  (Positivity)

, jf(x)dx: 2! f(x)dx, if f(x), is even function

0 if f(x) is an odd function
6. Techniques of integration of definite integrals

* Integration by substitution

Themethodinwhich we change the variable to some othervariableis called “Integration
by substitution”.

When definite integral is to be found by substitution then change the lower and upper
limits of integration. If substitution is @(x) and lower limit of integration is @ and
upper limitis b then new lower and upper limits will be @(a) and @(b) respectively.

e Integration by parts

b
To compute the definite integral of the form jf(x)g(x)dx using integration by parts,

simply set u = f(x) and dv=g(x)dx. ¢

Then du = f'(x)dx and v=G(x), antiderivative of g(x) so that the integration by
b b

parts becomes: judv = [uv]z —I vdu

7. Application of definite integrals

¢ Calculation of area between two curves

Suppose that a plane region M is bounded by the graphs of two continuous functions
y=f(x) and y=g(x) and the vertical straight lines x=a and x =5 as shown in
figure below
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From the above figure, we see that f(x)> g(x) for a < x < b. Thus, the area
enclosed between those two functions, the vertical lines x=a, x=b and the

horlzontal line y=0 is calculated as follows: 4= If(x) g(x)]dx It means that
/
4o J- upper ) owe'r "
function function
¢ Determination of the work done in Physics
The work W done by a force F moving through x axis is given by W = IF(x)dx .

Supposethataforceinthedirectionofthe x — axis movesanobjectfromx=a to x=5b
on that axis and that force varies continuously with the position X of the object, that is
F = F(x) is a continuous function. The element of work done by the force in moving
the object through a very short distance from x to x+dx is dW = F(x)dx, so the

x=b b
total work done by the forceis W = j dw = jF(x)dx
e Determination of cost functﬁn in Eci)nomics

The cost C (respectively the revenue R, utility U and profit P) is related to the marginal
cost M (respectively marginal revenue, marginal utility, and marginal profit) by the
formula C(x) :.[M(x)dx, where Xis the number of units produced. The marginal
cost is the additional cost to produce one extra unit.
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A teacher should have a broad knowledge of the topic. The following may be useful:

Improper integrals

A definite integral with infinity for either an upper or lower limit of integration or a
function that is discontinuous on the integration interval is called an improper integral.

Tf(x)dx, Tf(x)dx and Js.xd_x

is not a number and cannot be substituted for x in D(x). For the third, the integrand
function is discontinuous on [1,3]. However, they can be defined as limits of other
integrals, as shown below

j S (@)dx =lim j f(x)dx

lf the limit eX|sts, the |mproper mtegral is sald to converge, and their integral has
a definite value. If the limit does not exist, the improper integral diverges and is
meaningless.

are improper integrals. For the two first integrals, o

dx
— + lim
1H3 po3° ,X— 3

Example

Evaluate the improper integrals:

T3x_2dx
1 b
1

J.3x_2dx =lim | 3x°dx if limit exits

X—>0

b b b
lim | 3xdx = lim [_—3} =lim {_—3} = lim {_—3 —ﬂ} = lim [_—3 + 3} =3
X—®© 1 ool x| x|y bow| b 1 x>l b

1
Therefore .[ 3x*dx=3
1
Probability density function

The probability P that an event will occur can be measured by the corresponding area
under the probability density function. A probability density or frequency functionis a
continuous function f(x) such that:

1. f(x) =0 for all possible values of x

2. Lllf(x)dle ,P(a <x<b)='lff(x)dx
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This part provides the answers of end unit assessment activities designed in integrative
approach to assess the key unit competence with cross reference to the textbook.

The following are standards (ST) which have been based on in setting end unit
assessment questions:

ST5: Competently use integration as the inverse of differentiation; presenting
explanations and conclusions; using language for precision.

ST6: Competently use integration in solving problems, selecting the appropriate
mathematical operations, measurements and calculations.

Solutions

QUESTION ONE

1 2
a)| (Ox" +—+
)J( x—=1 cos’x

8
—le")dx :9%+1n|x—1|+2tanx—%e" +c

Set «/x+3 =t or equivalently x + 3 = ¢*. This implies x = #* — 3, then dx = 2tdt.

(t2 - 3) x 2tdt

J e,

=2J.(t2 —3)dt=2§—6t+c .Sincet =+/x+3,

(m)3 —6Jx+3+c

dx =2

X
we have
J.\/x+3
<) 1. 1
I—sm3xdx =——cos3x+c
4 12
QUESTION TWO

. . X
a)i) Total Cost Function= | ———==dx

\Vx? +1600

Set /x> +1600 =¢ or equivalently x*+1600=¢>. Thus xdx = tdt.

) X tdt
Total Cost Function= j4dx =|—= Idt =t+c

Jx? +1600 t
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Replacing ¢ by vx* +1600 , gives the total cost function
C(x) = [ —=——dx =/x* +1600 +¢

X2 +1600

Given that the fixed Cost is S00FRW we get:
500 =~/0% +1600 + ¢
500=400+c

c=100
Total Cost Function C(x) =+/x* +1600 +100

C(x)_\/x2+1600 +100 1+1600
- - 2
X X X

ii) An Average Cost AC =
b) f(x)=4—/x

i)The y —intercept is the point with abscissa x = 0. We have
y=4-0=4= 4(0,4)

100
+—
X

The x —intercept,y=0.We have 0=4—+/x = —J/x =—4= x =16 = B(16,0)

ii) The graph

i) The shaded area in terms of a definite integral is expressed by

A=Tf(x)dx:>A=lf(4—\/;)dx

Teacher's guide

177



16

16 3/2 3/2
i) A= [(4=x)ax = 4x—xT _| (4x16)-18
0 -

3
2 |, 2

:64—§\/4096 :64—§x64:64(1—§j:64(%):% .

The area of the shaded region is 63—4 Square unit.

QUESTION THREE

This is an open question, it can be given as a home work but the findings are to be pre-
sented and discussed in classroom.

The teacher ‘s guide suggests additional questions and answers to assess the key unit
competence.

a) Remedial activities:

Suggestion of questions and answers for remedial activities for slow
learners.

Evaluate the following integrals:
4 1
1)_"(4965 +x+1)dx 2) I[ex —x? jdx
1

5) [ G~ 9 @ 3
Answers for remedial activities 1
Question one:
j(4x5 +x+1)dx
J(4x5 +x+1)dx = J-4x5dx+ dex+ jdx
4x° X

=—+—+x+C
6 2
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Question two:

N —

1 3 3
4 ! 4 41 2 > 12
J-(ex—xzjdx:'[exdx szdxz[ex]f— al :(e —el)— 4?—%
1 1 1 ~ 41 - =
1 2 2
:(e4_e)_(ﬁ_2)
3 3
=e4—e—E
3
Question three
j(3x2—1)xdx
Set u=3x2—1, du=6xdx,%du=xdx
J.(3x2 —l)dx=lj.udu =l£+C=Lu2 +C . By substituting u by 3x”> —1 we get
6 62 12

j(3x2 ~1)xdx = %(3;8 ~1)’+C

Question four:

2 o 2 o — o
j(e3x+3x2)dx= 3+x3} = 3 +7

1 1
b) Consolidation activities:

Suggestion of questions and answers for deep development of competences.

3
1) Evaluate Jx\/10 —x7dx

0
2) Determine the area of the region P boundedby y=5+x"and y=8+2x

3) Compute J.3x sin xdx =

4) A variable force (F Newtons) modelled by the equation F =8x—6 is applied over
a certain distance(x). What is the work (W in Joules ) done in moving the object for a
displacement of 4m to 8m
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—tan
5) By the use of the method of your choice perform the integral J.—xd

1+tanx
Answers for consolidation activities

3
1) Ix\/IO—xzdx
0

10—x* =¢, then —2xdx =dt, or xdx:—%dt
when x=0, t=10, when x=3, t=10-9=1

3 1 10
J‘xxllo—xzdxzj.—x/zgzéj.x/;dt
0 10 1

10 10
101 2" 3003
=1It2dt=l ; _1z =1x2[102—12}=
24 2 2 273

:%(\/103 —1)
:%\/1000—1

3

IX\IIO—xzdx :%M—l

2)To find the intersection points, we have to equate the two equations: 5+ x* = 8 + 2x,
which gives x> =2x-3=0 < (x+1)(x—3)=0.

So, the two curves will intersect when x =—land x =3,

The graph of g is a parabola while the graph of f is a line.

Graphof g(x)=5+x" and f(x)=8+2x
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Area A= T | upper | _ lower A
- 2| \ function function
A= [[(2re8)~ (5 b = (e 4203

: T 50 )
>
3 L3

50 .
Therefore, A= 3 square unit
3) J 3xsin xdx :3J X sin xdx

J- 3xsinxdx=3] where [ = J. xsin xdx

Let’s use integration by parts method formula Iudv =uv— Iva’u

u=x du = dx
Set ) then
dv:J.smxdx V=—CO0SX

We have Judv =—XCOSX— j (—cosx)dx = —xcosx+sinx+C

Finally,I = jxsinxdx =—xcosx+sinx+C
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.-.jsxsinxdx =3jxsinxdx=31=3(—xcosx+sinx)+c

—_

)W = !uunuuudmquu%— xl :[ ¥’ — x}i :[ - ]—[ -
= [4(1 6)— 6(4)] - [4(4) — 6(2)]
=(64-24)-(16-12)=40-4=36

The work done is 36 joules.

sin x
1—tan x a
)'[ dx:J‘ COSX 7
1+tanx 1 sin x
+
CoS X

—dx

COS X +sin x
Assume that cos x +sin x = u, (—sinx+cosx)dx = du or (cosx —sin x)dx = du

J-cosx—sinx

Then Izj.ﬂ:ln|u|+c
u

I:Iﬂzln|cosx+sinx|+C
u

—tan x .
Therefore I—dx =In |cos X +sin x| +C

1

1+tanx
Extended activities: Suggestion of questions and answers for gifted and
talented learners.

1) Suppose that the consumers’ demand function for a certain commodity is
D(q) = 4(25—¢*) dollars per unit.

a) Find the total amount of the money consumers are willing to spend to get 3 units of
commodity.

b) Sketch the demand curve showing the willingness to spend for 3 units as an area.
4
2) Let be given f(t) = Eﬁ for 0<¢<3

Prove that the function f(t) represents a probability density function of a ceratin
random variable t (in minutes) that represents a waiting time in traffic jamp. What is
the probability of waiting in a traffic jam between 1to 3 minutes.

Solution for extended activities 3.9.3

3
1) @) The total amount of money is given by: I'= ID(Q) dq= 14(25 —q")dq
0
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3
1
Therefore, T :4(25q—§q3) Thus, T =264 $
0
The demand curve showing the willingness to spend for 3 units as an area.

P(dollarsperunit)

150+

6 7

/5 B i i h q(Units)
3
. o " , N I 3
2) The given function is a probability density function if jat dt=1.
0
3

3 4
4 , 4|t 1
Computing the given integral we find: |~ dt =—{—} =—(81—0) =1.
-([81 811 4|, 81

Thus, the function f(t) is a probability density.

The probability P of waiting in a traffic jam between 1 to 3 minutes is calculated as
follows:

v 4 1P AV
P:j—z dt " P=|—t'| =—(@3)'-—(1)
/81 81 | 817 8l

| |
Then, P=——(81)——(1)= 0.9 .
n P=og @)=

Therefore, the probability of waiting in a traffic jam between 1to 3 minutesis 0.9
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4.1. Key unit competence

Use ordinary differential equations of first and second order to model and solve related
problems in Physics, Economics, Chemistry, Biology, etc.

4.2 Prerequisite knowledge and skills

Learners will perform well in this unit if they have a good background on: Exponential
functions (Unit 2), Differentials and integration (Unit 3), exponential and polar form
of a complex number (Unit 1), quadratic equations, simultaneous equations (Senior 4:
Unit 3).

4.3 Cross-cutting issues to be addressed

Inclusive education: promote the participation of all learners while teaching.

Peace and value Education: During group activities, the teacher will encourage
learners to help each other and to respect opinions of colleagues.

Gender: During group activities try to form heterogeneous groups (with boys
and girls) or when learners start to present their findings encourage both (boys
and girls) to present.

Environment and Sustainability: During the lesson on population growth, guide
learners to discuss the effects of the high rate of population growth on the
environment and sustainability.

Standardization culture: During the lesson on application of differential
equations in chemistry (the quantity of a drug in the body) guide learners to
discuss advantages for respecting Doctor’s instructions when taking drugs.

4.4 Guidance on the introductory activity

Invitelearnersto form groupsandlet themto workindependently onintroductory
activity to understand the concept of differential equation.

Walk around to provide various pieces of advice where necessary.

After a given time, invite learners to present their findings and through their
works help them to have an idea on the differential equation.

Harmonize their works and emphasize that they had a differential equation
representing a situation of the population for a country and that it can be solved
to obtain the formula for estimating the population of that country at any time f.
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e Invite learners to discuss positive measures that should be taken to address the
problem of exponential growth of the population.

e Ask learners to discuss the importance of studying how to solve differential
equations.

Solution for the introductory activity:

The quantity y(t) satisfies the exponential growth model:d—y =kdt .

To find y(t) , let us integrate both sides of the equation ﬂz kdt

J'Q - jkdt & Iny = kt + ¢ Where cis an arbitrary constant. Y

Wé} have the function y = e‘e" .Taking the constantC=¢‘, we find y(t) = Ce".
This is an exponential function that is increasing when the constant k is positive.

Assuming an exponential growth model of the population y and constant growth rate
k , at initial time (¢ =0), the population is y(0)=Ce"" =Ce* =C, -

If the population of a country is C, at time ¢ =0 , this population with the growth rate
k willbe y(t)= C,e" after the time't.

Therefore, given that the size of the Rwandan population is now (in the year 2018)
estimated to C,=12,089,721 with a growth rate of about k=2,37%=0.0237
comparatively to the year 2017, the equation of Rwandan population becomes

y(t) =12089721e"""".
1) The national population at the beginning of the year 2020, 2030, 2040 and 2050:

From now in 2018 taken as initial time, in 2020 the time f =2, in 2030 the time ¢t =12,
in 2040 the time f =22, in 2050 the time ¢ =32.

* Hence, the national population at the beginning of the year 2020 will be
y(2) =12089721e"""* =12089721(0.04854134) =12,676,572.3 people.

e The national population at the beginning of the year 2030 will be
y(12) =12089721e**7"* =12089721(1.32896441) =16,066,808.9 people.

e The national population at the beginning of the year 2040 will be
¥(22)=12089721¢""*"* = 20,363734.3 people.

e The national population at the beginning of the year 2050 will be
¥(32)=1208972 1% =25,809,834.1 people.

2) Graph representing the increasing population y(t) =12089721e"%"
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3) Our observation is that the national population is increasing with time but the surface
where to live remains constant and we are not sure that the economy of the country is
going to increase exponentially.

4) Pieces of advice: Police makers should adopt the family planning policy and sensitize
the population as well as integrate the family planning programs into school curricula
at all levels of education.

The teacher should encourage learners to provide more ideas.
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UNIT 4: ORDINARY DIFFERENTIAL EQUATIONS (27 periods)

Key unit Competence: Use ordinary differential equations of first and second order
to model and solve related problems in Physics, Chemistry, Biology, and medicine.

Week No  Lesson title Number of
Periods
5-6 1 Introductory activity on differential equation 1
2 Definitions and classification of differential equations | 1
3 Differential equations of first order with separable 2
variables
4 Linear differential equations of first order 2
7 5 Application of differential equations 1
6 Application of differential equations 1
7 Application of differential equations 1
8 8 Application of differential equations 1
9 Application of differential equations 1
10 Introduction to 2™ order linear homogeneous 1
differential equations
9 1 Linear independence and superposition principle 2
12 Characteristic equation of a 2" order differential 2
equations
10-12 | 13 Solving linear differential equations whose 3
characteristic equation has two distinct real roots
14 Solving linear differential equations whose 3
characteristic equation has a double real root
15 Solving linear differential equations whose 2
characteristic equation has two complex roots
13 16 Applications of differential equations of second order | 2
17 End unit assessment and remediation 1
Exams

Notice: For application of mathematics content to other subjects, the teacher will
consider the prerequisite of learners in this domain then act accordingly; the time spent
and importance given to application activities depends on the learners’ level of knowledge
and interest.
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: Definitions and classification of ordinary differential equations

a) Prerequisites/Revision/Introduction:

Learners will perform better in this lesson if they refer to techniques of deriva-
tives (S4).

b)Teaching resources: Textbooks, and Internet to facilitate research.
c) Learning activities:

This lesson will help learners to understand the concept of differential equation and
their classifications through derivatives and the highest derivative degree.

e Form groups and ask learners to work out the activity 4.1.

e Let students work independently for somewhile.

e Facilitate learners to derivate and to guess the power of the highest derivative.
e Askrandomly some groups to present their findings to the whole class;

* Guide learners to interact about the findings, to conclude on the new concept
and to write a short summary.

e Let learners work out example 4.1 under your guidance and work individually
application activity 4.1 to assess their competences.

Solution for activity 4.1

¥ =4kx . Using the differentiation, we have @ =4k =k = A
dy dx 4dx

The given equation becomes y = d—x or y=y'x .Order of the derivative is 1.
x
2) y = kx +bx’
Differentiate to get ? =k + 2bx . Solving for k yields to k = y'—2bx .Differentiating

x

2 2 "

again: i(d_yj:d);:% .Then b= dy20r b=
dx \ dx dx 2dx 2

Replace k and b by their values in y = kx + bx” to get:
dy dzy 2 2
=|—-2 X||x+———=x"or y=y'x——y"x
4 dx 2dx* 2 dx’ =Y 2y
This is a differential equation of 2™ order.

3) y=kcos2x—bsin2x
Differentiate y with respect to X to get: y'=—-2ksin2x—2bcos2x

Differentiating again, we get:
y"=—4kcos2x+4bsin2x =—4(kcos2x—bsin2x) = —4y".

Then, y"=-4y or y"+4y =0 .This is the differential equation of 2" order.
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Solutions for application activities 4.1

2 4
a) dy +(%j —4x+y =1 =This is differential equation of the 2™ order and degree one

(—yj —2x =cos y—2sinx=>This is a differential equation of the1* order and degree 3.

d
( y ) ( )— 2y = x = Thisis adifferential equation of the2™ order and degree 3.

=—cos x = This is adifferential equation of the 2" order and degree one.

P 4
e) x’ 4y +y L4 +y* =0= This isa differential equation of the 2" order and degree 4.
dx’ dx

NB: Ask learners to explain in words their answers based on the definition of order and
degree of differential equations.

: Differential equations of first order with separable variables

a) Prerequisites/Revision:

Students will learn better this lesson if they have a good understanding on concepts of
integration learnt in unit 3.

b) Teaching resources:

Textbooks, Scientific calculators, graph papers.

¢) Learning activities:
e Form groups and ask learners to attempt activity 4.2 in the learner’s book.
e Ask them to discuss, participate actively and solve the activity 4.2.
e Let students work independently for some while,

e Thereafter, as they are working, walk around to ensure that they are performing
the task effectively and cooperatively.

e Provide assistance where necessary by facilitating learners to separate variables
and integrate both sides of the obtained equality after separation.

e (Call upon groups to present their findings.

e Ask learners to follow attentively their classmates’ presentations, interact with
them about their findings and write a short summary.

e Harmonize their findings by leading students to solve differential equations with
separable variables.

e Letlearners go through the examples 4.2 and 4.3 under your guidance and work
individually application activities 4.2 to reinforce their skills in solving 1** order
differential equations with separable variables.
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Solution for activity 4.2
1)4y'-2x=0
l dy X
Solve for y'toget y : 4d_ =2x = 4dy =2xdx = dy = de
X

Integrate both sides to deduce the value of the dependent variable y :
dy

2
.[dy = %dex =>y= XT +c knowing  that y'=— we  have.

dx
dy

4d——2x =0 and 4y'-2x=0 are the same.
x
Replace the value of y inthe given equation to get:
x’ | 2x

4 7+c -2x=0<4 e —2x =0 anditis clear that the equality remains
correct.
2) a) sin xdx —sin ydy = 0 = sin ydy = sin xdx
By integrating both sides we get: Isin ydy = J.sinxdx & —cosy=—cosx+c
Given that —cos y = —cos X + ¢ <> c0s y = cos x —c, we get y = cos ' (cosx —c)
b) xd—y =1,

dx . 1 dx
Separate variables: dy =—dx < dy=—

X dx X
Integrating both sides: Idy = J.— thatgives y = 1n|x| +c
X
¢) To solve f(y)% =g(x) we separate variables to both sides of the equation and
X

then integrate both sides to deduce the value of the dependent variable y .
Solution for application activity 4.2

Solution:

1)The general solution for:

a) % = X CO0s x ; separate variables to get: dy = x cos xdx

Integrating both sides we get y = Ixcos xdx ; then integrate by parts right hand side

y=Xxsinx —Isin xdx = xsin x + cos x + ¢ which is the required solution.
b) x% =2-4x. .
X -
Rearranging x@ =2—-4x° gives d_y = 2—4x zg—4x2.
dx X X

Integrating both sides gives: y = J‘(E - 4x2jdx =2Inx —%xz’ +c
X

Thus, the required solutionis y = 2lnx—§x3 +e
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dy 2
2)(x+1)=—=x(y*+1).
Cel)g, L7 +1) dy =——dx

1
Separate the variables to get: (x+1)dy = x(y2 +l)dx or y? 41 Yl

1 X 1 1
. . dv=[2_4g (1=
Integrating both sides '[y2+1 y '[x+1 xorjl_y2 dy j(l xHde

L 1 tan”' y=x—In(x+1)+
or -[l—yz dy_J'dx+J.mdx or tan” y=x—In(x+1)+c
Putting the value of y(O)
tan'10:0—ln(0+1)+c:>c:0

3)(a)Let y = y(x) be the required function and P(x,y) any point on the curve.

— ( inthe general solution to get

The line OP has a slope Y The tangent to the curve at P(x,y) that is perpendicular
X - _
to the line OP has therefore the slope 7x since f yx]=—1 . We know that the slope

of the tangent line to the curve y = y(x) at P(x,y)is defined by %
dy - X
d% == is the required.

y dy

—X
o e ST
The initial value problem is —- 5 »(0)

b) The differential & = ~* is equivalent to ydy = —xdx that is separable.
yay

. Therefore,

x oy
Let’s solve the problem ydy = —xdx = Jydy = —j xdx
2 2
Simple integration gives 24 * _ .
2
Replace the point (O,l) to get c=l. So, ¥>+x° =1 is the final solution. The curve
representing this solution is the circ?e centred at (O, 0) and radius1.
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Graph of the differentiable function y* +x* =1:
]

This confirms the theorem of geometry that states that a tangent to a circle forms a
right angle with the circle’s radius, at the point of contact of the tangent.
4) Rearranging the given equatlon 3—aly 2dtc> 373— dy =dt

Direct integration yields b _‘“3y t4cOF,_y Iy t atis general equation.
Given that y—iwhen ,_,1, we have 6 3
6

1) _
zl:Q,hj,cq,zl:l,c:C:ﬂ:,z
6 6 3 6 6 6

2
Hence particular solution is z=%—lnTy +2.

5) Separatmg the variables glves— Fdx., Integratmg both sides gives
lny—fln(]_{_x )+C Given that y—lWhenx 0> 1n1—71n1+c:>c—0

The particular solution is 1ny:51n(1+x Jor y= 1+ x>
6) a) d_Rzagdgzd_R

aR
jda J.—:BfflnR+c | |
The general solution is 6’——lnR+c R=R when 6=0° C thus 0= Ik +c=c=——"Ik,

_ ab
.Hence the particular solution is P lanilnR o=t . Finally, R=Re

R(I . .
(b) Substituting o =38x10"*, 6= 50 and 24 OQ into R:Rﬂeaﬂ gives the resistance at
50°C R=24.0¢™""*=29.00 a=38x10"", 0=50 and 24.00 into R =R ¢ gives the
resistance at 50° C,R=24.0e 387107450 29.0Q
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: Linear differential equations of first order

a) Prerequisites/Revision/Introduction:

Learners will learn better this lesson if they have a good understanding on tech-
nique of integration learnt in Senior 6, unit3.

b) Teaching resources:
Textbooks, Scientific calculators.
c) Learning activities:
e Organize learners into groups and let them attempt activity 4.3.
e Askthem to discuss and solve the provided activity.
e Letthem work independently for some while,

e Thereafter, move around to ensure all learners in groups partici-
pate actively.

e Invite randomly some groups to present their findings to the whole
class and after presentation facilitate learners to have a lesson sum-
mary through harmonization of their findings

e Individually, invite learners to read through example 4.4 and then
work out the application activities 4.3 to enhance their knowledge
and skills about linear differential equations of the first order.

Solutions for activity 4.3
Given the differential equation %+ 2xy=xor y+2xy=x (1)
X

1)Z—y+ 2xy =x (1), I(x)= eP)‘dx =¢* . For convenience, we set the integration constant
X
too.

2) Multiplying both sides in the differential equation (1) by 7(x)=¢" to get:
T _ d( o 2
e (y'+2xy)=xe" Or d—(e y(x)) = xe
X
1) Integratingbothsidesanddividebyintegratingfactor I(x)togety(x) et = %exz e
4) Solve for y(x) to get y(x)= %+ce’*z .
5) Replacing y(x) :%Jrce*xz and y'=—2cxe ™ in (1) we find that y(x) is a solution of

(1)
2 1 2 2 2
Y4+ 2xy=-2cxe" + 2x(5 +ce" )=—"2cxe +x+2cxe =x
Solution for application activity 4.3
Solution:
o [ S
1.a) ;. Y _ thisis the form of o TP x’q

X — | pdx 1 2
Y=UY u :J.‘Iejpdxdx; v=el’ thus u=Iekdxdx=Ie"‘*dx=jxdx=x7+c
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2
X . [ Lax
:>u:7+cfv—ejx —e ¥ = ]1 :l

e P
P(x) = W_(iJr yL_x, ¢, where cis a constant

Finaly x 2%

b) y'+ xy = x, this is the form of Q+py=q,p=x,q=x
dx

y=uvy,
2
X
—J'qe-[ dx _[xef dx = .[xezdx,lett——:dt—xdx wegetjedt—e +c.
J.pdx 7J.xdx 2’ z
Thenu=e? +cand v=e =e

—e 2.
XZ XZ 2

X
Therefore, y(x)=uv=|e? +c|e > =1+ce 2, where cis a constant

1
c) y'+1=x this is the form of %+py:q,where p=—,q=Xx
X X
y= uvJ g g
pds sy =|xex dx xe"dx = [xPdx =2 tcou=""vc
_J-qj.ed dx I 0 I _[ .[ 3 3
v=e pax e—lnx :elnx - .
3 1 x2 c X .
Then, y y=uv= (_+c)_:_+ , where cis a constant

d) y'+2y=¢", ThlSlSthefOFmOf_+py g,Where p=2,g=e¢"
dx
y=uv,u—f Jr dx u—jeeJ dx Ie"e”dx=je3"dx=e

3x

+c
3
- pdx 2dx _
v:ej j —ez"—
2x

3x 3x x
y= uv_(e +c) 1 -¢ ¢ _¢ . ¢ where cisaconstant

3 x 3 2r er 3 2x

e)y'-2xy= e, p(x)=-2x, the mtegratmg factoris I(x)=e J e Multiply-

ing each side of the differential equation by integrating factor 7(x)=e¢™* you get:

e (y'-2xy) =1 which can be written as _(e”‘zy(x)) =1. Integrating both sides you
. ¥ _ dx

geti e y(x)=x+c

Solve for yto get: y(x) = (x+c)e , where cis an arbitrary constant.

f)y+§y sin x I(x) = exx_e3lnx=elnx3=x3
X

. X d ; .
Multiply by 7(x) = x’ to get: —(x y(x)) =sinx
dx

X’ y(x)=—cosx+c

COS x

:y('x):__ x3
2)CRd—V+V ro RY gy _ 1y
dth dt ; E-V CR
= - —In(E-V)=—+k
<:>E—V CRdt<:> n( ) CR+
(:)ln—:k,t:O;V:O<::>—1n(E—V)=L+lni
E CR E
1 1 — i
In —n_:L IHL:L uze CR
E-V E CR; E-V CR E
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_t _t _t t
E-V=Ee ®*=V=E-Ee ®, V=E-Ee ®or VzE[l—e_CRJ

When E =25V, C=20x10°F, R=200x10°Q and t =3.5; we get V' =19.422Volts .

: Differential equations and the population growth

a) Prerequisites/Revision/Introduction:

Learners will perform well in this lesson if they refer to: integration techniques
learnt in the unit 3, differential equations of 1** order with separable variables and
linear differential equations of 1°t order seen in previous lessons (unit 4, lessons 1, 2
and 3).

b) Teaching resources:
Textbooks, Scientific calculators, graph drawing software such as GeoGebra, ...
c) Learning activities:

e Ask learners to work in small groups and attempt activity 4.4, in the learn-
er’s book.

e Let them work independently for some while,

e Monitor the work of different groups to ensure that all learners understand
better how to model and solve the differential equation 92 _ kp,(Pis
Population, ¢ is time and K is a positive constant). dt

e Choose randomly a group to present the findings to the whole class, while the
audience is following attentively,

e Invite learners to exchange their views about the presentation and advise on
how to face the exponential growth of the population.

e Harmonize their findings and initiate learners to summarize the key points of
the presentation.

e Asklearners to read and revise the example 4.5 in pairs and work individually
application activity 4.4, in the learner’s book to enhance skills they have ac-
quired from the application of differential equations of 1** order.

Solutions for activity 4.4
dP
1) Differential equation expressing this model is — = KP

dt
2) Separating variables and integrating both sides we get:

P
%zkjdt:lnP:Kt+c:>P:ceK’
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If the initial population at time =0 is P,,and k£ =0.05 then F, = ce "0 = ¢

Therefore, P =¢ and we have P = R

3) If the population P, = 11,500,000 ; respects the same variation P = Pe”* then
P =11,500,000""".

After 5 years, this population will be P(S) =11, 500,0006(0'05)5 that is 14,766,292
people.

Population in million
30

25

20

(5, 14.77)

(0,11.5) |
o

Graph showing the population growth

The population is exponentially increasing and the policy makers of that town should

think about family planning, environment protection, etc.
Solution for application activities 4.4

Solutions
dP dP
1) Let P be the number of population; T P= i AP
Separating variables you getdlzid,, then integrate both sides
P
dp

=/1_[dt:1nP=/1t+c =SP=¢""<oP=ce¢’<P=qe"-
For t=0,P, =ae’ < P, =« ;Hence, P= Pe* because o =P,

P =2P,in t =20 years with P = Pe",

Thus, 2P = P 2= < 201=In2<= 1 =% .
If P, is the initial population, then ¢ =?
In2

If we have P =3P, then t =? with P = POeW
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ln2 ln2 ln2 1n3
3F, Pe20 =3=e? o nd=—t=t="x20= 31.699 years
20 In2

The population will triple after approximately 32 years
(t =31years,8months,11days,17h,31min,12sec).

2) Let P be the population of bacteria

P P
ccll_t ~P= th = a P where a is the proportionality coefficient
dP

E—aP<:>——adt I——jadt

S hP=at+c

at+c

& P=e <:>P=e’”xec<:>P=5e“’(*) where 6 = ¢€°.

The number of bacteria is increasing from 1000 to 3000 in 10 hours .
For t=0,P =1000, for t =10, P =3000.

P =1000 correspond tot =0, where p = 6e” <1000 = e’ < ¢ =1000,
Hence(*)becomes P =1000e.

P =3000correspond tot =10 < 3000 = 1000 < ¢ =3 10a =In3<a = T—;

n3

If 6 =1000and o :%thenp =1000e 1°

b)If t=5=P=?
LEW n3
P(5)=1000e™ " =1000e > =1000x ™" =1000x+/3.

Hence, after 5 hours the number of bacteria is about 1732.

: Differential equations and Crime investigation

a) Prerequisites/Revision/Introduction:

Learners will perform well in this lesson if they refer to: integration techniques
learnt in unit3, differential equations of 1* order with separable variables and
linear differential equations of 1*t order seen in previous lessons (unit 4, Lessons 1,
2 and 3).

198 Teacher's guide



b) Teaching resources:

Textbooks, Scientific calculators, graph drawing software such as GeoGebra, ...
c) Learning activities:

e Instruct learners to form groups and work on activity 4.5,

e Let them work independently for somewhile.

e Follow up the working steps of different groups to give support where neces-
sary and motivate learners to mention any difficulty met when modelling and
solving the differential equation related to the given situation “crime investi-
gation”.

e Facilitate each group to present their findings.

e Harmonize the learners ‘works and help them realize that the time of death
of a murdered person can be determined with the help of differential equation
9T kT -k, , with T: the temperature of the object and Te : the temperature

d . . .
of the environment surrounding the object.

¢ Individually, let learners go through the example 4.6 and work out application
activities 4.5 to enhance their skills in the application of differential equations
of 1** order.

Solution for activity 4.5

dT
1) The differential equation expressing the model is m = —K(T - ];)

2) % = _K(T_Te) = %JrKT = KT, . This is a first order linear differential equation,
t

its

1 n l s

solution T(t) =T, + Be™ where Bis a constant. Since K =1In (E]' T(1)=T,+ Bel (2)

3) Att=0,7=98,6°F, T, =98,6"F; our equation T(Z):Te + Be™ becomes
98,6 =70+ Be’ = B =28.6

At time f, when K = ln(%j; T(t) =70+28.6¢""
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The graph of T'(¢)=70+28.6¢""

T

100
90

80

70 =
T(t) = 28.6e "7 + 70
60
50
40
30

20

10

11 0 1 2 3 4 5 6 7 8 9 t

As the time elapses the temperature decreases and converges to 70 °F which is the
temperature of the room.

Solution for application activity 4.5

Solution

According to Newton’s law of cooling, the body will radiate heat energy into the room
at arate proportional to the difference in temperature between the body and the room.

If T(t) is the body temperature at time t, then for some constant of proportionality
K,

a)dr _ _
)dt K[T(£)-T,]

d—TzK[T(t)—m]
dt
b) Separating variables and integrating both sides,

fﬁdT:Jkdt = 1n|T—70| =Kt+C = |T—70| =" = 4e™ , where A=¢" .
Then, 7-70=+A4e" = Be™

Then, T(t) =70+ Be™

Constants K and B can be determined provided the following information is available:

Time of arrival of the police personnel, the temperature of the body just after his arrival
and the temperature of the body after certain interval of time.
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The officer arrived at 10.40 p.m. while the body temperature was 94.4 degrees. This
means that if the officer considers 10:40 p.m.as t =0 then T(O) =944=70+B and
so B=24.4 giving T(t) =70+24.4e™

Taking K =28.107, the officer has now temperature function T(l‘) =70+24.4e"

In order to find when the last time ¢ the body was 98.6 (presumably the time of death),
one has to solve for time the equation T(t) =98.6=70+24.4¢"7%

We find approximately t =—-57.07 .

The death occurred approximately 57.07 minutes before the first measurement at
10.40 p.m, that is at 9.43 p.m. approximately.

: Differential equations and the quantity of a drug in the body

a) Prerequisites/Revision/Introduction:

Learners will perform well in this lesson if they have good understanding of integration
techniques learnt in unit 3, differential equations of 1** order with separable variables
and linear differential equations of 1°t order seen in previous lessons (unit 4, Lessons 1,
2and 3).

b) Teaching resources:
Textbooks, Scientific calculators, GeoGebra for graph drawing, ...
c) Learning activities:

e Instruct learners to form groups and work on activity 4.6,

e Let them work independently for somewhile,

e Follow up the working steps of different groups to give support where neces-
sary and motivate learners to mention any difficulty met when modelling and
solving the differential equation related to the given situation “the quantity of
a drug in the body”.

e Facilitate each group to present their findings.

e Harmonize the learners’ works and help them to find the quantity of drug
Q(¢) leftin the body at the time?.

e Invite learners to take decision after discussing their points of view on what
happens when the patient does not respect the dose of medicine as pre-
scribed by the Doctor.

e Individually, let learners go through the example 4.7 and work out application
activities 4.6 to enhance their skills in the application of differential equations
of 1** order.
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Solution for activity 4.6

aQ

1) The equation for modelling the situationis — =—-kQ
do dQ dt
2) _=—kdt:>j—=—jKdt:>1nQ=—Kt

3) The solution of this equationis Q = Qe
2) Whent = o, the drug provided was O, =100mg then Q =100e™*
The graph of the equation O =100e™

JLQ

.

[==]
]

i
=-]

i,
==
P

==]

[--]

The graph shows that the drug in the human body decreases to 0 when the time of
taking medicine increases.

When a patient does not respect the doctor’s prescriptions he/she could suffer from
the effects of medicine.

Solution for application ativity 4.6

Solution
(a) Since the half-life is 15 hours, we know that the quantity remaining O = %Qo

when t = 15. We substitute into the solution to the differential equation, O = Q,e™
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,and solve fork: O = Q,e™ thus 0.5Q0, = Q,e *"® or after dividing by Q, we get
0.5 =e "**. By taking the natural logarithm of both sides: In0.5 =—15k . Thus

=105 4 0462

(b) To find the time when 10% of the original dose remains in the body, we substitute
0.10Q,in Q and solve for the time t. That is: 0.10Q, = Q,e "

0.10 = e 2 1n0.10 = —0.0462¢ . Then 1= 2210 _ 4944
—0.0462

There will be 10% of the drug still in the body at #=49.84 , or after about 50 hours.

: Differential equations in economics and finance
a) Prerequisites/Revision/Introduction:

Learners will perform well in this lesson if they have good understanding of inte-
gration techniques learnt in Senior 6 (unit3), differential equations of 1°* order with
separable variables and linear differential equations of 1 order seen in previous
lessons (Senior 6: unit 4, Lessons 1, 2 and 3).

b) Teaching resources:
Textbooks, Scientific calculators, GeoGebra for graph drawing, etc.
c) Learning activities:

e Asklearners to work in small groups and attempt activity 4.7, in the learner’s
book.

Let them work independently for somewhile,

e Monitor the work of different groups to ensure that all learners understand
better how to model and solve the differential equation.

e Choose randomly some groups to present the findings to the whole class,
while the audience is following attentively for interaction,

e Invite learners to exchange their views about the presentation of their class-
mates

e Harmonize their findings and initiate learners to summarize the key points of
the presentation.

e Asklearners to read and revise the example 4.8 in pairs and work individually
application activity 4.7, in the learner’s book to enhance their skills about the
application of differential equations of 1t order.

Solutions for activity 4.7

a) In general, we have ‘fl—P: k(Q,-0,),if k=0.08 then our equation becomes
!

dP

—=0.08(Q, -

dt (Qd Qs)
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dP
b) We have—~=k(0,-0,) = ‘i—f =0.08(280-4P—(-35+8P)) %:0'96”26'25
which is a linear first-order differential equation.
Considering the initial condition P(0) =19, we find 4 =7.25 Therefore,

P(1)=7.25¢""" +26.25
Graph of P(t)=7.25¢""" +26.25.

c) Att=1,P(1)=725¢""+26.25=33.5 and [im p(f) = 1im(7.25e-°96’ + 26.25) =26.25-

If you compare those two situations, you find that the price is decreasing and tends to
26.25as t gets larger.

Solution for application activity 4.7

Solutions/answers
o=@
=P 0.04(50-0.2P—(~10+0.3P))
d_Pit_o,zp +24 whichis a linear first-order differential equation.
Pt(t) = 4e"* +120.
Considering the initial condition, P(O) =100, wefind 4=-20
Therefore, P(I) =-20e"* +120. .
The graph of P(1)=-20e"* +120
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We can say that this market is stable as the coefficient of ¢ in the exponential function
is the negative number —0.02

However, the graph shows that the convergence of P(t) on its equilibrium value of
120 is relatively slow.

This time, price gradually approaches its equilibrium value from one direction only. A
similar time path will occur in other similar market models with continuous price ad-
justment, although if the initial value is above the equilibrium then price will, obvious-
ly, approach this equilibrium from above rather than from below.

: Differential equations in electricity (Series Circuits)

a) Prerequisites/Revision/Introduction:

Learners will perform well in this lesson if they have good understanding of inte-
gration techniques learnt in unit 3, differential equations of 1* order with separa-
ble variables and linear differential equations of 1** order seen in previous lessons
(unit 4, Lessons 1, 2 and 3).

b) Teaching resources:
Textbooks, Scientific calculators, GeoGebra for graph drawing, ...
c) Learning activities:

e Ask learners to work in small groups and attempt activity 4.8, in the learner’s
book.
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Let them work independently for somewhile,

e Monitor the work of different groups to ensure that all learners understand
better how to model and solve the differential equation

e Choose randomly a group to present the findings to the whole class, while the
audience is following attentively,

e Invite learners to exchange their views about the presentation of their class-
mates

e Harmonize their findings and initiate learners to summarize the key points of
the presentation.

e Asklearners to read and revise the example 4.9 in pairs and work individually
application activity 4.8, in the learner’s book to enhance their skills about the
application of differential equations of 1t order.

Solutions for activity 4.8

a) The situation is modelled by Lﬂﬂei =E(t)or ﬂ+£i :lE(I)
t d L
b) Since L, R and E are constant, t6(1e equation is linear of flfrst-order ini.
[Ra R,
The integrating factoris /(1)=¢ * =e*
R, R,
The solution is @ f%’ avk _E g,
i(t)=—"——

Since the current was zéro before switching on, it means i(0)=0, therefore x-_£.

R
Solutions for application activity 4.8

Solution:
a) The situation is modelled by ; @ p;_ p(,y Or 4. R;_ 1y,
dr dt L L
b) Since L, R and E are constant, is linear equation of first-order in i with integrating

R

Rdt R R £
J'EeL’dHK _E ket
==L R

factor I(t)=e L —¢t' The solution is i) , therefore

R
—t

eL

R
i=L L ket . Since the current was zero before switching on, it means i(O) =0, there
E . . . . R,
fore K = o Putting this value of Kin our solution, we find i—i[l—e L j
60( -
Taking £ =60, R =12, we obtain i=12[16 ¢ j=5(le‘3’).

) When ¢ gets larger, we have limi(t) = » this looks like the current of the circuit is
composed of the resistor R and the generator.
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: Introduction to second order linear homogeneous differential
equations
a) Prerequisites/Revision/Introduction:

Learners will get a better understanding of the content of this lesson if they have mas-
tered how to find successive derivatives of a given function (Senior 4, unit 6).

b) Teaching resources:
Learner’s book and other reference books to facilitate research
c) Learning activities:
e Form groups and ask learners to attempt activity 4.9, in the learner’s book.
e Let them work independently for somewhile,
e Monitor learners while they calculate the derivative for a given function.
¢ Ask one group to present his/her findings to the whole class.

e Guide learners to follow attentively and interact about the findings and to
write a short summary.

e Let learners work out example 4.10 under your guidance and work individu-
ally application activity 4.9 for assessment.

Solutions for activity 4.9

1) Answers will be different

2
2) Given - P \/I let us verify that 74 Y =
) y=Acos 20t+Bsm 20t; y Zdtz +0.1y 0

1 1 . / 1 . / 1 / 1 / 1 and . 1 1 1
=4 —+t+Bsin,[—t’ ¥y =—A,|—sin,[—t+ B,[—cos,[—t - — in |—
y=Acos 20 + Bsin 0 y 20 20 20 20 y 20 Acos 20t+Bsm 20t
2
ot Wy:_%[/l s /710,} [A s %,]
1 . f 1 1 . 1
=-0.1| Acos,|—t+ Bsin,|—t |+0.1| Acos,[—t+ Bsin,|—t [=0
[ 20 20 20 20
2

Therefore, y=ACOS\/%t+Bsin\/%t is a general solution of 2 cj{tf +0.1y =0.

b) We compare the given equations basing on the coefficient of the derivative for the
dependant variable y.
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Equation Order of Coefficient Coefficient | Coefficient Function in
the highest | of the of the first | of y the second
derivative second derivative side

derivative

dZy dy 2 1

+ -+

I p(x )dx q(x)y=r(x) p(x) q(x) r(x)
2 0.0 0 0.1 0

‘;Ty +0.05y=0 >

Note that the two functions are of the second order even though one has the inde-
pendat variable x while the other has the independent variable t.

Solutions for application activity 4.9
Solution :

Equations (@) and (c) are linear homogeneous differential equations while (b)
= —cos x according to the general form.

dx
: Linear independence and superposition principle

a) Prerequisites/Revision/Introduction:

Through examples, let learners discuss about differentiation calculus especially ex-
ponential and trigonometric functions and how to calculate determinant of matrix
of order 2.

b) Teaching resources:

e Learner’s book and reference textbooks/ internet for developing learners’ self-
confidence through research activity.

c) Learning activities:
e Form groups and invite them to sit for activity 4.10 from learner’s book.
¢ et them work independently for some while,
e Walk around to all groups to guide them on the following:
1) For the function y = ¢™*, facilitate learners in calculatlng its successive derivatives up

to order 2 and then substitute themin "y ;v _,  to check if Iy 4 ZJ’ +2y=0 and

; . +2y
then give conclusion. - dx dx’

2) Let learners multiply e *by any constant (let @ and e™* by another constant (letb
) and taking the sum of results. The corresponding resultsis y = ge™ + be™, a,bcR.

2
3) Guide learners in verifying if y =ae™ +be™", a,b € Ris a solution of —+3Zy +2y=0,

 Invite the group representatives to present their works and request their
classmates to follow carefully.
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-X -2x
¢ Harmonize their work emphasizing the key terms that € and ¢  are linearly
independent and the superposition principle leads to y = ae™ + be**, a,b € R . Ask
learners to go through the example 4.11 and work out application activities 4.10.

Solutions for activity 4.10

1) Giveny=¢*,wehave y'=—e",y"=¢"

T3¢ +2¢7 =0

: Ay
Putting these values into — =

dy

. . da’y
Thus, y =e™is asolution of — =5 +3—-+2y =0, Similarly, for y = e™*, we have

y'=-2¢*,y"=4e* and ‘;y 3? =(4e™) -6 +2¢ =0-
X X

2

dy ,dy
= 2% i +3—+2y=0
Hence, y =e " is asolution of —, 7 e dx

2) Multiplying e~ by any constant (a, say) and e by another constant (b ) and taking
the sum of results we get, y =ae ™" +be ™, a,b e R.

3) From y=ae " +be™, we have y =—ge ™ —2be and y =ae ™ +4be™"

And then, Zl—;);+ 3%—%2)/ = (ae’x +4be'2”)+3(—ae"‘ —2be’2x)+ Z(ae_x +be'2x)

:(a—3a+2a)e (4b 6b+2b) 2=

_ _ . d
Therefore y =ae ™ +be ™", . t2y=0.

d’y . dy
If y=e"and y =e > are solutions of = *3_+2Y =9 thus their linear
combination y =ae™” +be " is also a solution of <Y 3D
dx

+2 0-
dx® Y=

Solutions for application activity 4.10
Solution:

1) Let y, =14+cosx = y'=—sinxand y"=—cosx and
v, =14+sinx= y'=cosxand y"=—sinx.

2)Fory, =1+cosx, y"+y=(1+cosx)"+(1+cosx)=—cosx+1+cosx=1 as
required.

3)Fory, =1+sinx, y"+y=(1+sinx)"+(1+sinx)=—sinx+1+sinx =1 as
required.
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1)

Therefore y, =1+cosxand y, =1+sinx are solutions of y"+y=1.
Thesumof y, =1+cosx and y, =1+sinx is y =2+sinx+cosx,and then
y"+y=(2+sinx+cosx)"+(2+sinx+cosx)
=(cosx—sinx)"+(2+sinx+cosx)
=—sinx—cosx+2+sinx+cosx=2#1.

Therefore, y =1+cosxand y=1+sinx are solution of y"+ y =1but their sum
is not a solution. In fact, equation y"+ y =1is not homogeneous linear differential
equation; (the superposition principle holds on homogeneous linear differential
equations)

c 2
: . . . S 2
a) cos’ x and sin’ x are linear independent since ——=tan"x#c.
cos™ x
Or two functions are linear independent if their Wronskian is different from zero.

For our case W( ) sin” x cos” x
x =
2sinxcosx -2 COS X Sin X

2y =2 cosxsin xcos’ x

=—-2cosxsin xsin

=2 cosxsinx(sin2 X+ cos’ x) =-2cosxsinx#0

X

—3x

e
. — 2 . . .
b)Functions e™* and e™* are linear independent since ——=¢e ™ #c.

<)

-X 2x
e e e
Or using Wronskian, W (x)=| " __ n ot =2e e +e e =3e" 20
—e e

ax

e” and 5e™ are not linear independent since =5=constant .

S5e
eax Seax

ax

oe Sae””

Or using Wronskian, ¥ (x) = =5ae™ —5ae™ =0

d) Ssinxcosx and 4sin 2x are not linear independent since

Sin X COS X B 5sin2x 5

— = — constant Alternatively using Wronskian,

4

W(x

sin2x B 4sin2x 4

ésin 2x 4sin2x
=2 =20sin2xcos2x—20cos2xsin2x =0

(%sin 2x] 8cos2x S5cos2x 8cos2x

5. .
Ssinxcosx 4sin2x Esm 2x dsin2x

(5sinxcos x)' (4sin 2x)‘
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e) e” cos2x and ¢“sin2x are linear independent since £~ 9952 _ 4oy 0

. . . e sin2x
Alternatively, using Wronskian, we have

e cos2x e sin2x

W(x - (ew cos Zx)' (e“‘“ cos Zx)’

=e* cos2x (a e sin2x—2e* cos 2x) —e* sin2x (a e* cos2x—2e* sin Zx)
=2 (a e” sin 2xcos 2x —cos 2x cos 2x) —e (a e” cos2xsin2x—2sin 2xsin 2x)

=’ (sin 2xcos 2x —cos 2x cos 2x — ¢ cos 2xsin 2x + 2sin 2x sin 2x)

= ¢** (—cos 2xc0os 2x + 2sin 2xsin 2x) = —e*** cos 4x # 0

Inx Inx
f) Inx and In~/x are not linear independent since — = T = 2=constant,
11'1\/; “Inx
Alternatively, from Wronskian, we have 2
Inx ln\/; Inx %IHX Inx lln)c
W (x)= | = I R
' . 1 1 2 2
(lnx) (111\/5) (Inx) (Elnxj P o o
ax
g) €” and xe" are linear independent since o =—# constant
Using the Wronskian, W (x)= A a; xe™ N
(e‘”) (xew) ae™ (ax+1)e
=(ax+1)e’ —axe® =’ £0
2sin’x  2sin’x o
h) > = ) = 2 =C
l-cos"x sin"x
therefore 2sin® x and 1-cos® x are not linearly independent.
2 2
2sin” x I—cos” x 2sin? x sin? x

From Wronskian, W(x) = ,

(25il’12x) (l—coszx) 4sinxcosx 2sin xcosx

=4sin xcosxsin® x —4sin xcos xsin’ x =0
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: Characteristic equation of second order differential equations

a) Prerequisites/Revision/Introduction:

The students will perform well in this lesson if they have mastered the fol-
lowing concepts: derivative of exponential functions (unit 2), how to solve
quadratic equations (Senior 4: unit 3) and linear differential equations of first
order (Senior 6, unit 4, lesson 3).

b) Teaching resources:

Learner’s book and other reference textbooks or internet (if possible) to
facilitate research.

c) Learning activities:
e Organise learners into groups and let them attempt activity 4.11.
* Giveclearinstructions onthe duration and how the group workis to be performed

e Check if every group member is participating and get opportunity of finding
whether the learners remember how to solve linear differential equation of first
order and give assistance where it is needed.

 After finding solution of ) —ky =0, guide learners in differentiating the
common solution and then substitute in y"—3y'-4y =0 to get a new equation
in terms of k.

e Once the group discussion is over, ask a group, chosen randomly, to present
his results while other learners are following and interacting. Inform learners
that the new equation is called Characteristic equation or auxiliary equation of
y"-3y'-4y=0.

e Choose randomly a group for presenting its work and request other learners to
follow attentively.

e Ask learners to give their observations and determine characteristic equation or
auxiliary equation of ay"+by'+cy =0.

e Let learners proceed to example 4.12 under your guidance and check their
working against the solution proposed in the learner’s book, and then request
them to work individually application activity 4.11 to check the skills they have

acquired.

Solutions for activity 4.11

1) y'—kyzo@d—yzky@d—yzkdx@jﬂ=jkdx@1n|y|=m@y=ebf,
dx y y

2) y"-3y'-4y=0

3)Giveny =e",itfollows y =ke™ and y" = k™

Plug these valuesin y"-3y'-4y =0to have k’¢™ —3ke"™ —4e" =0.
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This is equivalent to (k2 —3k—4)ek" =0.
This relation is true if and only if £* —3k —4 =0 since ¢ cannot be zero.

Thus, the solution of y'—ky =0 is also a solution of 3 =3y -4y =0ifk isa
root of k> —3k—4=0. Therefore, the solution of the form ¢" is a solution of

y =3y —4y=0.

Solutions for application activity 4.11
Solution:

1) For y =cos2x, y +4y=(cos Zx)" +4cos2x =(-2sin 2x)' +4cos2x

=—4cos2x+4cos2x =0, hence y=cos2x is asolution of " +4y =0.

Similarly, for y = 2sinxcos x,
y +4y=(2sinxcos x)" +8sinxcosx = (sin 2x)" +4sin2x

= (2cos2x) +4sin2x =(~4sin 2x) +4sin 2x =0,
Thus, y =sin2x is a solution of y" +4y =0.
Since cos2x and 2sinxcosx are linearly independent, they form a basis and
the general solutionis y = ¢, cos2x+2c, sinxcos x .

The characteristic equation of 3" +4y =0 isA*+4=0 A*+4=0: A=2i or
—2i.

2)For y=¢", y"—2y'+y:(ex)"—2(e")'+ex =(ex)‘—2ex+ex =e' —2e" +e" =0,

thus y =e" isasolutionof y' =2y +y=0.
For y =3e", y"—2y'+y=(3ex)"—2(36x)'+3e”
:3(ex)'—2(3ex)+3e" =3e"—6¢e" +3e" =0;

Therefore, xe ?is a solution of 4y "+4y +y =0.

X X

Since e 2and xe 2 are both solutions of 4y "+4y'+ y =0, and linearly

independent, they form a basis of solution of 4y '+4y +y=0,and

X X

corresponding general solutionisy =ce ? +c,xe .

Characteristic equation of 4y "+4y +y=0is 41> +41+1=0
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Roots4A” +44+1=0: A=16-16=0 thusﬂ:—g:—%.

: Solving linear differential equations whose characteristic
equation has two distinct real roots

a) Prerequisites/Revision/Introduction:

It will be helpful to the learners if they have mastered the following concepts:
derivative of exponential functions (Senior 6: unit 2), how to solve quadratic
equations (Senior 4: unit 3), linear independence, superposition principle and
characteristic (auxiliary) equation of differential equations (Senior 6: unit 4).

b) Teaching resources:
Learner’s book and other reference books or internet.

Scientific calculators or if possible, computers with mathematical software
such as Microsoft Excel, Geogebra, graph....

c) Learning activities:
e Organize learners into groups to attempt the activity 4.12.

¢ Letlearners determine independently the roots of characteristic equation for the
given DE.

Facilitate the slow learners for further explanation and provide assistance to any group
in need.

e Guide learners in finding some solutions of the given DE and deduce the general
solution.

e Once discussions are over, choose different groups to present their works when
other learners are following attentively for interaction Ask learners to give
constructive remarks and complements, in order to obtain a conclusion to be
noted by all learners.

e [Individually, let learners go through example1.13 and work out application
activities 1.12, to emphasize their skills, knowledge and understanding in solving
linear differential equation of second order.

Solutions for activity 4.12

Characteristic equation: > +71+6=0.

Simple factorisation yields to (1 +6)(41+1)=0. Thus A =—6 or A =—1.You can ver-
ify that y = e *and y = e ** are solutions of ' +7y +6y =0 and they are linearly
independent.

Therefore, the general solutionis y =c,e™ +c,e ™.

214 Teacher's guide



Solution for application activity 4.12

Solution:

1) General solutions
3

a) y=c¢+ce” b)y= clezﬁx +c,e

e)y= ce’ +c e’

d) y=ce' +ce™

2) Particular solutions
_ -2x __ —3x
a) V= Se 4e

2V2x ) y=ce ™ +ce”

— 2 2
f)y=ce™ +c,e

b)Y = —e " +3e3

215
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Lesson 13: Solving linear differential equations whose characteristic
equation has a real double root

a) Prerequisites/Revision/Introduction:

The learners will perform well if they have a good package of the following
concepts: derivative of exponential functions (Senior 6: unit 2), how to solve
quadratic equations (Senior 4: unit 3), linear independence, superposition prin-
ciple and characteristic (auxiliary) equation of differential equations (Senior 6:
unit 4).

b) Teaching resources:

e Learner’s book and other reference book or internet

e T-square,ruler, scientific calculator or where possible computer with mathematics
software such as Microsoft excel, geogebra, Mathlab, graph....

c) Learning activities:

e Instruct learners to form groups and work on activity 4.13,

e Let them work independently for somewhile,

* Follow up the working steps of different groups to give support where necessary

a) Give assistance if learners mention any difficulties met when verifying whether

f(x)= ¢ ~¢" isasolution of y" + py'+qy=0.
m-—n
© —° _ letlearners calculate y', y"and then substitute these

Settingy =
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valuesin y" + py'+ gy -
Stimulate learners to note that m*> + pm+¢g=0=n" + pn+q are

characteristic equations of y" + py'+¢qy =0 and then deduce that

mx nx

f(x)= © ~¢ isone of solution of y'+ py'+qy=0.
m

b)Walk around to different groups and guide learners by providing further explanations
where necessary and encouraging each member to participate actively in the
discussion.

e Invite randomly a group to present its findings and request other learners to
follow attentively to give their suggestions.

e Harmonize the learners works and help them realize that if n is a double root
of auxiliary equation of y" + py'+¢qy =0, then y=e"™and y = xe’™ are linearly
independent which leads to general solution y =ce™ +c,xe™.

Individually, let learners go through the example 4.14 and work out application activ-
ities 4.13 to enhance their skills and knowledge in solving an ordinary linear differen-
tial equation of second order.

Solutions for activity 4.13

mx nx

a) Let y bethe function defined by y(x)= i, thus

., . eWLX _enx ! emx _enx ' emx _eer
y tpy+qy= T—n +p +q

—n m-n m-n
memx _nenx memx _nenx emx _enx
= +p +q
m-n m-—n m-n

m*e™ —n’e™ me™ —ne™ e —e™
= + +

m-—n m-—n m-—n

B m’e™ + pme™ + ge™ ne™ + pne™ +qge™

m-—n m-—n
mx nx

= m—n(m2+pm+q)_m—n

(n2+pn+q)=0

From characteristic equation of y" + py'+qy =0, m>+ pm+qg=0=n>+pn+q.

mx nx

(m2+pm+q)—

Thus, y" + py'+qy = (n2+pn+q):0—0:0 and then
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mx nx

y=f(x) -¢ "¢ jisasolution of Y +py'+qy=0.

m-—n
limf(x)zlime —C ¢ ~¢ :9 which is indeterminate form.
m—n m=n  m—n m—n

¢) Remove this indeterminate by Hospital rule:

lim £ () = lim (e(m:i)) = lim xel_;O = xe™ as required.

Lety = }niirif(x) =xe", thus
Y +py'+gy= (xem)" + p(xe”x)' + qxe™

= (e"x + nxe™ ) +p (e”’v + nxe™ ) + gxe™

=ne™ +ne™ +n’xe™ + pe™ + pnxe™ + gxe™
nx 2 nx
= xe (n +pn+q)+e (2n+p)

=¢" (2n+ p) from auxiliary equation n*> + pn+¢=0.
Asn,isadouble root of n° + pn+q=0, then 5 = — L

\ . ; 2
therefore y + py'+qy=e (2n+p)<:>y +py'+qy=0.

Hence, the function y = xe™ is a solution of ¥ + py'+qy =0 when m — n and

mx nx

f(x)= em:i is a solution of the equation y" + py'+ gy = 0 (generally if m is a
repeated root of the auxiliary equation y = xe™ is a solution of the given differen-

tial equation).

mx

b) Let us check whether y = limf(x) and y = ™ are linearly independent;
m—n

lim f(x o . o
Since ”H"—()= X _yzce, y=lim f(x)=xe" and y =™ are linearly

nx nx m—n
e e

independent that leads to general solution y = c,e™ +c,xe™, n beinga
double root of auxiliary equation.

For y —2y +y =0, the characteristic equation is n* —2n+1= 0 whose dou-
ble root n=1Therefore the general solutionis y = ce* +c,xe".
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Solution for application activity 4.13

Solution:

1) General solutions

2) Y= (¢ +cyx)e™

Lo
d)y=(¢ +cx)e’
2) Particular solutions

7
a) y=|3-=x|e*
)y( SXJe

3

b) y=(c + czx)ezx

T
X

e) y= (c1 + c2x)e5

c)

y

(c1 + czx) e?

Teacher s guide
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: Solving linear differential equations whose characteristic
equation has complex roots

a. Prerequisites/Revision/Introduction:

Learners will get a better understanding of the content of this lesson if they have mas-
tered how to find derivative of exponential functions (unit 2), solve quadratic equa-
tions whose roots are complex numbers (unit 1), linear independence, superposition

principle and characteristic (auxiliary) equation of differential equations (unit 4).
b. Teaching resources:

Learner’s book and other reference book or internet

T-square, ruler, scientific calculator or where possible computer with math draw soft-

ware as
Microsoft excel, geogebra, Mathlab, graphcalc, etc.

¢. Learning activities:

e From the activity 4.14, facilitate learners to work in small groups and find the
solutions of the characteristic equation y"—y'+5y =0and let them write down

the two independent solutions y,and y,.

e Let them work independently for some while,

e Facilitate learners to have a general idea on expressing the two independent

solutions y,and y, in polar form.

* Invite some group members to present their findings.

e Harmonize the results by highlighting the real basis of solution of y"—y'+5y =0

, then let learners deduce the general solution of y"—y'+5y=0.

e Guide learners to work through example 4.15, application activity 4.14: question
1) and 2) a) and work individually application activities 2.14: question 2) b) to

assess the competences.
Solutions for activity 4.14

(1+2i)x _x 2ix

1) y =e =™ and y, = = gt

=e'e
2) We know that e” =cos@+isin@ and e =cos@ —isin@

From this we have ¢** =cos2x +isin2x and e" =cos2x—isin2x, then

1+2i i ..
y =" = e*e? = ¢* (cos 2x +isin 2x) and

1-2i i .
v, = = e = ¢ (cos 2x —isin 2x). S S
1 —1 ! —1
e’ +e . e’ —e
3) Remember that Euler formulae are cosd = — and sinf = ———.

By combining y, and y, we get
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Y+, =€"(cos2x+isin2x)+e" (cos 2x —isin 2x) = 2" cos 2x

+
Or €' cos2x = % is a real valued solution.
Also, y, -y, =€ (cos2x+isin2x)—e* (cos2x—isin2x) = 2ie" sin 2x
Frome’sin2x = 4 ;_yz , omitting i, we get e*sin2x = % which is another
i

real valued solution.
Hence, real basis is formed by y, =e*cos2xand y, =e*sin2x.

Therefore, the general solution is y = c,e* cos 2x +c,e” sin 2x Or

y=e"(c cos2x+c,sin2x).
Solution for application activities 4.14
b) y=¢** (¢ cosx+c,sinx)
d) y=e(c, cos\2x+c, sin \/Ex)
. 2 2

Hy=e'¢ cos§x+c2 sin—x

Solution:
1) a) y =¢, cos5x+c, sinSx

¢) y=e"(c, cos3x+c, sin3x)

e) y=e" (¢ cos3x+c, sin3x)
X
_x x L oX
5 2 5
Ly s MRS,
N : :
/ \
/ A
/ \
" AY
! \
’ll \‘
\
' .
" o O \ 1 & i
—X b
b) y=e™(2cosx—sinx)
221
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3) The summary of how to find solution of a second order linear homogenious

differential equation:
e’

Distinct real
e and e® y=ce P +cye

roots: 4, and A4,

2
Real double: A ™ and _ i
e y=(c +ex)e
3 Complex conju- ax
gate € dcos WX y=e"(Acoswx+ Bsinwx)
an
e sin wx

atio

Lesson 15: Applications of second order linear homogeneous differential

equation

a) Prerequisites/Revision/Introduction
Learners will learn better the applications of second order linear homogeneous

differential equation if they have a clear understanding of: Trigonometric functions
(senior 5, unit 1 and 4), exponential functions (Senior 6, unit 2), differential equations
(senior 6, unit 4: previous lessons), the concept of simple harmonic motion (Physics

, :
senior 2), Newton’s Second Law of motion (Physics senior 5)

Teacher s guide
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b) Teaching resources:
Learner’s book and other reference book or internet

T-square, ruler, scientific calculator and where possible a computer with math draw
software as Microsoft excel, Geogebra, Mathlab, graphcalc, etc.

c) Learning activities:

e Organize the learners into groups and let them attempt activity 4.15 from the
learner’s book.

¢ Let them work independently for some while,
* Guide them in modelling and solving the given problems
e Check how each member of the group is participating in the discussion.

e Chose randomly a group member to present her/his results while other learners
are following attentively for interaction.

e Let learners work out example 4.16 under your guidance and work individually
application activity 4.15 to check the skills they have acquired.

Solutions for activity 4.15
2 2
d =—kx<m d f +hkx=0
dt d’y
Identlfylng the coefficients to a
weget g=m,b=0and c=fk.
b)The S|mple harmonic motion has equation
d b hke=0

d g k
Characteristic equation: mA* +k=0< A= +z\/:

a)m

I + bd—z +c¢y =0 according the order of derivative,

=,
General solution is x Acos,/—t+Bs1n,/—t—>x = Acoswt + Bsin wt .

Form=2,k= (1)=c, cos8t+c,sin8t.

= 1
Given the initial conditions x(,()) 02 ,wefind ¢, == and ¢, =0.
x(0)=0 5

1
Therefore, x (t) = g cos &t .
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Figure 4.6: Graph of x(t) = ECOS 8t

Solution for application activities 4.15
Solution:

1) The motion of that mass is modeled by the equation

4 ky =0, introducing the data given, 2—=+40—+128y =0
" T T 8 glven, 2=y +A0 g T2y
d’ d - —
= y g} + 207y+ 64y =0 whose characteristic equation is
t ¢

A*+20A+64=0<(A1+4)(A+16)=0 and 4, =—4 and 4,16

As 4, =—4 and A,-16 areallreal and different from each other, we have an
over-damping spring and the general solution is y(t) =Ce ™ +Ce

The initial conditions are y(O) =0 and y (O) =0.6
i.e 0=C,+C,and 0.6 =—4C, —16C,. These two equations give

C,=0.05 and C,=-0.05Therefore, y()= 0.05(e4” —e’“’).
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0.25

0.2

015
0:1
005 0.05(e 4t — e~ 16%)
0 ! 1 T : -

-0.05

o or () =0.05 (¢ ™)

The spring is over-damped, it will oscillate only once.

2)a)lf R=40, L=1, C=16.10"and E(t)=100cos10¢,

2 4
d Q Q+ Q E (¢) will be written as d 2Q+40d—Q £Q—10000s10t or
dt dt dt dt

a 2Q+40 Q+625Q:10000510t
dt dt

b) What type of equation obtained if you consider E(¢)for ¢ = %?

For t=——, E(t)=100cos10t =0.
20
Therefore, d Q +40d—Q+625Q 0,
thisis a second ordér homogeneous differential equation.
c) Determine the general solution for the equation obtained in (b).

‘ZZQ+40 dQ+625Q:0 and A% +401+625=0, 4, =-20+15i and
A, =—-20-15i

The general solutionis Q(¢)=¢>" (C, cos15t+C, sin15¢).
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4.6.1. Definition and classification of differential equations

An ordinary differential equation (ODE) for a dependent variable y (unknown) in terms
of an independent variable x is any equation which involves first or higher order deriv-

atives of y with respect to x, and possibly x and y.

d d
The general differential equation of the 1=t orderis F'| x, y,d—yj =0 or d_y = f(x,y)
x X

The order of a differential equation is the highest derivative present in the differential
equation.

The degree of an ordinary differential equation is the algebraic degree of its highest
ordered derivative after simplification.

4.6.2. First order of Differential equations with separable variables

d
A separable differential equation is an equation of the form d—i: S (x)h(y).
Before integrating both sides, such equation can be rewritten so that all terms

involving y are on one side of the equation and all terms involving x are on

o dy b __
the other. That is () = f(x)dx and Ih(y) ,[f(x)defc.

4.6.3. Linear differential equations of the first order

If p and ¢ are functionsin x or constants the general linear equation of first

d
order can take the form d—y+ py =q .To solve such equation, determine an
X

integrating factor /(x) = ejpdx taking the integrating constant ¢ =0 and then

ﬁndy(x)= _[I(x)q(x)+C

Orlet y=uv whe]rgx)t and v are functions in x to be determined in the
following ways:

Y= e_jpdx by taking the constant ¢=0 and u = J'qejpdx dx

d .
The solution of the equation d—y+py =¢q becomes y=uvwhere y = J'qejpd dx
X

and v= e_dex )
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4.6.4. Application of differential equations of first order

a) Differential equations are applied in the population growth:

If P is the population of a country, its variation is related to L _ KP where K is the
timely growth rate. dt

b) Differential equations are applied in crime investigation:

The time of death of a murdered person can be determined by the police by measuring

the variation of the temperature T with the help of the differential equation:
dT
o K(T-T.) where Te is the temperature of the environment surrounding the mur-

dered person and K the constant of proportionality.

c) Differential equations are applied to determine the quantity of a drug in the body

The quantity of drug Q in the body of a patient in the time 7 is modelled by aQ =—kQ

where k is a constant that depends on the specific type of drug. dt
d) Differential equations in economics and finance

If 7 represents the rate of adjustment of P in proportion to excess demand, we can
write

dap _ r(Q,-0,) Where Q,and Q, are respectively the demand and supply functions.
eC;tDifferential e.quations are applied in the Series Circuits

Given that the voltage drops across the resistor, inductor, and capacitor are
respectively R/ ,L% and %where Qis the charge.

Kirchhoff’s second law saying that the voltage ¥/ (¢)in the circuit is the sum of the
voltage drop across the components of the circuit is used to determine all variables of
the circuit:

e For a series circuit containing only a resistor R and an inductor L, we have
Ri+Lﬂ:E(z)
dt

e For a series circuit containing only a resistor R and capacitor with capacitance C,
we have RﬂfTQJF%:E(t) where Qs the electrical charge at the capacitor.
t

4.6. 5. Second order linear homogeneous differential equations

A second order linear homogeneous differential equation is of the form

2
4 Z’ )2/ +b;l—y+cy ~0 where g, b, c are constants (and a # 0).
X X
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4.6.5.1 Linearity of solutions of linear homogeneous differential equations:
2

d’y

d
If y, is solution of the homogeneous linear differential equation a % +bd—z+cy =0, the
second solution y, is such that y, (x) and y, (x)are linearly ing{ependent where the

determinant called the Wronskian of y, and y, denoted and defined by:
BAER4) b
W,y,)= 1", ", |=¥Y,— Yy, isnotzero.

1 W

4.6.5.2 Superposition principle:

If » and »,are two solutions of the homogeneous linear differential equation

2
f; ;V +b%+cy =0, then any other linear combination y = Ay, + By, of these two
X X

solutions is a solution of the equation.

a

4.6.5.3 Characteristic equation of a second order differential equation

The equation al’® +bA+c =0in 1 is called the auxiliary or characteristic equation of
d’ d

)2/ Ty cy=0.
dx dx

the second order differential equation a

2

4.6.5.4 Solution of of a second order differential equation a fl—); +b Z—y +cy=0
X X

* If the Characteristic equation a4’ +bA + ¢ = 0 has two distinct real roots 4, and
A, , the corresponding general solutionis y = c,e™* +c,e™".

o If the Characteristic equation al” +bA+c =0 has a real double root/repeated
root 4, =4, =4, wehave y, =e* and the second linearly independent solution
willbe y, = xe™ .

o If the characteristic equation aA’+bA+c=0has complex roots, 4, =a +if3

and A, = @ —if3, the general solution y = e™ (c,e”* +c,e””" ) is modified using

Euler’s formulae and it becomes y = e (A cos fx+ Bsin fx).

4.6.6. Applications of second order linear homogeneous differential equation

4.6.6.1 The oscillatory movement of a mass on a spring

e At the end of a simple spring with the springéo)lc']stant k, the mass m makes a
simple harmonic motion with the equation m +kx=0;

e The mass m at the end of a simple spring with the spring constant k in the
milieu of the damping constant C makes a motion modeled by the equation

2

2
md f+Cﬂ+kx=0'
dt dt
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4.6.6.2 The Electric charge in an RLC series circuit

The voltage drops across the resistor, inductor, and capacitor are respectively

dl 0
R],LE and .
The Kirchhoff’s voltage law says that the sum of these voltage drops is

equal to the supplied voltage E(¢) and expressed in the following equation:

40 pd0 1.,
Ldt2 +R +CQ E(t) .

dt

. . dQ . . ,

Given that the current i =— , the differential equation becomes
dt
% ' dE(t

Ld—j cr L dEW)

dt d C dt
This is a non-homogeneous second order differential equation because

E(t)#0.

4.7.1. Dynamics of Market Price in finance

Suppose that for a particular commodity, the demand and supply functions are
as follows

Q,=a-pP, (a,p>0)
O, =—y+AP, (7,4>0)
a+y

P+
If the initial price P(0)= P*, the market will be in equilibrium already, and no

dynamics analysis will be needed.

The equilibrium price is P*=

If not, the equilibrium price P* is attainable only after a process of adjustment.

Thus, the price and quantity variables are functions of time. Our question is
that the time path P (t) tend to converge to P*as t - .

We must find that time path P (t). In general, price changes are governed by
the relative strength of the demand and supply forces in the market, that is,

dP . .
—=r(Q,-0,) where r>0represents a constant adjustment coefficient

Since P (0) and P*are constants, and r(f+4) >0, the time path P (t) will
eventually converge to P* , the intertemporal equilibrium (rather than the
market clearing equilibrium), the equilibrium is said to be dynamically stable.
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4.7.2. Height of the falling object above the ground

Consider a mass m falling under the influence of constant gravity, such as
approximately found on the Earth’s surface. Newton’s law results in the

equation F' = m.a where m is the mass of the object and F the sum of all forces
acting on that mass. If we suppose that the resistance of the air is absent,

We have md—:—mgwhere Y is the height of the object above the ground, m is the
mass of the é)bject, and g =9.8m/sec’ is the constant gravitational acceleration. As
Galileo suggested,

2
the mass cancels from the equation, and d ;’ =
dt
Here, the right-hand-side of the ode is a constant. The first integration, obtained by

anti-differentiation, ylelds = A4 - gr With A the first constant of integration; and
dt

the second integration yields y=B+At—lgt with B the second constant of
integration. 2

The two constants of integration A and B can then be determined from the initial
conditions.

If we know that the initial height of the mass is H, , and the initial velocity is V, then
the initial conditions are »(0) = H,and »'(0) =V,
Substitution of these initial conditions into the equations for dx/dt and x allows us
to solve for A and B. The unique solution that satisfies both the ODE and the initial
conditions is given by

1
y:H0+VOt—Egt2

This is the formula that gives the height at which arrives a falling object left with the
initial velocity ¥, downwards from the height H after the time fas it was learnt in
physics Senior 2.

4.7.3. Integrating factor /(x) of a linear first order differential equation

d
We are given to solve a linear first order differential equation LA py=gq (1)where p
and ¢ are functions in x or constants. dx

Such equation is solved by the use of the integrating factor /(x) whichis a function we
assume it exists.

Let us multiply both sides of the equation

d

(1) by I(x). We get I(x)d—§+l(x)p(x)y=1(x)q(x) (2). The function (x) plays
a role such that 7(x)p(x)=1(x) (3) Therefore, substituting (3) into (2) we get
I(x)%”' (x)y=1(x)q(x) (4) The objective is to write the first side of (4) as a derivative
for the product of 7(x) by y(x)-
. dy

Thatis J(x)=X+7 =(7
(L w1 (x)y=(1(x

I
)y(x)) =1(x)q(x)
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This implies that (x) y(x) a’x II q(x)dx < I(x)y(x)+c= I[ q(x)dx
It is necessary to include the constant c becauseif it is left out, you WI” get the
wrong answer every time.
The final step is then some algebra to solve for the solution y(x),
I(x)q(x)dx—c
I(x)y(x)= Il(x)q(x)dx—c PN y(x) :J.()+x))d
Given that the constant of integration C is an arbitrary constant, to make our life easier
we will consider a positive constant C and this will not affect the final answer for the

solution.
I(x)q(x)dx+C
Therefore, y(X)J()[((x))d

Thisis a general solution of the equation (1) but we need to determine the function 7 ()
, Let us start with the equality (3): I(x)p(x) =1 (x) .Separating /(x) from p(x),

I(x) , 1(x)
Our equallt T)) #(*) implies that (InI(x)) = p(¢).Integrating both sides gives
In7(x J'p Yt +k and I1(x)=Ke [rt Where Kis a constant.

The solution | Il q(xdx+C I ")d“*
x IW
f e Ix)d“q W|th c isan arbitrary constant.
Th|s is the formula that was previously given in the unit summary.

we get T _ p(x).The first side is the derivative of ln(I(x)) because (In((x))) = I(x)
1

This part provides the answers of end unit assessment activities designed in integrative
approach to assess the key unit competence with cross reference to the textbook.

The following are standards (ST) which have been based on in setting end unit assess-
ment questions:

ST7: Accurately find the best solutions to problems related to ordinary differential
equations

Solutions
Ly D60, y(0)=10,1(0) =0 ; i ionii

1) a) g2 +E_ y=0,(0)=10,y'(0)=0 The pifferential equation is of order 2 and
degree one. 1P 146 145

b) Its characteristic equationis 1> +A—6=0 then 4. = 5 =— ,then

A, =2 and A, =-3.The general solution y(x) = clez" +cze’3x
¢) Applying the initial conditionsy(()) 10,y (0) 0,wegetc =6andc,=4
Therefore, the particular solution is y(x) =6e”" + 46_3"
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a) Graphical presentation

y(z) = 6e2* 4 de™ 3%

Y
e

-1 -0.5 0 05 1 1.5 2 2.5 3
€

This function is decreasing on ]—O0,0[ but increasing on ]0,+00[ and its minimum is the
point (0,10).
d,
2)we have £ _02(0,-0) = 712 =02(35-5P~(-23+6P))
t
a) d—P:0.2(58—11P) & —+22P=11.6
dt dt

Which is a first order linear differential equation p=2.2; ¢g=11.6 and the initial
conditionis P(0)=100.

Let us determine an integrating factor /(7) = e'[pabc - ejz'z‘” —
P(1)- J.I(t)q(t)+C _ Iezv2t11.6+C _ E+ Co22 =527 4 Co2 .
1

2.2t

t 2.
Applying the)initial conilition is P(O) =100 5.27+C=100<= C=94.73,
P(t)=5.27+94.73¢7*.
b) The graph of P(¢)=5.27+94.73¢>**
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This market is stable to the price of 527 when fbecomes larger.

3) We are given a mass m = lkg , on a spring of k=100, C =25 and initial conditions
are y(O) =-0.1, y‘(O) =0.
2
a) The spring is modelled by the equation mcz;—g/+ Cz—y+ ky=0
2 t t
b) Let us solve m ‘2 g} +Cd—y+ky =0
t

dt —C+~C?* —4mk

The characteristic equationis mA* + CA+k =0 where 4, = and
A= —C-JC* —4mk depending on the value of C* —4mk . 2m

Or in our &hse C* —4mk = (25)’ —4.1.100 = 225> 0
Then, 4, :ﬂ:—S and A, = 25715 =-20

Therefore, y (tz) =ce’ +ce” =ce +c,e™

Applying initial conditions, y(O) =-0.1and y'(O) =0.
C +C, =1 =3
—5C,—20C, =0 < c

y(t)=—§e_5t+%e_20t
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. . 4 5 1 _
¢) limy()= }EE(_Ee i e 20’) =0. Both terms approach zero as ¢t — +o0,

physically speaking, after a sufficiently long time the mass will be at rest at the static
equilibrium position (y =0).

4)a) L

t
b) Initial Conditions: T (0) = 94.6°F and 7, = 70 imply that ¢ =24.6 and
T(t)=24.6e" +70

Solving for T (1) = 93.4°F, we have 93.4 =24.6¢ ™% + 70 .Therefore, K =0.05
and T(t)=24.6¢""" +70

¢) Assuming the body was 98.6°F when the murder occurred, we solve
98.6 =24.6¢ """ +70

=-K (T -T1,)Bottom of Form then T(t) —ce ™ +T

Solving for t gives the time f=-3of death which means 3 hours before the initial
temperature was taken.

The teacher’s guide suggests additional questions and answers to assess the key unit
competence.

A. Remedial activities: activities and answers for slow learners:

1) Solve the following differential equations

2
49V 55,20
a) dzx
" )2/+27z'y'+7r2y=0
X

234 Teacher's guide



;7(0)=4.6, y'(0)=-12
C)y -y =0, y() . y'(0)=
d)y"—y=0, y(0)=2, y'(0)=—2

2
2) Find an ordinary differential equation a%+b%+cy:0 whose solution is formed
by: X X

(a) ¢™*and xe’™ (b) cos2zx and sin 27 x ()e* and e™
(d) &7 and " (e) e’ cos2x and e sin2x
Solution

1) a)For 4= 2 d’y —25y =0, characteristic equation is 42” -25=0;
d 5 5
Roots arei_E and A= —%' the corresponding general equationis y = c1e5x +cze7x.

; ¥(0)=0, y'(0)=13.137, characteristic equation is

A+ 27[/1 +7°=0 where we have arepeatedroot A = —r ; the corresponding general
solutionis y =ce ™ +c,xe ”

c) For d—+25y 0;7(0)=4.6, y'(0)=-1.2, characteristic equation is > + 25=0;

Roots are A =5i and A = —5i; the corresponding general solution is
y=c,cos5x+c,sinSx.

y(0)=4.6 = ¢ cos0+c,sin0=4.6 < ¢, =4.6 y' =-5¢ sin5x+5¢c, cos5x and
¥ (0)=-1.2 < —5¢,sin5x+5¢, cos5x =-1.2 < ¢, =—0.24.
Therefore, the particular solutionis y =4.6cos5x—0.24sin5x

d)For y"-»=0, y(0)=2, y'(0) = -2, characteristicequationis A* —1 = 0 and theroots
are 4 =1 and 4 = —1. Thus, the corresponding general solutionis y =ce* +c,e”

y(O) =20 +c0,=2;y =ce’ —ceand y'(O) =-2&0¢-c,=-2.

Solving simultaneously ¢, +¢, =2and ¢, —c, =-2yields ¢, =0, ¢, =1 and then, the
particular solutionis y=2e™"

e)For y"+0.54 y'+ (0.0729 + 7r)y =0, y(O) =0,y '(O) =1, thecharacteristicequation
is A% +0.542+(0.0729 + 7) = 0 andtherootsare A = ~0.27 + /i and A = —0.27 —/7i
. Then, the corresponding general solution is ) = ¢~ (clcos Jrx+e,sinyzx)-

y(0)=0< ¢, =0thus 1 y' ==0.27¢"¢, sin\/zx +~/me*¥¢, cos\/zx and
v (0)=1ere, =1e¢, :ﬁ.Therefore, the particular solutionis |, :%e—o.zh sin 7z
T

2) The standard form of a quadratic equation in Ais 1> —sA+ p =0where "p"and
" p" are the sum and product of its roots respectively.
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(a) From the basis eﬁx, xeﬁx, we note that +/5 s a repeated root of characteristic

equation A’ —sA+ p =0 where s = 23/5and p=+/5=5.
Hence, the corresponding differential equation is %_zﬁj_h 5y=0-
X X

(b) From the basis cos 27 x,sin 27 x , we note that 2zi and —27zi are two conjugate

roots of characteristic equation 1> —sA+ p =0 where s=0and p =4x".
2

d’y
x2
(c)Fromthebasise®, e **,wenotethat 1 and —4 aretwo distinctroots of characteristic
equation A* —sA+ p=0 where s=3and p =—4.

2

Hence, the corresponding differential equation is +47°y=0.

Y
+3—-4y=0,
A ' dx* dx 4
(d) From the basis e ", ™" we note that —2+i and —2—i are two conjugate
roots of characteristic equation A’ —sA+ p=0 where s=—4 and p=5.

Hence, the corresponding differential equation is

2
Hence, the corresponding differential equation is d f + 4Q+ 5y=0.
X X

(e) From the basise’ cos2x,e’*sin2x, we note that 3+2iand 3-2i are two
conjugate roots of characteristic equation 4> —sA+ p=0 where s=6and p =13.

2
Hence, the corresponding differential equation is _‘; f - 6%+ 13y=0.
X X
Consolidation activities: questions suggested and their answers for deep

development of competences.

I) A population of bacteria in a culture grows according to the differential equation
dN

7~V where k = 0.5, and N(t) is the number of bacteria present after t hours.

If at present time we approximately 5000 bacteria, estimate their number after 10
hours.

I) 1) Knowing that the time rate of change of a population P(t) with constant birth and
death rates is, in many simple cases, proportional to the size of the population, write an
equation representing the expressed relation.

ke

2) Suppose that P(t) =ce" is the population of a colony of bacteria at time ¢ and the
population at time ¢ =0 was 1000 while it doubled after one hour.
a) Respond to the following questions:
i. Find the value of c and k using the equation found in a)
ii. Re-write the equation found in a) using the values of and k
iii. Discuss the expression obtained in ii)

iv. Use the expression found in ii) to predict the future population of the bacteria
colony after one and half hours and after six hours.

b) Draw the graphs of the obtained function

¢) Discuss what you understand by solution of the equation in ii)
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d) Discuss what you understand by initial conditions of the solution of the
equation in ii)
e) Discuss the difference between general and particular solutions

1) For each of the following equations, determine the particular solution for initial
value problems and give its graphical representation

d’y _dy
LD _6y= 0)=1, y'(0)=0
a) de dx ’ y( ) ’y( )
by, 4y b ,
)2—=+-=-10y=0; y(0)=0, y'(0)=1
Iy d
0 dx{—4d—i+4y:0; 2(0)=0, y'(1)=1
d AV 4P 13y, ¥(0)=0 y'(£j=1
)abc2 x ’ 2
Solution

n dN_(’):kN(t), where k = 0.5.
dt

This is a separable differential equation equivalent to dTN =kdt,ork=0.5

dN .
~ "t = %N: 0.5dt & InN =0.5+c <> N (t) = Ke™*' whereKisa constant.

At the initial time ¢ =0, there are approximately N(0)=5000 bacteria. Replacing this
value in our equation we get 5000=K .

Therefore, N (1)=5000¢""".

Let us estimate their number after 10 hours; i.e =10, N(10)= 50001 = 742065

After 10 hours the number of bacteria is 742065.

(1) % ~ P. As the time becomes smaller, 9P _ap
t

dt
= d?P = Adt Integrating both sides we get

j%’:jzdr:m}’:zwrc

At+c

S P=¢""" = P=¢ xe"

= P=qe"

Where A is a constant of proportionality and « the arbitrary constant.
2)P(t)=ce",1=0, P(t)=1000

1000 = e (i) ;  From(i)e=1000
2000 =ce™ (ii)  From(ii)ce* =2000
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e =M<:>ek =2:>k1ne=ln2<:>k=E<:>k=ln2=0.693:0.7
1000 Ine

i)c=1000and k =0.7 ; i) P(¢)=1000x "

iil) The equation of population growth is an exponential equation.
iv) P(t)=1000¢"" . After one and half hours P(t):IOOOeO'M%
P(%jzlooog-“% _ 2858 -After 6 hours: P(6)=1000¢"7 = 66686

b) Draw the graphs of the obtained function P(t) =1000x ™"

Pl 7/

N

0
0

¢) Discuss what you understand by solution of the equation in ii)
The solution of the equation obtained in ii) is called the particular solution.
d) Initial conditions of the solution of the equation in ii): (See the definition)
e) The difference between general and particular solutions: (See the definition)
(11D)
%—%—6y=0; y(0)=1,'(0)=0¢
Characteristic equationis 4> — 1 —6=0;
Roots are A =3 and A = -2 ; the corresponding general solutionis y = c,e*™* +c,e”".
y(0)=1<::>cl+c2 =1
y' =3¢ —2c,e > and y (0)=0< 3¢, —2¢, =0.

2 3
Solving simultaneously ¢, +¢, =1and 3¢, —2¢, =0yields ¢, =—, ¢, =— and then, the
particular solutionis ;=23 2. 5 5
505
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[ 153

3%

il

e

e

L

>

-

a)

d’y  dy
2220 j0y=0;  »(0)=0, y'(0)=1
2t 10y »(0)=0.5(0)

Characteristic equationis21* + 1-10=0;

RootsareA =2 and =_%; the corresponding general solution is
5

—=x

_ 2x 27 .
y= Cle + Cze

y(0)=0=¢ +¢, =0

s, |
y =2ce™ —%cze 2 and y (0)=1<::>2cl—%c2 =1

5
Solving simultaneously ¢, +¢, =0 and 2¢, _Ecz =lyields 2 2

_5
2x *

2
Therefore, the particular solutionis y = §e _36
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b)

d’y  dy
—4—+4y=0; 0)=0, y'(1)=1
dx2 dx+ y > y() ’y()

Characteristic equationis 1> —41+4=0;

There is a repeated rootd=2; the corresponding general solution
y=(c +c,x)e™.

y(0)=0&¢ =0;
y'(l)=1<:> (201 +c, +2cz)e21 =1<= 3cze2 =l c, =§e2;

The particular solutionis y = Exez(x_l) .

240
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=
T ——

+-
"'---..,_‘_
-—

I
—
—

=
T

Ha

iy
w i‘

d’y . dy r
) T 4+4Z413y=0; 0)=0, y'| = |=1
dx’ dx 7 y( ) 4
Characteristic equationis A*> + 44 +13=0; Roots are 4 = -2+ 3i and
A =—-2-3i; the corresponding general solution is y = ¢™" (c, cos 3x + ¢, sin3x) .,

”-

y(O) =0&¢ =0
y =—-2e7 (¢ cos3x+c,sin3x)+3e > (—¢ sin3x +c, cos3x) and

v = |=le2e ", =1oc,=—e .
—e" " sin3x.

2
Therefore, the particular solutioniy =

241

Teacher's guide



¥
.

e

o
-
et
i,

=3

b

oy

L}
L}

L3
\

a ot

\
\
‘\

d) Extended activities: Suggestion of Questions and Answers for gifted and tal-
ented learners.

1) Solve the following IVP: ¢cos X%Jr ysinx =—1+2cos’ xsinx, y(ﬁj =3v2, 0<x<Z
x 4

2) Alocal company has 50 employees and one Director General. One day, a rumor began
to spread among the employees that the DG was promoted to be a CEO of another
company while he was in the mission to America. It is reasonable to assume that the

rate of the spread of the rumour is proportional to the number of possible encounters

between employees y(t) who have heard the rumour and those 50—y(t)who have
not after ¢ days.

a) Given that Q=ky(50—y)where k is a constant of proportionality and y(SO—y)

the number of possible meetings = (the number who’ve heard the rumour) times (the
number who haven’t);

Solve the equation considering that at the beginning 5 people participated in the same
first meeting and had heard the rumour.

b) If 10 people had heard the rumour after one day, deduce y(t) and plot its graph.

) Use the calculation and the graph to estimate when 40 people will have heard the
rumour.

d) What will happen as the time becomes larger?
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Solution

1)

d . .
cosxd—y+ys1nx=—1+200s3xs1nx; y(%)::;\/i
x

d—y+ sinx _ -1

=N +2cos’ xsinx
dx COSX COSX
dy _ 2
<:>d—+ytanx— 2cos” xsinx —secx
X

Integrating factor /(x)= ejta“ = "0 _ gec x . Therefore,
. 1 o
ysecx = j(sm 2x —sec’ x)dx = _ECOS 2x—tanx+ ¢ . This implies that
. V4
y= _ECOS X cos 2x —sin x + ¢ cos x . Applying initial condition y (Zj = 3\/5

,weget ¢c="7 and
1 .
y(x)=—Ecosxcosbc—smx+7cosx

Graph of y(x) = —%cosxcost—sin)H 7¢os x

1Y

/!

/

\ /

LY

/ A
40 T4 n‘ I m Smi4 pmiz T I onr4 5i\{2 Mrid 3
| /
\
| \ /
\\

)< —ky(50-)

It is a first order separable differential equation

X

_d kdt < 1 l+ ! dy = kdt -Integrating both sides, we
y(50-y) 50y 50—y

d—y+jd—yj:kj.dt @%(1ny—ln(50—y))=kt+c

have 1 J'
50\Y y 50—y
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1 CeSOkt
Ll 2 | ke © p(1) =50 ———
QSOIn(SO—yJ e < (1) [1+Ce50k’j

At the beginning 5 people participated in the same meeting and had heard the rumour,
this means that y(0)=5=50 _j & 5= 50(L] S -1
5050 \1+C 1+C 9

50k
b) If 10 people had heard the rumour after one day, y(1) =10= 30e —
9+e
9
In| =
4
=k=—-%=0.016
5060.811
Therefore, y(t) = W
&0
v
B . 1] L T T i,
" (5, 43.22)
a0
20
10
A
o] 1 2 3 4 4] [} 7 =] el 10
t
10
) 5060.81[
Figure: graph of y(t)= PO
50 0.81¢
¢) When 40 people will have heard the rumour y(¢) =40= ﬁ: 1=?
50 0.81¢ . 1n(36
40=C — = 36=¢"" = 36="" o= r:)(gl) =4.424, This means that after 5 days, 40

employees had heard the rumour.
0.81¢

d) As time becomes larger, we have }imy(t) = lim—— =50, this means that all 50

. =2 Qte
employees will hear the rumour.
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