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FOREWORD

Dear Tutor,

Rwanda Basic Education Board is honoured to present the tutor’s guide for Year
three Mathematics in the option of Language Education (LE). This book serves as
a guide to competence-based teaching and learning to ensure consistency and
coherence in the learning of the mathematics content. The Rwandan educational
philosophy is to ensure that student-teachers achieve full potential at every level
of education which will prepare them to be well integrated in society and exploit
employment opportunities.

Specifically, TTCcurriculumwasreviewedtotrainqualityteacherswhowillconfidently
and efficiently implement the Competence Based Curriculum in pre-primary and
primary education. The rationale of the changes is to ensure that TTC leavers are
qualified for job opportunities and further studies in Higher Education in different
programs under education career advancement.

In line with efforts to improve the quality of education, the government of Rwanda
emphasizes the importance of aligning teaching and learning materials with the
syllabus to facilitate their learning process. Many factors influence what they learn,
how well they learn and the competences they acquire. Those factors include the
relevance of the specific content, the quality of teachers’pedagogical approaches,
the assessment strategies and the instructional materials.

The ambition to develop a knowledge-based society and the growth of regional
and global competition in the jobs market have necessitated the shift to a
competence-based curriculum. After a successful shift from knowledge to a
competence-based curriculum in general education, TTC textbooks also were
elaborated to align them to the new curriculum.

The book provides active teaching and learning techniques that engage student
teachers to develop competences. In view of this, your role is to:

« Plan your lessons and prepare appropriate teaching materials.

+ Organizegroupdiscussionsforstudentsconsideringtheimportance of social
constructivism suggesting that learning occurs more effectively when the
students works collaboratively with more knowledgeable and experienced
people.

- Engage students through active learning methods such as inquiry methods,
groupdiscussions, research, investigative activitiesand group and individual
work activities.

« Providesupervisedopportunitiesforstudentstodevelopdifferentcompetences
by giving tasks which enhance critical thinking, problem solving, research,
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creativity and innovation, communication and cooperation.

« Supportandfacilitate thelearning process by valuing students’'contributions
in the class activities.

+ Guide students towards the harmonization of their findings.

« Encourage individual, peer and group evaluation of the work done in the
classroom and use appropriate competence-based assessment approaches
and methods.

Tofacilitateyouinyourteachingactivities,thecontentofthisbookisselfexplanatory
so that you can easily use it. It is divided in 3 parts:

The part | explain the structure of this book and give you the methodological
guidance;

The part Il gives a sample lesson plan;
Thepartllidetailstheteachingguidanceforeachconceptgiveninthestudentbook.

Even though this Tutor’s guide contains the guidance on solutions for all activities
given in the student-teacher’s book, you are requested to work through each
question before judging student’s findings.

| wish to sincerely express my appreciation to the people who contributed towards
the development of this book, particularly, REB staff, UR-CE Lecturers, TTC
Tutors, Teachers from general education and experts from Local and international
Organizationsfortheirtechnical support. Aword of gratitude goes also to the Head

Teachers and TTCs principals who availed their staff for various activities.

Dr MBARUSHIMANA Nelson

Director General, REB
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PART I. GENERAL INTRODUCTION

1.1 The structure of the guide

The tutor’s guide of Mathematics is composed of three parts:

The Part | concerns general introduction that discusses methodological
guidanceonhow besttoteachandlearn Mathematics,developingcompetencesin
teachingandlearning,addressing cross-cuttingissuesinteachingandlearningand
Guidance on assessment.

Part Il presents a sample lesson plan. This lesson plan serves to guide the tutor
on how to prepare a lesson in Mathematics.

The Part Il is about the structure of a unit and the structure of a lesson.
Thisincludesinformation related to the different components of the unitand these
componentsarethesameforallunits.This part providesinformationand guidelines
onhowtofacilitatestudentteacherswhileworkingonlearningactivities.Moreother,
all application activities from the textbook have answers in this part.

1.2 Methodological guidance

1.2.1 Developing competences

Since 2015 Rwanda shifted from a knowledge based to a competency-based
curriculum for pre-primary, primary, secondary education and recently the TTC
curriculum. This called for changing the way of learning by shifting from teacher
centred to a learner-centred approach. Teachers are not only responsible for
knowledge transfer but also for fostering student-teachers’learning achievement
and creatingsafeand supportivelearningenvironment.ltimpliesalsothat student-
teachershavetodemonstratewhattheyareabletotransfertheacquiredknowledge,
skills, values and attitude to new situations.

The competence-based curriculum employs an approach of teachingandlearning
based on discrete skills rather than dwelling on only knowledge or the cognitive
domain of learning. It focuses on what student-teacher can do rather than what
student-teacher knows. Student-teachers develop competences through subject
unitwithspecificlearningobjectivesbrokendownintoknowledge,skillsandattitudes
through learning activities.

In addition to the competences related to Mathematics, student-teachers also
develop generic competences which should promote the development of the
higherorderthinking skillsand professional skillsin Mathematics teaching. Generic
competences are developed throughout all units of Mathematics as follows:
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Generic
competences

Ways of developing generic competences

Critical thinking

All activities that require student-teachers to calculate, convert,
interpret, analyse, compare and contrast, etc have a common
factor of developing critical thinking into student-teachers

Creativity and
innovation

All activities that require student-teachers to plot a graph of a
given algebraic data, to organize and interpret statistical data
collected and to apply skills in solving problems of economics
have a common character of developing creativity into student-
teachers

Research and
problem solving

All activities that require student-teachers to make a research
and apply their knowledge to solve problems from the real-life
situation have a character of developing research and problem
solving into student-teachers.

Communication

During Mathematics class, all activities that require student-
teachers to discuss either in groups or in the whole class, present
findings, debate ...have a common character of developing
communication skills into student-teachers.

Co-operation,
interpersonal
relations and life
skills

All activities that require student-teachers to work in pairs or in
groups have character of developing cooperation and life skills
among student-teachers.

Lifelong learning

All activities that are connected with research have a common
character of developing into student-teachers a curiosity of
applying the knowledge learnt in a range of situations. The
purpose of such kind of activities is for enabling student-teachers
to become life-long student-teachers who can adapt to the
fast-changingworldandtheuncertainfuturebytakinginitiativeto
update knowledge and skills with minimum external support.

Professional skills

Specificinstructional activitiesand procedures thatateacher may
use in the class room to facilitate, directly or indirectly, students
to be engaged in learning activities. These include a range of
teaching skills: the skill of questioning, reinforcement, probing,
explaining, stimulus variation, introducing a lesson; illustrating
with examples, using blackboard, silence and nonverbal cues,
usingaudio-visualaids, recognizingattendingbehaviourandthe
skill of achieving closure.

The generic competences help student-teachers deepen their understanding of
Mathematicsandapplytheirknowledgeinarangeofsituations.Asstudentsdevelop
generic competences, they also acquire the set of skills that employers look for in
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their employees, and so the generic competences prepare students for the world
of work.

1.2.2 Addressing cross cutting issues

Amongthechangesbroughtbythecompetence-basedcurriculumistheintegration
of cross cutting issues as an integral part of the teaching learning process-as they
relate to and must be considered within all subjects to be appropriately addressed.
The eight cross cutting issues identified in the national curriculum framework are:
Comprehensive Sexuality Education, Environment and Sustainability, Financial
Education, Genocide studies, Gender, Inclusive Education, Peace and Values
Education, and Standardization Culture.

Some cross-cutting issues may seem specific to particular learning areas/subjects
but the teacher need to address all of them whenever an opportunity arises. In
addition,student-teachersshouldalwaysbegivenanopportunityduringthelearning
process to address these cross-cutting issues both within and out of the classroom.

Below are examples of how crosscutting issues can be addressed:

Ways of addressing cross-cutting
issues

Using different charts and their
interpretation, Mathematics tutor should
lead students to discuss the following

Cross-Cutting Issue

Comprehensive Sexuality
Education: The primary goal of
introducing Comprehensive Sexuality

Education program in schools is to equip
children, adolescents, and young people
with knowledge, skills and valuesin an age
appropriateand culturally gendersensitive
manner so as to enable them to make
responsible choices about their sexual
and social relationships, explain and clarify
feelings, valuesand attitudes,and promote
and sustain risk reducing behaviour.

situations: “Alcohol abuse and unwanted
pregnancies” and advise student teachers
on how they can instil student-teachers to
fight those abuses.

Some examples can be given when
learning statistics, powers, logarithms and
their properties.




Environment and Sustainability:
Integration of Environment, Climate
ChangeandSustainabilityinthecurriculum
focuses on and advocates for the need to
balance economic growth, society well-
being and ecological systems. Student-
teachers need basic knowledge from the
natural sciences, social sciences, and
humanities to understand to interpret
principles of sustainability.

Using Real life models or students’
experience, Mathematics Tutor should
lead student teachers to illustrate the
situation of “population growth” and
discuss its effects on the environment and
sustainability.

Financial Education:

The integration of Financial Education
into the curriculum is aimed at a
comprehensive Financial Education
program as a precondition for achieving
financial inclusion targets and improving
the financial capability of Rwandans so
that they can make appropriate financial
decisions that best fit the circumstances of
one's life.

Through different examples and
calculationsoninterestrate problems, total
revenue and total cost, Mathematics Tutor
can lead student teachers to discuss how
to make appropriate financial decisions.

Gender: At school, gender will be
understood as family complementarities,
gender roles and responsibilities, the need
for gender equality and equity, gender
stereotypes, gender sensitivity, etc.

Mathematics Tutor should address gender
as cross-cutting issue through assigning
leading rolesin the management of groups
to both girls and boys and providing equal
opportunity inthelesson participationand
avoid any gender stereotype in the whole
teaching and learning process.

Inclusive Education: Inclusion is based
on the right of all student-teachers to a
qualityand equitableeducationthatmeets
theirbasiclearning needsand understands
the diversity of backgrounds and abilities
as a learning opportunity.

Firstly, Mathematics Tutors need to
identify/recognize students with special
needs. Then by using adapted teaching
and learning resources while conducting
a lesson and setting appropriate tasks to
the level of students, they can cater for
students with special education needs.
They must create opportunity where
student teachers can discuss how to
cater for student-teachers with special
educational needs.




Peace and Values Education: Peace | Through a given lesson, a tutor should:
and Values Education (PVE) is defined as
education that promotes social cohesion,
positive values, including pluralism and
personal responsibility, empathy, critical | Encourage students to develop the
thinkingandactioninordertobuildamore | culture of tolerance during discussion and
peaceful society. to be able to instil it in colleagues and
cohabitants;

Set a learning objective which is
addressing positive attitudes and values,

Encourage students to respect ideas for

others.
Standardization Culture: With different word problems related
Standardization Culture in Rwanda will to the effective implementation of
be promoted through formal education | Standardization, Quality Assurance,
and plays a vital role in terms of health Metrology and Testing, students can
improvement, economic growth, be motivated to be aware of health
industrialization, trade and general welfare | improvement, economic growth,
of the people through the effective industrialization, trade and general welfare

implementationofStandardization,Quality | of the people.

Assurance, Metrology and Testing.

1.2.3 Guidance on how to help students with special education
needs in classroom

In the classroom, students learn in different way depending to their learning pace,
needs or any other special problem they might have. However, the teacher has the
responsibilitytoknowhowtoadopthis/hermethodologiesandapproachesinorder
to meet the learning need of each student in the classroom. Also teachers need to
understand that student with special needs, have to be taught differently or need
some accommodations to enhance the learning environment. This will be done
depending on the subject and the nature of the lesson.

In order to create a well-rounded learning atmosphere, teachers need to:

« Remember that student-teachers learn in different ways so they have to
offer a variety of activities (e.g. role-play, music and singing, word games
and quizzes, and outdoor activities);

« Maintain an organized classroom and limits distraction. This will help
student-teachers with special needs to stay on track during lesson and
follow instruction easily;

« Vary the pace of teaching to meet the needs of each child. Some student-
teachers process information and learn more slowly than others;

( ) (5)




Break down instructions into smaller, manageable tasks. Student-teachers
with special needs often have difficulty understanding long-winded or
several instructions at once. It is better to use simple, concrete sentences
in order to facilitate them understand what you are asking.

Use clear consistent language to explain the meaning (and demonstrate or
show pictures) if you introduce new words or concepts;

Make full use of facial expressions, gestures and body language;

Pair a student-teacher who has a disability with a friend. Let them do
things together and learn from each other. Make sure the friend is not
over protective and does not do everything for the one with disability. Both
student-teachers will benefit from this strategy;

Use multi-sensory strategies. As all student-teachers learn in different
ways, it is important to make every lesson as multi-sensory as possible.
Student-teachers with learning disabilities might have difficulty in one
area, while they might excel in another. For example, use both visual and
auditory cues.

Below are general strategies related to each main category of disabilities and
how to deal with every situation that may arise in the classroom. However, the
list is not exhaustive because each child is unique with different needs and that
should be handled differently.

Strategy to help student-teachers with intellectual impairment:

Use simple words and sentences when giving instructions;

Use real objects that student-teachers can feel and handle. Rather than
just working abstractly with pen and paper;

Break a task down into small steps or learning objectives. The student-
teacher should start with an activity that she/he can do already before
moving on to something that is more difficult;

Gradually give the student-teacher less help;
Let the student-teacher with disability work in the same group with those
without disability.

Strategy to help student-teachers with visual impairment:
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Help student-teachers to use other senses (hearing, touch, smell and taste)
and carry out activities that will promote their learning and development;

Use simple, clear and consistent language;
Use tactile objects to help explain a concept;
If the student-teacher has some sight, ask him/her what he/she can see;

Make sure the student-teacher has a group of friends who are helpful and
who allow him/her to be as independent as possible;

Plan activities so that student-teachers work in pairs or groups whenever
possible;




Strategy to help student-teachers with hearing disabilities or
communication difficulties

+ Always get the student-teacher’s attention before you begin to speak;

« Encourage the student-teacher to look at your face;

« Use gestures, body language and facial expressions;

+ Use pictures and objects as much as possible.

+ Keep background noise to a minimum.

Strategies to help student-teachers with physical disabilities or
mobility difficulties:
« Adapt activities so that student-teachers, who use wheelchairs or other
mobility aids, can participate.

« Ask parents/caregivers to assist with adapting furniture e.g. the height of a
table may need to be changed to make it easier fora student-teachertoreach
it or fit their legs or wheelchair under;

« Encourage peer support when needed;

« Getadvice from parents or a health professional about assistive devicesifthe
student-teacher has one.

Adaptation of assessment strategies:

At the end of each unit, the tutor is advised to provide additional activities to
help students achieve the key unit competence. These assessment activities are
for remedial, consolidation and extension designed to cater for the needs of all
categories of students; slow, average and gifted students respectively. Therefore,
the tutor is expected to do assessment that fits individual student.

Remedial activities

After evaluation, slow students are provided with lower order
thinking activities related to the concepts learnt to facilitate
them in their learning.

These activities can also be given to assist deepening
knowledge acquired through the learning activities for slow
students.

Consolidation
activities

After introduction of any concept, a range number of activities
can be provided to all students to enhance/ reinforce learning.
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Extended activities | After evaluation, gifted and talented students can be provided
with high order thinking activities related to the concepts learnt
to make them think deeply and critically. These activities can

be assigned to gifted and talented students to keep them
working while other students are getting up to required level of
knowledge through the learning activity.

1.2.4. Guidance on assessment

Assessment is an integral part of teaching and learning process. The main purpose
of assessment is forimprovement of learning outcomes. Assessment for learning/
Continuous/ formative assessment intends to improve students’ learning and
tutor’steachingwhereasassessmentoflearning/summativeassessmentintendsto
improve the entire school’s performance and education system in general.

Continuous/ formative assessment

It is an on-going process that arises during the teaching and learning process.
It includes lesson evaluation and end of sub unit assessment. This formative
assessment should play a big role in teaching and learning process. The teacher
should encourage individual, peer and group evaluation of the work done in the
classroom and uses appropriate competence-based assessment approaches and
methods.

Formative assessment is used to:

« Determine the extent to which learning objectives are being achieved and
competencesarebeingacquiredandtoidentifywhichstudentsneedremedial
interventions, reinforcement as well as extended activities. The application
activitiesaredevelopedinthestudent-teacherbookandtheyaredesignedto
be given as remedial, reinforcement, end lesson assessment, homework or
assignment

« Motivate students to learn and succeed by encouraging students to read, or
learn more, revise, etc.

« Checkeffectivenessofteachingmethodsintermsofvariety,appropriateness,
relevance, or need for new approaches and strategies. Mathematics tutors
need to consider various aspects of the instructional process including
appropriate language levels, meaningful examples, suitable methods and
teaching aids/ materials, etc.

« Help students to take control of their own learning.
In teaching Mathematics, formative or continuous assessment should compare

performanceagainstinstructionalobjectives.Formativeassessmentshouldmeasure
the student’s ability with respecttoa criterion or standard. For thisreason, itis used
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to determine what students can do, rather than how much they know.

Summative assessment

The assessment can serve as summative and informative dependingtoits purpose.
The end unit assessment will be considered summative when it is done at end of
unit and want to start a new one.

It will be formative assessment, when itis donein order to give information on the
progress of student-teachers and from there decide what adjustments need to be
done.

Theassessmentdoneattheendoftheterm,end ofyear,is considered as summative
assessment so that the tutor, school and parents are informed of the achievement
of educational objective and think of improvement strategies. There is also end of
level/ cycle assessment in form of national examinations.

When carrying out assessment?

Assessment should be clearly visible in lesson, unit, term and yearly plans.

Before learning (diagnostic): At the beginning of a new unit or a section of work;
assessment can be organized to find out what students already know / can do, and
to check whether the students are at the same level.

During learning (formative/continuous): When students appear to be having
difficulty with some of the work, by using on-going assessment (continuous). The
assessment aims at giving students support and feedback.

After learning (summative): At the end of a section of work or a learning unit,
the Mathematics Tutor has to assess after the learning. This is also known as
AssessmentofLearningtoestablishandrecord overall progress of studentstowards
fullachievement.SummativeassessmentinRwandanschoolsmainlytakestheform
of written tests at the end of alearning unit or end of the month, and examinations
at the end of a term, school year or cycle.

Instruments used in assessment.

= Observation: This is where the Mathematics tutor gathers information by
watching students interacting, conversing, working, playing, etc. A tutor can
use observations to collect data on behaviours that are difficult to assess
by other methods such as attitudes, values, and generic competences and
intellectual skills. It is very important because it is used before the lesson
begins and throughout the lesson since the tutor has to continue observing
each and every activity.
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Questioning

Oral questioning: a process which requires a student to respond verbally
to questions

Class activities/ exercises: tasks that are given during the learning/
teaching process

Short and informal questions usually asked during a lesson

Homework and assignments: tasks assigned to students by their tutors to
be completed outside of class.

Homework assignments, portfolio, project work, interview, debate, science fair,
Mathematics projects and Mathematics competitions are also the different forms/
instruments of assessment.

1.2.5. Teaching methods and techniques that promote active
learning

The different learning styles for students can be catered for, if the tutor uses active
learning whereby student-teachers are really engaged in the learning process.

The main teaching methods used in mathematics are the following:

Dogmatic method (the tutor tells the student-teachers what to do, What
to observe, How to attempt, How to conclude)

Inductive-deductive method: Inductive method is to move from specific
examplestogeneralizationanddeductivemethodistomovefromgeneralization
to specific examples.

Analytic-synthetic method: Analytic method proceeds from unknown
to known, ‘Analysis’ means ‘breaking up’ of the problem in hand so that it
ultimatelygetsconnectedwithsomethingobviousoralreadyknown.Synthetic
methodistheoppositeoftheanalyticmethod.Hereoneproceedsfromknown
to unknown.

Skills Laboratory method: Laboratory method is based on the maxim
“learningbydoing.Itisaprocedureforstimulatingtheactivitiesofthestudents
and to encourage them to make discoveries through practical activities.

Problem solving method, Project method and Seminar Method.

The following are some active techniques to be used in Mathematics:
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Group work

Research

Probing questions

Practical activities (drawing, plotting, interpreting graphs)
Modelling




+ Brainstorming

« QuizTechnique

+ Discussion Technique

+ Scenario building Technique

What is Active learning?

Active learning is a pedagogical approach that engages student-teachersin doing
thingsandthinking about the things they are doing. Student-teachers play the key
roleinthe active learning process.They are not empty vessels to fill but people with
ideas, capacity and skills to build on for effective learning. Thus, in active learning,
student-teachersareencouragedtobringtheirownexperienceandknowledgeinto

the learning process.

The role of the tutor in active
learning

The role of student-teachers in
active learning

— The tutor engages student-teachers
through active learning methods such
asinquiry methods, group discussions,
research,investigativeactivities, group
and individual work activities.

- He/she encourages individual, peer
and group evaluation of the work done
in the classroom and uses appropriate
competence-based assessment
approaches and methods.

- He provides supervised opportunities
for student-teachers to develop
different competences by giving
tasks which enhance critical thinking,
problem solving, research, creativity
and innovation, communication and
cooperation.

- The tutor supports and facilitates the
learning process by valuing student-
teachers’ contributions in the class
activities.

- A student-teacher engaged in active
learning:

- Communicates and shares relevant
information with peers through
presentations, discussions, group workand
other student-teacher-centred activities
(role play, case studies, project work,
research and investigation);

— Activelyparticipatesandtakesresponsibility
for his/her own learning;

— Develops knowledge and skills in active
ways;

- Carries out research/investigation by
consulting print/online documents and
resourceful people, and presents their
findings;

— Ensures the effective contribution of each
group member in assigned tasks through
clear explanation and arguments, critical
thinking, responsibility and confidence in
public speaking

— Draws conclusions based on the findings
from the learning activities.

Main steps for a lesson in active learning approach

Alltheprinciplesandcharacteristicsoftheactivelearningprocesshighlightedabove
arereflected in steps of alesson as displayed below. Generally, the lessonis divided

( ) (1)




into three main parts whereby each one is divided into smaller steps to make sure
that student-teachers are involved in the learning process. Below are those main
part and their small steps:

1. Introduction

Introduction is a part where the tutor makes connection between the current and
previous lesson through appropriate technique.The tutor opens short discussions
toencouragestudent-teacherstothinkaboutthepreviouslearningexperienceand
connect it with the current instructional objective. The teacher reviews the prior
knowledge, skills and attitudes which have a link with the new concepts to create
good foundation and logical sequencings.

2. Development of the new lesson

The development of a lesson that introduces a new concept will go through the
followingsmallsteps:discoveryactivities, presentationofstudent-teachers'findings,
exploitation, synthesis/summary and exercises/application activities.

* Discovery activity

Step 1

- Thetutor discusses convincingly with student-teachers to take responsibility
of their learning

- He/shedistributes the task/activity and givesinstructionsrelated to the tasks
(working in groups, pairs, or individual to instigate collaborative learning, to
discover knowledge to be learned)

Step 2
- The tutor let student-teachers work collaboratively on the task;
- During this period the tutor refrains to intervene directly on the knowledge;
- He/shethenmonitors how the student-teachers are progressing towards the
knowledge to be learned and boosts those who are still behind (but without
communicating to them the knowledge).
* Presentation of student-teachers’ findings/productions

- Inthis episode, the teacher invites representatives of groups to present their
productions/findings.

- Afterthree/fouroranacceptablenumberofpresentations,theteacherdecides
to engage the class into exploitation of student-teachers’ productions.
= Exploitation of student-teacher’s findings/ productions

- Thetutor asks student-teachers to evaluate the productions: which ones are
correct, incomplete or false

- Then the tutor judges the logic of the student-teachers’ products, corrects
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those which are false, completes those which are incomplete, and confirms
those which are correct.

= [Institutionalization or harmonization (summary/conclusion/ and
examples)
- The tutor summarizes the learned knowledge and gives examples which
illustrate the learned content.

= Application activities
- Exercisesofapplying processesand products/objectsrelated tolearned unit/
sub-unit
- Exercises in real life contexts
- Thetutorguidesstudent-teacherstomaketheconnectionofwhattheylearnt

toreal life situations. At this level, the role of teacher is to monitor the fixation
of process and product/object being learned.

3. Assessment

In this step the teacher asks some questions to assess achievement of instructional
objective.Duringassessmentactivity,student-teachersworkindividuallyonthetask/
activity.Theteacheravoidsinterveningdirectly.Infact, resultsfrom thisassessment
inform the teacher on next steps for the whole class and individuals. In some
cases, the teacher can end with a homework/ assignment. Doing this will allow
student-teachers to relay their understanding on the concepts covered that day.
Teacher leads them not to wait until the last minute for doing the homework as this
oftenresultsinanincomplete homework setand/oranincomplete understanding
of the concept.




PART II: SAMPLE LESSON PLAN

School Name.....

Tutorsname: ......................

Term | Date Subject Class |Unit |Lesson |Duration |Class
Ne° Ne° size
1] el /2019 Mathematics | Y3LE 2 100f 14 |40 min

Type of special educational needs to be | 3 slow student-teachers and 2 low
catered for in this lesson and number
of student-teachers in each category

vision student-teachers

Unit title Elementary probability
Key unit Use counting techniques and concepts of probability to
competency: determine the probability of possible outcomes of events

occurring under equally likely assumptions.

Title of the lesson

Determine the classical and empirical probability of events.

Instructional
Objective

Using coins, dice or deck of cards, student- teachers will be
able to determine the classical or empirical probability of an
event correctly.

Plan for this Class
(location: in /
outside)

The lesson is held in classroom, the class is organized into
groups ,3 slow student-teachers are scattered in different
groups ,and 2 low vision student-teachers seat on the front
desks near the blackboard in order to see and participate fully
in all activities

Learning Materials
(for ALL student-
teachers)

Manila papers, calculators, coins, dice, deck of cards

References

-TTC syllabus of Mathematics of Languages education.

-Student-teachers’ Mathematics textbook and Teacher’s guide




Timing for Description of teaching and learning | Generic
each step activity competences
— Firstly, student and cross cutting
issues to be
- Teachers will be put into small groups addressed + a
then work on the activity 2.3.1 whichisin | short explanation
the student book under the guidance of
the tutor
- Secondly, student-teachers will present
their work, and the tutor will harmonize
the findings in order to deduce the
formula of classical probability.
- Finally, the student-teachers will work on
other examples the application activity
2.3.1 given in their mathematics book.
Tutor activities Student-teacher
activities
Introduction: |- To ask oral - To answer oral - Communication
5 minutes questions on questions asked by skills developed as

the previous
lessons related
to counting
techniques

- To form groups
and give written
exercises to the
student-teachers

- To guide and
correct student-
teachers

the tutor

— To correct exercises
by sharing ideas in
groups then present
results.

- To follow the
guidance of the
tutor.

student- teachers
respond to oral
questions asked
by the tutor, while
sharing and when
presenting the
results.

- Gender addressed
when both girls
and boys work
together in the
same group

- Cooperation
developed when
student-teachers
correct exercises
in groups.

- Problem solving
and critical
thinking are
developed when
correcting given
exercises




Development
of the lesson

Discovery
activity:

10 minutes

- To organize
student-teachers
into groups and
ask them to
work out activity
2.3.1 which is
in the student
mathematics book

- To move around
in class for
facilitating
student-teachers
where necessary
and give more
clarification on
how to determine
the classical
or empirical
probability of an
event

- Tofollowinstructions
of the tutor and
work out the activity
2.3.1in the student-
book.

- To analyze and
discuss the given
task under the
guidanceofthetutor

— etermine the

classical probability
of an event

- Cooperation and
communication
skills through
discussions

- Peace and
values education;
Cooperation,
mutual respect,
tolerance through
discussions
with people with
different views
and respect one’s
views during
discussions.

- Gender addressed
when both girls
and boys work
together in the
same group

- Problem solving
and critical
thinking are
developed when
correcting given
exercises




Presentation
of student-
teacher’s
findings and
exploitation:

15minutes

- To invite one

member from
each group with
different working
steps to present
their work where
they must explain
the working
steps;

To encourage
student-teachers
to follow
attentively and
to guide them to

answer questions.

To ask student-
teachers to
amend the
presentation and
to evaluate their
work

To harmonize
presentations of
student-teachers

To help student-
teachers to
determine and to
give the formula
of classical
probability

To present findings by
explainingtheworking
steps

Expected answers

( Refer to solution
of activity 2.3.1, in
Teacher’s guide)

- To follow the
presentation of their
neighbors

- To ask questions for
more clarification.

- To evaluate their
own findings and
findings of others
bout the classical
probability

— To determine the
classical probability
of an event and to
give the formula

Number of

outcomesin 4

 Total numberof
outcomesinthe
sample space
_n(4)

Q)

- To work out through
the exercises and
examples prepared
in their books
related to classical
probability.

- To answer questions
asked by the tutor
and discover basic
rules of probability.

Cooperation and
communication/
attentive listening
during presentations
and group
discussions

Problem solving and
critical thinking are
developed when
correcting given
exercises

Cooperation and
communication/
attentive listening
during presentations
and group
discussions




- To guide student
teachers to work
through various
examples which

are in their books.

- To ask questions
that help student
teachers
to discover
basic rules of
probability

Basic rules of

probability

1. The probability
cannot be
negative or
greater than 1

Suppose that an
experiment has
only a finite number
of equally likely
outcomes. If A

is an event, then
0<P(4)<I.

2. The probability
of a certain
event

If the event A is
certain to occur,

A=Q, and

P(A):l and
P(Q)=1

Probability of
impossible event

The event that
cannot occur is an
impossible event
A= ,and if A=0
then P(A) =0.

The sum of the
probabilities of all
the outcomes in
the sample space
is 1.




Conclusion/

To help student-
teachers to

To give the formula
of classical probability

Lifelong learning
developed as

Summary construct a short basic formula of student- teachers
summary on the classical probability | continue to do
formula of classical research on where

5 minutes probability and they can apply
basic formula of probability in real
classical probability | To write down the life.

main points in their
notebF())oks Critical thinking and
problem solving
To request student- developed as
teachers to write student-teachers
down the summary use the formula to
in their notebooks | 14 give examples of | find out the classical
discussion on ﬁfe y
the application of :
classical probability | 1o work out the
in the real life. application activity
2.3.1 and finally
make a correction on
PR the chalk board.
5 minutes Expected answers
( Refer to solution in
TG)
Invite student-
teachers to
work individually
application activity
2.3.1

Observation | To be completed after receiving the feed-back from the student-

on lesson teachers (what did the student-teachers liked, what challenged

delivery them,)




UNIT

BIVARIATE STATISTICS

1.1 Key unit competence

Extendunderstanding,analysisandinterpretationofbivariatedatatocorrelation
coefficients and regression lines

1.2 Prerequisite

Student teachers will easily learn this unit, if they have a good background on
descriptive statistics (Unit 3, Year 1) and (Unit 13, Senior 3 Statistics: Bivariate
data).

1.3 Cross-cutting issues to be addressed

a) Inclusive education

(promote education for all while teaching)

b) Peace and value Education

(respect others’ view and thoughts during class discussions)

c) Gender

(provide equal opportunity to boys and girls in the lesson)

d) Financial education

(discuss how to make appropriate financial decisions through examples and

exercises)

1.4 Guidance on introductory activity 1

- Invite student-teachers to workin groups and give them instructions on how
they candotheintroductoryactivity 1.0foundin unit 1 of the student’s book;

- Guide students to read and analyse the questions insisting on the analysis

of statistical data with two variables (x,y)and how they can interpret the
bivariate data using correlation.
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Move around inthe classroom to get aware of struggling groups and provide
assistance where necessary;

Invitesomegroupmemberstopresentgroups’findings, thentrytoharmonize
their answers;

Basing onstudent-teachers’experience, priorknowledge and abilities shown
inansweringthe questionsforthisactivity,openadiscussionand use different
questionstofacilitatethemtogivetheirpredictionsandensurethatyouarouse
their curiosity on what is going to be leant in this unit.

Answer for introductory activity 1:

a)

Scatter diagram:

Plotting the 9 sample points

(1,4),(2,8),(3,4), (4,12),(5,10), (6,14), (7,16), (8,6), (9,18)

18
16
14

12

10

The equation of the line joining the two points is y = %x +—.

1 2 3 4 5 6 7 8 9 10 X

The equation of the line is given by y = mx +c,. The slope of the line is

m=22"2 For example; let us take (2,6) as the first point on the line and

27N 10-6 4
(5,10) asanother point on the line.The slope m = 5—2 = E the equation of

oo 4 4 1
thellnelsy:mx+c:§x+c.Forx:2,y:6then 6:§><2+c<:>c:?0

10
3

) ()




¢) Apart from the points (3,2) and (8,6) which are far from the line , other
points are close to the line . This means that there is a relation between
the variation of the number of cows and the number of domestic ducks.

1.5. List of lessons/sub-headings

Numbering Lesson title Learning objectives Number of

periods

0 Introductory To arouse the curiosity of 1

activity student-teachers on the
content of unit 4.
1 Bivariate data | To define bivariate statistics |3
,scatter diagram | data and plot the scatter
and types of diagram and differentiate
correlation types of correlation.

2 Covariance Explain and determine the |3
covariance for bivariate
statistics data

3 Coefficientof | To define and calculate the |4

correlation Coefficient of correlation for
Bivariate statistics data.
Appreciate the importance
of using the Coefficient of
correlation to interpret data
and to infer conclusions

4 Regression lines | To define ,establish the 4
equation and plot the
regression lines
Appreciate the importance
of using regression line to
interpret data.

5 Interpretationof | Analyse, interpretationand |4

statistical data | predict bivariate statistical
data from various areas
(Business, Geography,
Demography ...)
6 Interpretationof | To collect, organize and 4
collected data |interpret data from the real
life situations.




End unit 1
assessment

Total 24

Lesson 1: Bivariate data, scatter diagram and types of correlation

a) Learning objectives

Todefine bivariate statistics data, plot the scatter diagram and differentiate types of
correlation

b) Teaching resources

Student’s book and other Reference books to facilitate research, Mathematical set,
calculator, manila paper, markers, pens, pencils...

c) Prerequisites/Revision/Introduction

Students will learn better in this lesson if they refer to descriptive statistics (Unit
3Year1 LE) and to (Unit 13 Senior 3 on statistics)

d) Learning activities:

Invite student-teacherstoworkingroupsand dotheactivity1.1 foundintheir
Mathematics Student books;

Move around in the class for facilitating students where necessary and give
more clarification on eventual challenges they may face during their work;

Invite one member from each group with different working steps to present
their work explaining the working steps;

Asatutor,harmonizethefindingsfrom presentationandguidethemtodecide
whether they can guess if there is a relationship between two variables;

Use different probing questions that guide them to explore the content and
examplesgiveninthestudent’sbookandlead themtodiscoverhowtodefine
bivariate statisticsdata, toplotthescatterdiagramandtodistinguish different
types of correlation between two variables.

After this step, guide students to do the application activity 1.1 and evaluate
whether lesson objectives are achieved.




Answer for activity 1.1

a)
30
25 /.
20
*
15 ®y
* ——Linear (y)

10

° .

0 T T T T |

0 5 10 15 20 25

As time is increasing the chemical reaction is also increasing.
Answer for Application activity 1.1

a)

Scatter diagram

Pulse rates (P)
= =
N =3
o o

[N
o
o

80 L) L]
60
40
20
0
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 3.0
Time (t)

b) From the scatter diagram above, we see that P tends to decrease as t increases.
Meaning that

Norman’s pulse decreases as time increases.
Lesson 2: Covariance
a) Learning objectives

Explain and determine the covariance for bivariate statistics data

b) Teaching resources
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Student-teacher’s book and other Reference books to facilitate research,
Mathematical set, calculator, manila paper, markers, pens, pencils...

c) Prerequisites/Revision/Introduction

Studentswilllearnbetterinthislessoniftheyhaveagoodbackgroundondescriptive
statistics (Unit 3Year1 LE) and to (Unit 13 Senior 3 on statistics) and on lesson 1
of this Unit.

d) Learning activities:

Invite student-teachers to work in groups and do the activity 1.2 found in
their Mathematics Student books;

Move around in the class for facilitating students where necessary and give
more clarification on eventual challenges they may face during their work
Invite one member from each group with different working steps to present
their work where they must explain the working steps;

As a tutor, harmonize the findings from presentation;

Use different probing questions that guide them to explore the content and

examples given in the student’s book and lead them to discover how to
determine and explain the covariance for bivariate statistics data.

After this step, guide students to do the application activity 1.2 and evaluate
whether lesson objectives are achieved.

Answer for activity 1.2

Xi Vi X —X Yi—)V (x _xxyl )

3 6 13 |26 |338

5 9 07 |04 028

7 12 27 |34 |98

3 10 93 14 182

2 7 23 |16 |368

6 8 17 |06 |-102

6 6 6

Y5 =26 | >y =52 > (x, - x )y, - y)=13.68
i=1 i=1 i=1

x=43 y=8.6

If you
If you

divide the expression by total frequency you get variance in x

divide the expression by total frequency you get covariance of x and y

) (=)




Answer for application activity 1.2

Let M stands for scores of students in Mathematics and P stands for scores of

students in Physics.

M "\ mM-m | P-P (m,-M)p, -P)

2 1 -4 -4 16

3 3 -3 -2 6

4 2 -2 -3 6

4 4 -2 -1 2

5 4 -1 -1 1

6 4 0 -1 0

6 6 0 1 0

7 4 1 -1 -1

7 6 1 1 1

8 7 2 2 4

10 9 4 4 16

10 10 4 5 20
— 7 —~ 60 B —\ =
M=2=6 | P=— = ZI(M ~M)(R-P)=T1

n o
2)
Y X 100 50 25 Total
14 1 1 0 2
18 2 3 0 5
22 0 1 2 3
Total 3 5 2 10
Then,

;:%(100x3+50x5+25x2):60

;:%(14><2+18><5+22x3):18.4
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100x14x14+100x2x18+100x0%x22 +
Cov(x,y):L 50x14x14+50x18x3+50x22x1+ -60x18.4=-44
25%x14x0+25%x18x0+25%x25x%x2

Lesson 3: Coefficient of correlation

a) Learning objectives

To define and calculate the Coefficient of correlation for bivariate statistics data.

b) Teaching resources

Student-teacher’s book and other Reference books to facilitate research,
Mathematical set, calculator, manila paper, markers, pens, pencils...

c) Prerequisites/Revision/Introduction

Students will learn betterin this lesson if they have a good background on lesson 1
& lesson 2 of this Unit. and Unit 13 Senior 3 on descriptive statistics

d) Learning activities:

- Invite student-teachers to work in groups and do the activity 1.3 foundin
their Mathematics Student books;

- Move around in the class for facilitating students where necessary and give
more clarification on eventual challenges they may face during their work

- Invite one member from each group with different working steps to present
their work where they must explain the working steps;

- As a tutor, harmonize the findings from presentation;

- Use different probing questions that guide them to explore the contentand
examplesgiveninthestudent’sbookandlead themtodiscoverhowtodefine
and calculate the Coefficient of correlation for bivariate statistics data.

- Guidestudentstodotheapplicationactivity 1.3and evaluate whetherlesson
objectives have been achieved.

Answers for activity 1.3

We know that:




13 - =
COV(x’y) :;Zfixiyi —Xy=
i=1

41
cov(x,y)= m

cov(x,y)
0,0,

The ratio =0.64

Answers for application activity 1.3

1) ' =0.94 . As the correlation coefficient is very close to one, the correlationis very
strong.

2) ' =-0.26. As the correlation coefficient is very close to zero, the correlation is
negative and very weak.

3) 0=0.14. There is a week positive correlation between the English and
Mathematics rankings.

Lesson 4: Regression lines

a) Learning objectives

To define, establish the equation and plot the regression lines

b) Teaching resources

Student-teacher’s book and other Reference books to facilitate research,
Mathematical set, calculator, manila paper, markers, pens, pencils...

c) Prerequisites/Revision/Introduction

Students will learn better in this lesson if they have a good background on lesson
1, lesson 2 and lesson 3 of this Unit and Unit 13 Senior 3 on descriptive statistics.

d) Learning activities:
- Invite student-teachers to work in groups and do the activity 1.4 foundin
their Mathematics Student books;

- Move around in the class for facilitating students where necessary and give
more clarification on eventual challenges they may face during their work.

- Invite one member from each group with different working steps to present
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their work where they must explain the working steps;
- As a tutor, harmonize the findings from presentations;

- Use different probing questions and guide them to explore the content and
examplesgiveninthestudent’sbookthenleadthemtodiscoverhowtodefine
theregressionline,establishequationsandappreciatetheimportanceofusing

regression lines to interpret data.

- Guidestudentstodotheapplicationactivity 1.4and evaluate whetherlesson

objectives have been achieved.
Answers for activity 1.4

X; Yi x,? yi2 X Vi

5 4 25 16 20

7 12 49 144 84

12 18 144 324 216

16 21 256 441 336

20 24 400 576 480
5 5 5 5 5

> x, =60 Dy,=79 | D x}=874 | Dyl =1501 | > x,y =1136
i=1 i=1 i=1 i=l i=1

Zslyi:75—9:15.8

874

a) Variance of x= § _2 :T_144 30.8

—2 1501

b) Variance of y= §, = ?—249 .64 =50.56

2
2

¢) Covariance of xand y= S
i=1

5
Z .—XY—%—IZ 15.8=37.6




S
d) The value a given by —= :ﬂ:I.ZZ
S_ 308

e) Thevalue bgivenby b=Y —aX =158-1.22x12=1.15

f) The equation of the line y =ax+b=1.22x+1.15
9)

30

25 / Y
20

15

10

h) The points are closed to the line y =1.22x+1.15
Application activity 1.4

1.a) y=0.19x-8.098 b)y=4.06
2.x=-5.6y+163.3, y=-0.06x+21.8

Lesson 5: Interpretation of statistical data

a) Learning objectives

Analyse, interpretation and predict bivariate statistical data from various areas
(Business, Geography, Demography ...)

b) Teaching resources

Student-teacher’s book and other Reference books to facilitate research,
Mathematical set, calculator, manila paper, markers, pens, pencils...

c) Prerequisites/Revision/Introduction

Students will learn better in this lesson if they have a good background on lesson
1, lesson 2, lesson 3, lesson 4 of this Unit and Unit 13 Senior 3 on descriptive
statistics.

d) Learning activities:
- Invite student-teachers to work in groups and do the activity 1.5 foundin
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their Mathematics Student books;

Move around in the class for facilitating students where necessary and give
more clarification on eventual challenges they may face during their work

Invite one member from each group with different working steps to present
their work where they must explain the working steps;

As a tutor, harmonize the findings from presentation;.

Use different probing questions and guide them to explore the content and
examplesgiveninthestudent’sbookandlead themtodiscoverhowtodefine
the regression line, establish its equation and appreciate the importance of
using regression line to interpret data.

Guidestudentstodotheapplicationactivity 1.5and evaluate whetherlesson

objectives were achieved.

Answer to activity 1.5 (see the content summary in the student book)

Bivariate analysis is a statistical method that helps people study relationships
(correlation) between data sets. Many questions and problems in business,
marketing, and social science are analysed and solved using bivariate data sets.

Answers for application activity 1.5

a) Scatter diagram

120
100 ’
o o
80
. .
60 ° * * .
R ¥
40
20
0 :
0 1 2 3 4 5 6

b) Sample F was damaged.

&zizgzz.%% and y:zy—584=73

n

OTocalculater: s, =~ xy—xy = %x 1883-2.9375x 73 = 20.9375
n

1 N2
= — 2_ =
sxx—ngx (xj 2

n 8

l>< 83.75-(2.9375)* =1.839...




N2
s, = lzyz —(yj = é><44622 —(73)* =248.75
n

pete o 20D 9787 09302
5.5, /1.839...4/248.75 “Then, "= (25.1)

d) Yes it is sensible to conclude that x and y are related. Since r =0.98 (2 s.f.)
is very closed to 1, it would appear to indicate a very strong position linear
correlation.

e) For the regression line ¥ =@ +bx,a=y=bx 54
Sy 209375 _yy3g = te 20T gy
5. 1.839. 5. 1.839.. Then

XX M puy
!

a=y—bx=T73-11.38..x2.9375=39.57...

y=39.6+11.4x(3s.f.)

f)When x=3.5,y =38.57...+11.38..x3.5=79(2s./.) The constant index
would have been 79.

g) No, it would not be sensible to use the regression equation when x =0, since
this is outside the range of data. Extrapolating outside the data is unreliable.

Note:

Thelesson 6 of collecting and interpreting datais a practical activity where student
teachers will independently collect data and bring them in class; then use them in
analysis and interpretation. As a Tutor;

- Make surethatthe data collectionis not made between students themselves
in class.
- Guide students in data analysis after collection.

1.6 Unit summary
1. Bivariate or double series includes technique of analysing data in two
variables.

x,y coordinate

2. If each point (x, y) of the data is plotted in an plane, we say

that we have the scatter plot or Scatter diagram

3. If x—coordonates jncreases as ¥ ~€00rdonates increases also; we say that x
and y have a positive correlation. When y tends to decrease as x increases,
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then x and y have a negative correlation.

4. The covariance of variables x and y is a measure of how these two
variables change together.

5. Ifcovarianceis zerothe variables are said to be uncorrelated, means that there

k _ _
isnolinearrelationship betweenthem.Then, cov(x, y) = lZfl (x,. —x)(y,. —y)
n iz

6. The Pearson’s coefficient of correlation (or Product moment
coefficient of correlation or simply coefficient of correlation), denoted
by r, is a measure of the strength of linear relationship between two variables.

The coefficient of correlation between two variables x and y is given by

cov(x,y)
po 2 Y)
0.0,

Where, COV(x,y) is covariance of xand y
o, is the standard deviation for x

o, is the standard deviation for y

7. We use the regression line to predict a value of y for any given value of x and
vice versa. The “best” line would make the best predictions: the observed
y-values should stray as little as possible from the line. This straight line is the
regression line from which we can adjust its algebraic expressions and it is

written as y =ax+b, where a is the gradient and c is the y -intercept .

2
X

cov(x, — cov(x,y)—
The regression line y on x is written as y :(—y)x+[y—¥xJ
o o

X

We may writeL,, =y—-y= >
o)

X

— cov(x,y) (x—;)

1.7 Additional information for the tutor




Here the tutor has to emphasize on how to analyze, interpret and predict bi-variate
statistical datausingregressionlineand coefficientof correlationfromvariousareas
( Business, Geography, Demography ...)

1.8 End Unit assessment
y_; = P

o

X

cov(x,y) (x B ;)

cov(x, y)

1) y-39.5=
4 282.24

(x—475)
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1.9 Additional activities
{ai*RemedifFactivitiexs

1. For a given set of data it is known that x=10and )_/ =4 .The gradient of the
regression line yon xis 0.6. Find the equation of this regression line and

estimate y when x=12

Solution:
The equation of the regression line is ¥ =@ +bx,whereb=0.6. 7hay ¥ =a+0.6x
The regression line goes through ()_c, )_/j , SO j/ —a+0.6x

4=a+0.6x10= a =-2; Thus, the equation of the regression line is y = -2+ 0.6.x
; When x=12,y=-2+0.6x12=52 .

1.9.2 Consolidation activities

1. Find the regression line of xon y if the line goes through (1,4) and has
gradient 2.

Solution

Equation of regression line xon y is x = c+dy ; rearranging

dy=x—c< —lx—£
'y y P J

Gradient:%,then 2:%<:>d20.5;50 x=c+0.5y

You are given that (1,4) liesontheline 1=c+0.5x4 < c=-1.

The equation of regression line xon yis x=-1+0.5y

1.9.3 Extended activities




1. A student found the following data for the female life expectancy, x years,

and the Gross Domestic Production (GDP) per head, $y,in six countries in
South Asia in 1988.

Country X y

Afghanistan 42 143
Bangladesh 50 179
Bhutan 47 197
India 58 335
Pakistan 57 384
Sri Lanka 73 423

[n=6,3 x=327,% y=1661, x* =18415, % y* =529909, % xy = 96412 |

It is required to estimate the value of x for Nepal, where the value of y was
160. (i) Find the equation of a suitable line of regression. Simplify your answer
as far as possible, giving the constant s correct to three significant figures. (ii)
Use your equation to obtain the required estimate.

Use your equation to estimate the value of xfor North Korea, where the value of
y was 858. Comment on Your answer.

Solution

Neither variable has been controlled in the given data and since you are required
to estimate the life expectancy, x years, When the Gross Domestic Product per
head, Sy is $160, it is sensible to use the regression line of x on y.

The least squares regression line of x on y.Has the equation x =c+dy

- P _
Where c=x—d yand d =—= . x:&:%andyziz%:’%en
n

Yy n

| o 327 1661
IS = Lioga1n 327 1661 ooy o5
Sy nzxy xy 6 6 6
2
s, =13y () =lx529909_(@j ~11681.2
n 6 6
S
g=2 2 OBL25 4 0e4000..
s, 1168147
327 1661

c=x—dy &= "-0.08400..x— —=31.24..

The equation of regression line of x on y is x=31.2+0.084y(3s./)

(38) ( )




UNIT

ELEMENTARY PROBABILITY

(i) When y =160, x =31.2+0.0840x160 = 45 (2s.1".)
The estimated value of the life expectancy in Nepal is 45 years.
(b)From the equation, when y =858,» =160, x =31.2+0.0840x858 =103 (3s./

This would give the life expectancy in North Korea as 103 years, which is clearly

not sensible. The value of y =858is a long way outside the range of the data,
and should not be used to estimate a value of x.

2.1 Key unit competence

Usecountingtechniquesandconceptsofprobabilitytodeterminetheprobability
of possible outcomes of events occurring under equally likely assumptions.

2.2 Prerequisite

Student-teachers will perform well in this unit if they make a short revision on the
sets S1 unit 1, on the Tree and Venn diagram in S2 unit 11, on problem sets in S3
and on the elementary probability learntin S1 unit 9 and S2 unit 11.

2.3 Cross-cutting issues to be addressed

a) Inclusive education

(promote education for all while teaching)

b) Peace and value Education

(respect others’ view and thoughts during class discussions)
c) Gender

(provide equal opportunity to boys and girls in the lesson)
d) Financial education

(discuss how to make appropriate financial decisions through examples and

( ) (37)




exercises)

2.4 Guidance on introductory activity 2

Form groups of studentsandinvite student-teacherstoworkon questionsfor
introductory activity 2 found in student’s book unit 2;

Guide student-teachers toread and analyse the problem related to different
cases of the gender that 3 children can have: they have to write all those
cases on a sheet of paper;

Guide student-teachers to find out many possibilities as they can;

Invite students with different working steps to present their findings to the
whole class discussion;

As a tutor, harmonize the findings from presentation
Basingontheirexperience, priorknowledgeandabilitiesshowninanswering
the questions for this activity , use different questions to guide student-
teacherstogivetheirpredictionsandensurethatyouarousetheircuriosityon
what is going to be leant in this unit.

2.5 List of lessons

Lesson title Learning objectives Number
of periods

0 | Introductory activity To arouse the curiosity of student 1

teachers on the content of unit 2.
Concept of probability Define the terms: probability, 4
experiment, sample space and event,

! complementary events, mutually

exclusive events.

2 | Simple counting Determine all the possible outcomes 1

techniques using simple counting techniques
(Venn diagram, tree diagrams, and
contingency table).

3 | Basic sum principle Perform operations on mutually 1
of counting (Mutually exclusive events to determine the
exclusive situations). number of outcomes using Basic sum

principle of counting

4 Arrangements of n unlike Perform operations on arrangements 1
objects in a row- of n unlike objects in a row:-

5 | Arrangements of Perform operations on the 1
indistinguishable objects | arrangement of n alike objectsin line
(Permutations with to determine the number of outcomes
repetitions).




6 | Circular arrangements Determine the number of outcomes on | 1
circular arrangements
7 | Distinguishable Use distinguishable arrangements to 1
permutations find the number of outcomes
(Permutations of 7 unlike
objects selected from 7
distinct objects).
8 | Permutations of 7' objects | Use permutations of 7' objects 1
selected from mixture of | selected from mixture of 7 alike and
" alike and unlike objects | unlike objects to determine the number
of outcomes
9 | Combinations Use combinations to determine the 2
number of outcomes
10 | Probability of an event Determine the classical and empirical 2
probability of events.
11 | Probability of mutually Calculate the probability of mutually 2
exclusive or incompatible | exclusive events.
events
Use addition rule formula
12 | Probability ofindependent | Calculate the probability of 2
events and multiplication | independent events.
rule
Use multiplication rule formula
13 | Examples of Events in real | Calculate the probability of an event 2
life and determination of | using rules and formulas
related probability )
Use real life tasks (games, number of
trials,...) to determine the probability
of well described events.
End unit assessment 2
Total 24

Answers for introductory activity 2

Three children who can be born can have the following gender:If F=female or Girl
and M= male or Boy,

Q= {GGG, GGB, GBG, GBB,BGG, BGB, BBG, BBB} ; There are 8 possibilities.

Therefore, there is one case under which the woman can have a girl at the first and
the second delivery then a boy at the last delivery. This is the event V' = {GGB}
which means that she has one chance among 8 possible cases.

( ) (9)




Lesson 1: Concepts of probability (Sample space and Events)

a) Learning objective

Definetheterms:probability,experiment,samplespaceandevent,complementary
events, mutually exclusive events.

b) Teaching resources

Playing cards, graph papers, manila papers, calculators, coin, dice.

c) Prerequisites/Revision/Introduction:

Student-teachers will perform well in this unit if they make a short revision on the
sets S1 unit 1, on the Tree and Venn diagram in S2 unit 11, on problem sets in S3
and on the elementary probability learnt in ST unit 9 and S2 unit 11.

d) Learning activities
- Formsmall groups of student-teachers and give them instructions on how to
work on the activity 2.1;

- Walkaroundgroupsthenaskprobing questionsleadingthemtofindthetotal
number of cards and the number of specified cards;

- Invite groups to present their findings to the whole class for discussion;

- As a tutor, harmonize their answers highlighting that there are a number of
chance of choosing a card.

- Usedifferent probing questionsand guidethemto explore examplesgivenin
the student’s book and lead them to explain the main concepts of probability
accompanied withexamples:eventsandtheirtypes, outcome, sample space,
etc.

- Guidestudentstodotheapplicationactivity 2.1 and evaluate whetherlesson
objectives are achieved.

Answers for activity 2.1

1.a) There are 52 cards that can be chosen;
b) There are 4 kings that can be chosen in 52 cards;
¢) There is 1 ace of hearts that can be chosen.

2. Other examples of event:

Students can give many examples. As a tutor, verify if they are correct events.
Example: selecting a black card, selecting a diamond, etc.

Answers for application activity 2.1

(40) ( )



Two dice are thrown simultaneously, on has {1, 2,3,4,5,6} and the second
{l, 2,3,4,5,6} .The sample space made by the sum of points is noted
Q= {2,3,4,5,6,7,8,9,10,11,12}.

Lesson 2: Simple counting techniques (Venn diagram, tree
diagrams, contingency table)

a) Learning objectives

Determine all the possible outcomes using simple counting techniques (Venn
diagram, tree diagrams, and contingency table).

b) Teaching resources:

Graph papers, manila papers, calculators, coins, dice.

c) Prerequisites/Revision/Introduction:

Student-teachers will perform well in this unit if they make a short revision on the
sets S1 unit 1, on the Tree and Venn diagram in S2 unit 11, on problem sets in S3
and on the elementary probability learnt in S1 unit 9 and S2 unit 11.

d) Learning activities
- Formsmall groups of student-teachers and give them instructions on how to
work on the activity 2.2.1

- Walkaroundeachgroupandaskprobingquestionsleadingthemtodetermine
the total number of roads from A to C via B

- Invitegroupswithdifferentworkingstepstopresenttheirfindingstothewhole
class for discussion;

- As atutor, harmonize their answers highlighting that there is a technique of
finding the total number of outcomes for a given random experiment;

- Usedifferent probing questionsand guide them to explore examplesgivenin
the student’s bookand lead them to determine total number of outcomes for
a given random experiment using: Venn diagram, tree diagram or a table.

- Guidethemtodiscoverthatifasequenceof neventsinwhichthefirstonehas
n, possibilities, the second with n_ possibilities the third with n, possibilities,
and so forth until n , the total number of possibilities of the sequence will be

=N, .n,...0

- Guidestudentstodotheapplicationactivity2.2.1andevaluatewhetherlesson
objectives are achieved.

Answers for activity 2.2.1

( ) (o)




To find all possible roads, students can use allows to join points or a try and fail

method.

Q={4B,C,,4B,C,, 4B C,, AB,C,, AB,C,, AB,C,} so they are 6.

Answers for application activity 2.2.1

1) Using the tree diagram, one can find:

B
it
B {_‘ __—'—li"""E
T
B| ¢ E
G i@}
E

\<G

BEB

EBEG
EGE

BGG
GBB
GBG

GGB

GGG

S = {BBB, BBG, BGB,BGG, GBB,GBG, GGB, GGG}

2) The coin can land either head up or tails up.

1 2 3 4 5 6
H H1 H2 H3 H4 H5 H6
T T1 12 T4 T4 15 T6

There are 2.6 = 12 possibilities.

3)

n=100




The number of student-teachers among the 100 who were not studying any one
of the three sciences is 13

The number of student-teachers among the 100 who were studying both Physics
and Mathematics but not Chemistry is 31

The number of ways =20x19x18x17 =116280.

Lesson 3: Basic sum principle of counting (Mutually exclusive
situations)

a) Learning objectives:

Perform operations on mutually exclusive events to determine the number of
outcomes using Basic sum principle of counting

b) Teaching resources:

Manila papers, calculators, coins, dice, deck of cards

c) Prerequisites/Revision/Introduction:

Student-teachers will perform well in this unit if they make a short revision on the
sets S1 unit 1, on the Tree and Venn diagram in S2 unit 11, on problem sets in S3
and on the elementary probability learnt in S1 unit 9 and S2 unit 11.

d) Learning activities
Invite students to discuss in pairs the activity 2.2.2

Walk around each pair and ask probing questions leading them to determine the
totalnumberofoutcomesgiventhatthe numberofoutcomesforeventoneandthe
outcomes for event 2 are known;

Invite two neighbouring pairs to work together, exchange ideas and improve their
work;

Visit each new formed group and identify groups with different working steps;

Inviterepresentativesfromgroupswithdifferentworkingstepstopresenttheirwork
for a whole class discussion;

As a tutor, harmonize theiranswers and guide students discover that If Experiment
1 has m possible outcomes and if experiment 2 has n possible outcomes, then an
experimentwhich mightbe experiment 1 orexperiment2, called experiment 1 or
2, has m + n possible outcomes;

After this step, guide students to do the application activity 2.2.2 and evaluate
whether lesson objectives are achieved.

( ) (43)




Answers for activity 2.2.2

1. Answers will vary from group to another. But help them to conclude that one
has chances of picking either the soup or the juice but not all together. One
is allowed two chances.

2. We need the numbers that end in 3: the last digit can be chosen in one way,
as it must be a 3, the first digit can then be chosen in 3 ways, the second in

2 ways and the third in 1 way. Thus, there are 1x3x2x1=6 numbers that
endina3.

Similarly, there are 1x3x2x1=6 numbers that end in a 4.

The number that endsin a 3 cannotalso end in a 4, so these are mutually exclusive
situations.

Thus, there are 6 +6 =12 numbers end eitherina 3 orina4.
Alternatively, this can be solved as follows:

The last digit can be chosen in 2 ways (3 or 4); the first digit can be chosen
in 3 ways, the second in 2 ways and the third in 1 way, i.e., 2x3x2x1=12
numbers end eitherina 3 orin a4.

Answer for application activity 2.2.2

1. There are 2 x 2 numbers = 4 numbers

2.13+13=26ways .
Lesson 4: Arrangements of n unlike objects in a row
a) Learning objective:

Perform operations on arrangements of n unlike objects in a row to determine the
number of outcomes.

b) Teaching resources:
Manila papers, cards with letters, calculators, coins, dice, a bench, etc.
c) Prerequisites/Revision/Introduction:

Student-teachers will perform well in this unit if they make a short revision on the
sets ST unit 1, on the Tree and Venn diagram in S2 unit 11, on problem sets in S3

(s9)( )



d) Learning activities

- Form small groups of student-teachers and give them instructions on how to
work on the activity 2.2.3: give each group the letter cards to be used and
askthemtomakeall possiblearrangementsand permutationsofthoseletters
(for example: letter R, E and B);

- Walkaroundeachgroupandaskprobingquestionsleadingthemtodetermine
the total number of ways starting by the number of ways to chose the first
letter, the second letter and the third letter;

- Invitegroupswithdifferentworkingstepstopresenttheirfindingstothewhole
class for discussion;

- Asatutor,harmonizetheiranswershighlightingthatthearrangementofletters
is the same as ways of sitting different people on the same bench and that a
permutation is an arrangement of n objects in a specific order.

- Use different probing questions and guide them to explore examples given
in the student’s book and lead them to discover the formula which gives the
number of different permutations of n different objects (unlike objects) in a
row.

- Guide them to discover that this number corresponds to »!(read nfactorial)
and explore the related properties.

- Afterthisstep,guidestudentstodotheapplicationactivity 2.2.3and evaluate
whether lesson objectives achieved.

Answers for activity 2.2.3

Possible  arrangements for three letters R, E and B are
{REB,R BE,ERB,EBR, BER, BRE} ;

The possible arrangement for these three letters is 6. This can be found by:
31=32.1=6

Answers for application activity 2.2.3

a) 5_!=5><4><3><2><1
2! 2x1
10! 10x9x8x 7! _ 5x2x3x3x4x2
617! 6x5x4x3x2x1x7! 3x2x5x4x3x2x1
2. Four different English books, five different Biology books and ten other books
are to be arranged on a bookshelf:

a) (4+5+10)!=19'=1.216451004x10";

=60;Db)

b) Since the 3 biology books have to be together, consider these bound together

( ) (s5)




as one book, there are now (16+1)!=17! books to be arranged and these can
be calculated using a calculator and find 2.134124569x10".

Lesson 5: Arrangements of indistinguishable objects (
Permutations with repetitions)

a) Learning objective:

Perform operations on the arrangement of n alike objects in line to determine
the number of outcomes.

b) Teaching resources:
Bench, shelves of books, manila papers, calculators, coins, dice.
c) Prerequisites/Revision/Introduction:

Studentswillperformwellinthislessoniftheylearntwellthecontentoftheprevious
lesson in this unit;

d) Learning activities

- Formgroups of student-teachers and give them instructions on how to work
on the activity 2.2.4: give each group the letter cards to be used and ask
them to make all possible permutations of those letters in which some letters
are the same (for example: letter of the word BOOM, the two O are not
separable);

- Walkaroundeachgroupandaskprobingquestionsleadingthemtodetermine
the total number of permutations considering that it is not possible to
distinguish the two letters “O”;

- Invitegroupswithdifferentworkingstepstopresenttheirfindingstothewhole
class for discussion;

- As a tutor, harmonize their answers highlighting that the number of
permutations of will reduce: the total number of permutations 4! Will be
divided by the number of permutations of identical letters which is 2! and

!
find 4—
2!
- Use different probing questions and guide students to explore examples

given in the student’s book and lead them to discover the formula which
givesthe number of different permutations of nindistinguishable objects

!

with n, alike, n, alike, ..., whichis ——

nln,!...

- Afterthisstep,guidestudentstodotheapplicationactivity 2.2.4and evaluate
whether lesson objectives were achieved.




Answers for activity 2.2.4

Let us take numbers from 1,2,3,and 4.

1234,1243,1324,1342,1423,1432
2134,2143,2314,2341,2413,2431 ) )

= the possible number is 41=24;
3124,3142,3214,3241,3412,3421

4123,4132,4213,4231,4312,4321

2) Students will try to make possible arrangements but some of them will be the
same.

The number of4;?ll possible arrangements when writing once the identical
arrangement is 5

Answers for application activity 2.2.4

1. a) Arrangements that can be made from the letters of the word ENGLISH
are 7!=5,040;

b) Arrangements that can be made from the letters of the word MATHEMATICS
are

!

—— b
(2HEhHE2h
2. Alphabet in English=26!=4.032914611x10°°;

ecause there are 2M, 2A and 2T which are indistinguishable.

9!
Q=—-=1,260.
41312!

Lesson 6: Circular arrangements

a) Learning objectives:

Determine the number of outcomes on circular arrangements
b) Teaching resources:

Manila papers, calculators, coins, dice.

c) Prerequisites/Revision/Introduction:

Student-teachers will perform well in this lesson if they learnt well the content of
previous lesson and the content on intervals on closed line in P5 unit 7

( ) (+7)




d) Learning activities

Form groups of student-teachers and give them instructions on how to work
on the activity 2.2.: each group may have a circular table and objects to be
arranged on that table;
Walkaroundeachgroupandaskprobingquestionsleadingthemtodetermine
the total number of arrangements when one item is fixed and the remaining
items arranged around it;
Invitegroupswithdifferentworkingstepstopresenttheirfindingstothewhole
class for discussion;

As a tutor, harmonize their answers and guide them to discover that the
number of arrangements of n unlike things in a circle will therefore be

(n—l)!. Guide students to note that where clockwise and anticlockwise

arrangements are not considered to be different, this reduces to l(n —1)!.

Afterthisstep,guidestudentstodotheapplicationactivity 2.2.5 an&evaluate
whether lesson objectives are achieved.

Answers for activity 2.2.5

As one notebook will be fixed, for example A, must be:(n—1)!=(5-1)!=24

E
A

isnot a different arrangement from D

D C
Answers for application activity 2.2.5

1. Five men will seat on a circular table in (5—1)!ways = 24 ways .
2. Eleven different books will be placed on a circular table
(11-1)!ways = 3,268,800 ways.




Lesson 7: Distinguishable permutations (Permutations of
unlike objects selected from " distinct objects)

a) Learning objectives:

Use distinguishable permutations to find the number of outcomes

b) Teaching resources:

Manila papers, calculators, coins, dice, deck of cards

c) Prerequisites/Revision/Introduction:

Student-teachers will perform well in this unit if they make a short revision on the
sets S1 unit 1, on the Tree and Venn diagram in S2 unit 11, on problem sets in S3
and on the elementary probability learnt in S1 unit 9 and S2 unit 11 and has very
well covered the content of the previous lessons of this unit.

d) Learning activities

Form groups of student-teachers and give them instructions on how to work
ontheactivity 2.2.6: give each group the letter cards to be used and ask them
tomakeall possible ways of selecting 3 letters from 7 given letters of the word
PRODUCT.

Walkaroundeachgroupandaskprobingquestionsleadingthemtodetermine
the total number of ways of selecting the first letter, the second letterand the
third letter;

Invitegroupswithdifferentworkingstepstopresenttheirfindingstothewhole
class for discussion;

As a tutor, harmonize their answers highlighting that the number of ways for
selecting 3 letters from 7 is the number of permutations of 3 objects taken

from 7 written as 'B,. Guide them to enhance that the first letter can be
selected in 7 ways, the second can be selected in 6 ways and the third can
be selected in 5 ways;

Ask all students to guess how they can write the product 7 x 6 x5 using the

!
factorial notation which lead them to guess 7.6.5 = 7.6..5.4.3.2.1 = T

43.2.1 (7-3)!
Use different probing questions and guide students to explore examples
given in the student’s book and lead them to discover the formula which
gives the number of different permutations (ways) of r unlike objects

which can also

selected from n different objects given by "P. =

(n —.r)!

) (%)




(n—.r)!

- After this step, guide students to do the application activity 2.2.6 and
evaluate whether lesson objectives are achieved.

be written as P(n,r) =

Answers for activity 2.2.6

Students will work in different ways; as a tutor, verify whether all possible ways are
given:

Selection: PRO: permutations: PRO,POR, OPR, ORP, RPO, ROP
Selection: ROD: permutations: ROD, RDO, ORD, ODR, DRO, DOR
Selection: ODU: permutations: ..., ..., v ceey ey e

Selection: DUC: Permutations: ..., .., c, vy vy oo

Selection: UCT: Permutations: ..., ..., vy ooy ceey o

There are 35 lines with 6 permutations which gives the number 7.6.5=210
permutations.

Answers for application activity 2.2.6

1. Number of permutations with 4 letters chosen from letters of the word
ENGLISH: "P, =840

2. Number of permutations with 2 letters chosen from letters of the word
PACIFIC: 13

3. Number of permutations with 5 letters chosen from letters A, B, C, D, E, F,

and Gis 'P,.

4. Number of permutations with 10 letters chosen from English alphabet is *°B,




Lesson 8: Permutations of » objects selected from the mixture
of " alike and unlike objects

a) Learning objectives:

Use permutations of 7 objects selected from the mixture of " alike and unlike
objects to determine the number of outcomes

b) Teaching resources:
Manila papers, calculators, coins, dice, deck of cards .
c) Prerequisites/Revision/Introduction:

Student-teachers will perform well in this unit if they make a short revision on the
sets S1 unit 1, on the Tree and Venn diagram in S2 unit 11, on problem sets in S3
and on the elementary probability learnt in ST unit 9 and S2 unit 11 and has very
well covered the content of the previous lessons of this unit.

d) Learning activities
- Form groups of student-teachers and give them instructions on how to work
on the activity 2.2.7

- Walkaroundeachgroupandaskprobingquestionsleadingthemtodetermine
the total number of arrangements when there is selection from the mixture
of " alike and unlike objects. Give enough support to students to overcome
challenges on this lesson.

- Invitegroupswithdifferentworkingstepstopresenttheirfindingstothewhole
class for discussion;

- Asatutor, harmonize their answers and guide them to discover that the number
ofarrangementsis givenby determining all possible mutually exclusive events
from the given experiment that may occur ;then apply basic sum principle.

- Afterthisstep,guide studentstodotheapplicationactivity 2.2.7and evaluate
whether lesson objectives are achieved.

Answers for activity 2.2.7

Student-teachers will work in different ways; as a tutor, verify whether all possible
ways are given:

Selection: BOO; permutations: BOO, OBO, OOB
Selection: OOM; permutations: OOM, OMO, MOO
Selection: BOM; permutations: BOM, BMO, OBM, OMB, MBO, MOB

There are 3+ 3+ 6 =12 permutations.




Alternatively:

Possible selections:

- Aselection containing two “O”and one other letter for example “OOB”
- A selection for which all three letters are distinct (B,0,M)

Permutations formed from three
letters containing two O and another

letter (M or B)
o (o] M
o M o
M (o] o
o o B
o B o
B o o

Permutations formed from three

distinct letters (B,M, O)

B M o
B (0] M
M B o
M (0] B
o B M
o M B

There are 12 permutations of 3 letters selected from the letters of the word
“BOOM"in which 6 contain two O’s and one other letter and 6 in which all 3 letters
are different.

Or simply
Number of permutations formed from 2 o's +one letter =3x2 =16
Number of permutations formed from all three different letters (BOM)=3!=6

Total permutations=6+6 =12

(52)( )




Answers for application activity 2.2.7

1. There are 7 letters including two A’s and two N’s. To find the total number
of different arrangements we consider the possible arrangements as three
mutually exclusive situations.

- The number of arrangements in which all 2 letters are different is 5P2 =20 ;
- The number of arrangements containing two A’s is 1;
- The number of arrangements containing two N's is 1;

Therefore, the number of permutations with 2 letters chosen from letters of the
word RWANDAN is 20+1+1=22

2. There are 8 letters including two M’s. To find the total number of different
arrangements we consider the possible arrangements as two mutually
exclusive situations.

- The number of arrangements in which all 3 letters are differentis 'R, =210

- The number of arrangements containing two M’s and one other letter; the
other letter can be one of six letters (E, A, N, U, E or L) and can appear in
any of the three positions (before the two M'S, between the two M’s, or

after the two M's)i.e.3x6=18.

Thus the total number of arrangements of 3 letters chosen from the word
EMMANUEL is210+18 =228.

Lesson 9: Combinations
a) Learning objectives:
Use combinations to determine the number of outcomes
b) Teaching resources:
Manila papers, calculators, coins, dice, deck of cards.
c) Prerequisites/Revision/Introduction:

Student-teachers will perform well in this unit if they make a short revision on the
sets S1 unit 1, on the Tree and Venn diagram in S2 unit 11, on problem sets in S3
and on the elementary probability learnt in ST unit 9 and S2 unit 11 and has very
well covered the content of the previous lessons of this unit.

d) Learning activities

- Form groups of student-teachers and give them instructions on how to work
on the activity 2.2.7;

- Walkaroundeachgroupandaskprobingquestionsleadingthemtodetermine

( ) (s3)




the total number of groups each containing 2 mathematics books from 8
mathematics books;

- Invitegroupswithdifferentworkingstepstopresenttheirfindingstothewhole
class for discussion;

- As a tutor, harmonize their answers highlighting that in this case, the order
in which books are placed is not important (the group of B1B2 is the same
as the group B2B1) which is contrary to the permutation of r unlike objects
selected from n different objects where the order in which those objects are
placed is important.

- Lead students to see that in this case, we must divide by the 2! (Or generally

!
by the arrangement r!) as the order is notimportant; we get 78 = 8 .
2 (8-2)12!

- Usedifferentprobingquestionsandguidestudentstoexploreexamplesgiven
in the student’s book and lead them to discover the formula which gives the
number of different groups of r items that could be formed from a set of n

n!

distinctobjectswiththeorderofselectionsbeingignoredis "C, = ——————
(n—r)!r!

- Afterthisstep,guidestudentstodotheapplicationactivity 2.2.7 and evaluate
whether lesson objectives were achieved.

Answers for activity 2.2.8

The book B1 can be participating in 7 different groups as follows:

Bl * 85

Idem, every book Bi can participate in 7 different groups. This means that we have
8.7 =56 groups. However, as for example the group B2B3 and the group B3B2




make a same group, we have to divide by 2.
Which gives 7?fggroups.

!
By the use of factorial notation we have: 78 = ik 28

2 (8-2)2!

Application activity 2.2.8

o

(10—4)14!
12!

(12-2)12!

1. Four men can be selected from 10 men, i.e '°C, = ays

Two women can be selected from 12women, i.e °C, = ways

By the basic product principle of counting, there are ( “c, )( 2C, ) ways of selecting
the committee.

2. In the same ways, groups containing 4 Mathematics books and 5 Physics
books is formed from 9 Mathematics books and 10 Physics books in

°C, x ""C,ways.= 126 x 252 = 31752
Lesson 10: Probability of an event

a) Learning objectives

Determine the classical or empirical probability of events.
b) Teaching resources

Manila papers, calculators, coins, dice, deck of cards .
c) Prerequisites/Revision/Introduction

Student-teachers will perform well in this unit if they make a short revision on the
sets S1 unit 1, on the Tree and Venn diagram in S2 unit 11, on problem sets in S3
and on the elementary probability learnt in ST unit 9 and S2 unit 11 and has very
well covered the content of the previous lessons of this unit.

d) Learning activities
- Let students work in groups and do the activity 2.3.1;

- Goaround each group and ask probing questions to guide students to work
towards the correct answer;

- Requeststudent-teacherstopresent theirfindingsinawholeclassdiscussion;

- As a tutor, harmonize answers for students and highlight how to
determine the probability of an event using the classical probability
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Number of outcomesinE _ n(E)

) Total nu mber of outcomesinthe sample space  n(Q)

- Use different probing questions and guide students to explore examples
givenin the student’s book and lead them to establish and use properties of
probability,determineprobabilityofdifferentevents:certainevent,impossible
event,probabilityofcomplementaryevent,mutuallyexclusiveorincompatible
or events.

- Afterthisstep,guidestudentstodotheapplicationactivity 2.3.1 and evaluate
whether lesson objectives are achieved.

Answers for activity 2.3.1

a) There are 26 black cards in an ordinary deck of 52 cards.

b) P(A)= L _36_,,
number of allcards 52
O P(A)= Number of outcomesinE _ n(E)

~ Total nu mber of outcomesin the sample space  n(Q)

Answers for application activity 2.3.1

_ 56
127

b) Less than 6 days means 34 and 5 days;

P(less than 6 days) = 15 + 32 + 56 _ 103
127 127 127 127

a) PA)

c) Atmost4 days means 3 or4days; P(A)= 47

127

d) Atleast5days means5, 6, or 7 days; P(A) = %

Lesson 11: Probability of mutually exclusive or incompatible
events

a) Learning objectives
To determine the probability for mutually exclusive events.
b) Teaching resources

Manila papers, calculators, coins, dice, deck of cards .

(58) (




c) Prerequisites/Revision/Introduction

Student-teachers will perform well in this unit if they make a short revision on the
sets S1 unit 1, on the Tree and Venn diagram in S2 unit 11, on problem sets in S3
and on the elementary probability learnt in S1 unit 9 and S2 unit 11 and has very
well covered the content of the previous lessons of this unit.

d) Learning activities:

Invite student-teachers to work in groups and do the activity 2.3.2 foundin
their Mathematics Student books;

Move around in the class for facilitating students where necessary and give
more clarification on eventual challenges they may face during their work;
Verify and identify groups with different working steps;

Invite one member from each group with different working steps to present
their work where they must explain the working steps;

As a tutor, harmonize the findings from presentation on the probability for
mutually or non mutually exclusive events;

Use different probing questions and guide them to explore the content and
examples given in the student’s book and lead them to discover how to
determine the probability for mutually exclusive events
Afterthisstep,guide studentstodotheapplicationactivity 2.3.2and evaluate
whether lesson objectives are achieved.

Answers for activity 2.3.2

a)

b)

)

d)

13 1

th bability P(A)= — =—
e probability P(A) 522
13 1

th bability P(B) = — =—
e probability P(B) > 2

the probability Pto drawa club or a diamond = % + % = %

The probability P is given by the sum of the P (A) and the P (B).

Application activity 2.3.2

a)

b)

The P(Prime number) =

The P(Odd number) =

AW | w
N[— o~




d)

d)

e)

. I 1
Evenor prime =—+—=1
2 2

P(less than 4 or multiple of 5) =

P(greater than 2 or less than 4) =% +§—l = 6 =1

Lesson 12: Probability of independent events and multiplication
rule

a) Learning objectives

Todefinelndependenteventsanddeterminetheprobabilityforindependentevents

b) Teaching resources

Manila papers, calculators, coins, dice, deck of cards .

c) Prerequisites/Revision/Introduction

Student-teachers will perform well in this unit if they make a short revision on the
sets S1 unit 1, on the Tree and Venn diagram in S2 unit 11, on problem sets in S3
and on the elementary probability learnt in ST unit 9 and S2 unit 11 and has very
well covered the content of the previous lessons of this unit.

d) Learning activities:

Invite student-teachers to work in groups and do the activity 2.3.3 foundin
their Mathematics Student books;

Move around in the class for facilitating students where necessary and give
more clarification on eventual challenges they may face during their work;
Verify and identify groups with different working steps;

Invite one member from each group with different working steps to present
their work where they must explain the working steps;

As atutor, harmonize the findings from presentation on Independent events
and determine the probability for independent events ;

Use different probing questions and guide them to explore the content and
examplesgiveninthestudent’sbookandlead themtodiscoverhowtodefine
Independent events and determine the probability forindependent events.

Afterthisstep,guide studentstodotheapplicationactivity 2.3.3and evaluate
whether lesson objectives are achieved.




Answers for activity 2.3.3

The occurrence of event B does not affected by occurrence of event A because
after the first trial the pen is replaced in the box. It means that the sample space
does not change.

Answers for application activity 2.3.3

1. P(AuB)=1s1_38
53 15
2. PAUB)=L4x=—" = yx=1l
3710 30
3 a)g; b)é; c)L
8 8 32

Lesson 13: Dependent events

a) Learning objectives

To define Dependent events and determine the probability for dependent events.
b) Teaching resources

Manila papers, calculators, coins, dice, deck of cards.

c) Prerequisites/Revision/Introduction

Student-teachers will perform well in this unit if they make a short revision on the
sets S1 unit 1, on the Tree and Venn diagram in S2 unit 11, on problem sets in S3
and on the elementary probability learnt in S1 unit 9 and S2 unit 11 and has very
well covered the content of the previous lessons of this unit.

d) Learning activities:
- Invite student-teachers to work in groups and do the activity 2.3.4 found in

their Mathematics Student books;

- Move around in the class for facilitating students where necessary and give
more clarification on eventual challenges they may face during their work;
Verify and identify groups with different working steps;

- Invite one member from each group with different working steps to present
their work where they must explain the working steps;

- As atutor, harmonize the findings from presentation on dependent events;

- Use different probing questions and guide them to explore the content and
examplesgiveninthestudent’sbookandleadthemtodiscoverhowto define
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Dependent events and determine the probability for dependent events .

- Afterthisstep,guidestudentstodotheapplicationactivity 2.3.4and evaluate
whether lesson objectives are achieved.

Answers for activity 2.3.4

a) Sample space for the first drawing is 2 =152, But for the second drawing
the sample spaceis 2 =151.

b) The outcomes of the first draw has affected the outcome of the second
i.e. the outcome of the second dependent on the first drawing.

Answers for application activity 2.3.4

1. Let A be the event: “the number is a 4’ then 4= {4}

B be the event:“the number is greater than 2’, then B={3,4,5,6} and

4 2
PE=¢=3

But AnB={4} and P(AmB):%
Therefore,
P(ANB)

P(B)

P(A|B)=

P(4]|B)=

W N|oN ] —

X

P(4|B)=

NSO

A= a|—




Lesson 14: Examples of Events in real life and determination of
related probability

a) Learning objectives:

Use real life tasks (games, number of trials,) to determine the probability of well
described events applying rules and formulas.

b) Teaching resources:
Manila papers, calculators, coins, dice, etc.
c) Prerequisites/Revision/Introduction:

Students will perform well in this lessons if they try to relate the content for all
previous lessons for this units to real life problems involving events of chance.

d) Learning activities
- Invite students toworkin small groups, discuss on the activity 2.4 and answer
to related questions;
- Invitegrouprepresentativestopresentthefindingsinawholeclassdiscussions;

- Tutor harmonizes answers for students on activity 2.4 and guide students
to brainstorm their worries about the betting without a good prediction of
probability for winning.

- Guide students to discuss other application of probability in real life and take
decisions on eventual risks in betting and other probability related games.

- Usedifferentprobingquestionsandguidestudentstoexploreexamplesgiven
inthe student’s book and lead them to realize that probability is applicable in
the real life.

- Afterthis step, guide students to do the application activity 2.4 and evaluate
whether lesson objectives were achieved.

Answers for activity 7.5

1. (@) Let A stands for APR and R stands for RAYON SPORTS;
Q ={RRR,RRA,RAR,RAA, ARR, ARA, AAR, AAA} .

Matayo said that APR will gain the first Match only and Rayorl Sport will gain the
second and the third, it means that = £ = { ARR} and P(E) = 3

Manasseh said that APR will gain at least two matches, it means that:

F ={RAA, ARA, AAR, 444} and ~P(F)= % ~ %

Fromthese results, we see that Manasseh has more chances of winning that money
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than Matayo.

b) Normally betting is a game of chance, it is not good to bet much money
withoutagood and clear prediction of the probability for winning. When you
betwithout such clear prediction, you are wastingyour money.We canadvise
theyoungpeoplenottospendmuchmoneyinsuchgameswhichdonothave
clear rules which can help the player to predict the probability of winning.

2. Students may come up with different applications of probability in real life,
analyse them and organize a session for feedback in which they can discuss
their strengths and weaknesses.

Answers for application activity 7.5

1. Let E: a student own a car, P(E)=0.65, F: a student owns a computer;
P(F)=0.82

We have P(ENF)=0.55

Question: what is the probability that a given student owns neither a car nor a

computer?

ie 1-P(EUF)=?

We have:
P(EUF)=P(E)+ P(E)—P(EUF)

=0.65+0.82-0.55
=0.92

Therefore, 1 - P(EUF)=1-0.92=0.08

2. Using a Venn diagram, one can represent the number of students:

Let Q be the sample space formed by all students, F' the set of students who play
Football and B the set of students who play Basket Ball. The number of students
can be given in the following sets.

110 B 0




n(Q) =200, n(F)=58, n(B)=40,and n(FnB)=8.
The number of students who plays Foot Ball or basket Ball is n(FuU B) =90

The number of student who play neither sport is

n(FuB)':n(Q)—n(FUB)
=200-90=110
2.6 Summary of the unit

Sample space

The totality of all possible outcome (or sample points) of a random experiment
constitutes the sample space which is denoted by Q.

Complementary events

If E is an event, then E' is the event which occurs when E does not occur.
Events E and E' are said to be complementary events

Mutually exclusive Events

When 4B =, the two events A and B are said to be mutually exclusive.
This means that they cannot occur at the same time, they do not have outcomesin
common.

Counting techniques
- Use of Venn diagram,
- Use of tree diagrams,
- Use of a table,
- Thenumberofdifferentpermutations of ndifferentobjects (unlike objects)in
arow is

nx(n—l)x(n—2)><(n—3)><...><2><1
- The number of different permutations of n indistinguishable objects with

. . . n!
n, alike, n, alike, ..., Is ———.
nln,!..

- Thenumberofdifferentpermutations(ways)ofrunlikeobjectsselectedfromn

n! ) n!
( )' or we can use the denotation P" =
n—r)!

differentobjectsis "P. =




(n —‘r)!

Circular arrangements
The number of arrangements of n unlike things in a circle will therefore be

or P(n,r)=

(n —1)! .In those cases where clockwise and anticlockwise arrangements are

not considered to be different, this reduces to %(n —1)!.

Mutually exclusive situations Mutually exclusive situations
If Experiment 1 has m possible outcomes,

and if experiment 2 has n possible outcomes,

then an experiment which might be experiment 1 or experiment 2,

called experiment 1 or 2 has (m+2) possible outcomes

Combination

The number of different groups of r items that could be formed from a set of n
distinct objects with the order of selections being ignored is

n!
T (n=r)r!

Probability of an event

n

- The probability of an event A — Q, is a real number obtained by applying
to A the function P defined by

P(4)= Number of outcomesin A _ n(4)
Total nu mber of outcomesinthe sample space  n(Q)

- When Eand E' are complementary events, P(E)=1-P(E").

- When two events A and B are not mutually exclusive, AmB=¢the
probability that A or B occurs is given by:

P(AUB)=P(A)+P(B)-P(4ANB)

Note

Ol )




Wehavetothinkbigbeforetakingdecisionregardingourengagementinthegames
of chance. Such games are for example: betting on card games, slot machine
(ikiryabarezi), lotteries, and weather forecasting. In such games, predictions are
based on probability and hypotheses are tested by using probability.
Independent events

Two events A and B are independent events if the fact that A occurs does not
affect the probability of B occurring.

When two events are independent, the probability of both occurring is
P(FA and B) = P(A4).P(B)

Example:
A coinisflippedandadieisrolled.Find the probability of getting ahead on the coin
and a 4 on the die.

Solution

P(Head and 4)= P(head).P(4)=

1
8
or teachers

N | —
-

2.7 Additional Information

2.7.1 Components of an ordinary deck of cards:

<-
<
4
<
<
4 -

>
>
>
>
>
>
S P - |-
.-
P P - €-
>

2.7.2 Law of Large Numbers
When a coin is tossed one time, it is common knowledge that the probability of
getting a head is % But what happens when the coin is tossed 50 times? Will

it come up heads 25 times? Not all the time. You should expect about 25 heads
if the coin is fair. But due to chance variation, 25 heads will not occur most of
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the time.

If the empirical probability of getting a head is computed by using a small number

o 1 o
of trials, it is usually not exactly 5 However, as the number of trials increases, the
empirical probability of getting a head will approach the theoretical probability of

% , if in fact the coin is fair (i.e., balanced). This phenomenon is an example of

the law of large numbers.

2.8 End unit assessment

This question is related to a Lottery that can be played at school to show that it
is not good to be blindly engaged in some games of chance as the participant
can lose his/her money.

An urn contains 20 lottery tickets numbered from 1 to 20.

To buy a ticket, each one is selected at random and replaced before the next
selection. The organizer of the lottery decided to pay 1000Frw to the one who will
select a number divisible by 4 and 3 at the same time. He will pay also 500Frw to
the one who will select a number which is divisible by 5 and 2 at the same time.

Solution

a) The game is not fair because the organizer decided him/her self the
number of money to be collected;

b) The organizer will receive 200Frw x 20 = 4000Frw
c) Letthe following events: A: selecting a number divisible by 4;

B: selecting the number divisible by 3;
C: selecting the number divisible by 5, and
D: Selecting the number divisible by 2.

E= selecting a number divisible by 3 and 4 ={12}, P(E)= L This means that
only one participant will win and get 1000F. 20

d) F= Selecting a number divisible by 2 and 5={10;20}; P(F) = i This
means that only two participants will win and each one will get 5008rw .

e) The organizer will pay: 1000Frw + 2(500Frw)= 2000Frw.

Therefore, the organizer will make money.

(s8) ( )




This money equals to 4000 Frw —2000Frw =2000Frw

2. The parents of your friend Anne Marie gave her 200Frw for buying two pens,
however,shewantsto participateinthelotterytogetmoremoneybeforebuying
pens. What can you advise her?

Answers

Answers from students will vary, however, guide them to conclude that this is a
game of chance where there is a high probability of loosing. It is clear that the
organizer planned to get money without investing anything. It is clear that only 3
participants willwin.Therefore, thereisahigh probability for Anne Marietolose the
money which and miss a pen.

2.9 Additional activities

2.9.1 Remedial activity

1. A card is drawn at random from an ordinary pack of 52 playing cards. Find
the probability that the card drawn is a club or a diamond.

Solution

There are 13 clubs, then P(club) _13
There are 13 diamonds, then P(diamond) =5
Since a card cannot be both a club and a diamond, P(clubdiamond) =0

Therefore, P(a club or a diamond) = P(club) + P(diamond)

BB BB 261
52 52 52 52 52 2
2.9.2 Consolidation activity

1. In a group of 20 adults, 4 out of the 7 women and 2 out of the 13 men wear
glasses. What is the probability that a person chosen at random from the
group is a woman or someone who wears glasses?

Solution

Let A be the event:“the person chosen is a woman”.

B be the event: “the person chosen wears glasses”.

Now, there are 7 women, then P(4) :210




There are 6 persons who wear glasses, then P(B) = zi

There are 4 women who wear glasses, then P(4NB) = 210

The probability that a person chosen at random from the group is a woman or
someone who wears glasses is given by P( 4 or B) which is

P(AUB)=P(A)+P(B)-P(ANB)

_1.6 4
20 20 20
_9
20

On the other hand:

There are 7 women and 6 persons who wear glasses but also 4 women who wear
glasses. Then

AUB=9 and P(AuB)=2i0 )

2.9.3 Extended activity

1. An integer is chosen at random from the set § = x:er+,x<l4}. Let A
be the event of choosing a multiple of 2 and let B be the event of choosing
a multiple of 3.

Find P(4UB), P(AnB) and P(A-B).

Solution
S

LA

13




From the diagram, #S =13

AUB={2,3,4,6,8,9,10,12} = #( AU B) =8, thus P(AuB):%

ANB={6,12) = #(ANB)=2, thusP(AmB):%

A-B={2,4,810} = #(4-B) =4, thus P(A—B):%

2. Suppose, for example, that a researcher in RAB asked 50 staff members
how they go home.

The results can be categorized in a frequency distribution as shown in the table
below.

Method Frequency
drive 20

Fly 6

Bus 24
Determine:

a) The probability of selecting a person who goes home by driving;

O

) Probability of selecting a person who goes home in an air plane;
) The probability of selecting a person who goes home in a bus.

o N

) The sum of the probability.

3. Inasample of 50 people, 21 had type O blood, 22 had type A blood, 5 had type
B blood, and 2 had type AB blood. Set up a frequency distribution and find the
following probabilities.

a) A person has type O blood.

b) A person has type A or type B blood.

¢) A person has neither type A nor type O blood.
d) A person does not have type AB blood.

Solution
Type Frequency
A 22
B 5
AB 2
O 21
Total 50

They are mutually exclusive.

( ) (0)




a)

b)

P(O):%:ﬂ

50
P(AorB) =2+i=2
50 50 50
Neither A nor O means that a person has either type B or type AB blood.)

P(neither AnorO) = S + 2 = A

50 50 50, Find the  probability  of

not AB by subtracting the probability of type AB from 1
P(not AB)=1- P(4B)=1-— =28 _24
50 50 25
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