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FOREWORD
Dear Student,

Rwanda Education Board (REB) is honoured to present Year 3 Mathematics
book for Social Studies Education (SSE) student teachers. This book will serve
as a guide to competence-based teaching and learning to ensure consistency
and coherence in the learning of the Mathematics. The Rwandan educational
philosophy is to ensure that you achieve full potential at every level of education
which will prepare you to be well integrated in society and exploit employment
opportunities.

The government of Rwanda emphasizes the importance of aligning teaching
and learning materials with the syllabus to facilitate your learning process. Many
factors influence what you learn, how well you learn and the competences
you acquire. Those factors include the relevance of the specific content, the
quality of teachers’ pedagogical approaches, the assessment strategies and
the instructional materials available. In this book, we paid special attention to the
activities that facilitate the learning process in which you can develop your ideas
and make new discoveries during concrete activities carried out individually or
with peers.

In competence-based curriculum, learning is considered as a process of
active building and developing knowledge and meanings by the learner where
concepts are mainly introduced by an activity, situation or scenario that helps
the learner to construct knowledge, develop skills and acquire positive attitudes
and values.

For efficiency use of this textbook, your role is to:
— Work on given activities which lead to the development of skills;

— Share relevant information with other learners through presentations,
discussions, group work and other active learning techniques such
as role play, case studies, investigation and research in the library, on
internet or outside;

— Participate and take responsibility for your own learning;

— Draw conclusions based on the findings from the learning activities.

To facilitate you in doing activities, the content of this book is self explanatory so
that you can easily use it yourself, acquire and assess your competences. The
book is made of units as presented in the syllabus. Each unit has the following
structure: the key unit competence is given and it is followed by the introductory
activity before the development of mathematical concepts that are connected to



real world problems or to other sciences.

The development of each concept has the following points:
— It starts by a learning activity: it is a hand on well set activity to be done
by students in order to generate the concept to be learnt;
— Main elements of the content to be emphasized;
— Worked examples; and

— Application activities: those are activities to be done by the user to
consolidate competences or to assess the achievement of objectives.

Even though the book has some worked examples, you will succeed on the
application activities depending on your ways of reading, questioning, thinking
and grappling ideas of calculus not by searching for similar-looking worked out
examples.

Furthermore, to succeed in Mathematics, you are asked to keep trying;
sometimes you will find concepts that need to be worked at before you
completely understand. The only way to really grasp such a concept is to think

about it and work-related problems found in other reference books.

| wish to sincerely express my appreciation to the people who contributed
towards the development of this book, particularly, REB staff, UR-CE Lecturers
and TTC Tutors for their technical support. A word of gratitude goes to Head
Teachers and TTCs principals who availed their staff for various activities.

Any comment or contribution would be welcome to the improvement of this text
book for the next edition.

Dr. NDAYAMBAIE Irénée
Director General, REB
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LOGARITHMIC AND
EXPONENTIAL FUNCTIONS

Key Unit competence:

Apply logarithmic and exponential functions to model and solve problems
about interest rates and population growth.

O 1.0 Introductory activity

An economist created a business which helped him to make money in an
interesting way so that the money he/she earns each day doubles what he/
she earned the previous day. If he/she had 200USD on the first day and by
taking ¢ as the number of days, discuss the money he/she can have at the
" day through answering the following questions:

a) Draw the table showing the money this economist will have on each day
starting from the first to the 10™ day.

b) Plot these data in rectangular coordinates

c) Based on the results in a), establish the formula for the economist to find
out the money he/she can earn on the n™ day. Therefore, if tis the time in
days, express the money F(t) for the economist.

d) Now the economist wants to possess the money F under the same
conditions, discuss how he/she can know the number of days necessary
to get such money from the beginning of the business.




1.1 Logarithmic functions

1.1.1 Definition and domain of definition of Logarithmic
functions

Activity 1.1.1

Consider the following real numbers: 50, 100, 2, 0.7, 0.8, -30, -20, -5, 0.9,
10, 20, and 40 taken as values of x

a) Draw and complete the table of values for log,, (x)

b) Discuss the value of log,, (x)for x<0

c) Discuss the values of log,,(x) for 0<x<1, x=landx>1
d) Using the findings in a) plot the graph of log,, (x)for x>0

e) Explain in your own words the values of x for which log,, (x)is
defined (the domain) and output values (the range).

Given the function y =log, x, it is proven that if x>0 and a is a constant

(a>0,a#1), then log, x is areal number called the “logarithm of x with
base a”.

Definition of logarithmic function

For a positive constanta (a #1), we call logarithmic function, the function

J R—>R:xt>log, x. The domain of the logarithm function is the set of
positive real numbers and the range is the line of all real numbers.

This means thatdom f = {x e R: x > 0} = |0,+oc[ = R and range f=R = |00, +o0] .

The logarithmic function is neither even nor odd. If u:R - R: x> u(x)
is any other function we can compose u and the logarithmic function as

y =log,(u(x)) defined for x such thatu(x)>0.

In the expression y =log, x, y is referred to as the logarithm, a is the base,
and x is the argument.



If the base is 10, it is not necessary to write the base, and we call it decimal
logarithm or common logarithm or Brigg’s logarithm. So, the notation

will become y =log x . If the base is e (where e=2.718281828), we call it
Neperean logarithm or natural logarithm.

The natural logarithm is usually written using the shorthand notation y=Inx

instead of y =log, x as we might expect.

Graphs of logarithmic functions f(x)=1log,(x) and y(x)=In(x)
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y(z) = In(x)

Example

Find the domain and range for the function
a) f(x)=log(x—4)

b) g(x)= 1n(x+ 6)

Solution

a) To find the domain and the range of the function y =log(x—4) , recalling that:
— Domain: Includes all values of x for which the function is defined.
— Range: Includes all values y for which there is some x such that

y=log(x—4)



Because logx defined only for positive values of x, in this problem
y =log(x—4) is defined if and only ifx—4 > 0 < x >4 which means that
x € 4,4+ .

The range of y is still all real number R.

Domf={xeR:x—4>0}={xeR:x >4} =]4,+0[. Range f = R.

b) The function y =In(x+6) is defined if and only if x+6>0< x>—-6 and
means that x € |-6,+o0[ which is the domain. The range is R.

Domg={xeR:x+6>0}={xeR:x>-6}=]-6,+0[. Range g =R.

Application activity 1.1.1

1. State the domain and range of the following functions:
a. y=log,(x—2)+4
b. y=log,(8-2x)

2. Observe the following graph of a given logarithmic function, then state
its domain and range. Justify your answers.

y




1.1.2 Limits of logarithmic functions

Activity 1.1.2

1. The graph below represents natural logarithmic functionf(x) =Inx

5

vy = flr) = Inlx)

Considering the form of this graph and the logarithm of the following
numbers in the table below,

x 0.5 |0.001 |0.001 |0.0001 |2 100 1001 | 10000

In x

Use a calculator to complete the table and

a) Discuss the values of Inx when x takes values closer to 0 from the
right and deduce )}ggl Inx.

b) Discuss the values of Inx when x takes greater values and conclude
about the lim Inx .

X—>+00

The limit of any logarithmic function can be determined in the same way as
the limit of the natural function. If you feel more comfortable with the natural
logarithmic function,



use the change of base formula:

£(x) =log, u(x) = %

Example 1

provided a >0,a #1.

Determine each of the following limit

a) limlnx b) lim(l—lnx) c) lim log x-4
xX—e x—2 X—>+00 3 2x+6
Solution
) limlnx=1
b) £1£rzl(l—lnx):1—ln2
x—4 1
lim log,| —— |=log, —=—log, 2
c) m g3£2x+6) g; 5 g;
Since lim x—4 —l
e 2x+6 2
Alternatively, using natural logarithmic function, we have
x—4
4 ln(z +6J 1 x=4) 1 1  In2 1
lim 1og3[ ad ): lim —X1%7 = " im ln( j ——xIn—=-—"=—log 2=log, -
¥ xX+6) x> In3 In3x>+ \2x+6) In3 2 In3 2

. Application activity 1.1.2

l. Evaluate the following limits

. 3 2 1
3)}i_)r£1 log; (x2 _5x+6) 4)}155 In g,
2+41
5) lim ln(x —4x+1] ) lim srroex
r—>+00 X—>+0 X



1.1.3 Applications of Limits of logarithmic functions to
continuity and asymptotes

l. Let us consider the logarithmic function f:R* > R, y = f(x)=1og,(x)

1. Complete the following table:

= 1 1
0 4 2

y =log, x

lim log, x

X=X,

Can you conclude thatlim log, x =log, (x,)? What about the continuity of
y=f(x)=log,(x)? 0

2. By using the information drawn in the above table and the scientific
calculator, plot the graph of y =log, (x)

3. Give any justification that allows you to decide on the continuity of the
function

4. Find }ggl Inx and deduce the equation of asymptotes of f(x) =Inx if
any.

_ In x . Inx
Il. Observe the graph of the function p(x) =—— and deduce lim —,

X —>+00
. Inx ,. Inx . (Inx X
lim — lim— calculate lim| —
x—>0" X x—l x i\ x
5

Y




The limit lim In x = —c0 shows that the line OY with equationx =0 is the ver-
x—0"

tical asymptote. This means that as the independent variable x takes values

approaching O from the right, the graph of the function approaches the line of

equation x =0 without intercepting. In other words, the dependent variable y
takes “bigger and bigger” negative values.

Then, lim In x =+, which implies that there is no horizontal asymptote.

X—>+00

The lir? In x does not exist because values closer to O from the left are not

included in the domain of the given function.

The graph of the logarithmic function f:R" > R, f(x) =log,(x), a >1 has the
following characteristics:

— The domain is ]0,+c[ and f'(x) is continuous on this interval.
— Therangeis R

— The graph intersects the x —axis at (1,0)

- As x>0,y —>—x,s0 the line of equationx=0 (the y- axis) is an
asymptote to the curve.

— As x increases, the graph rises more steeply for x €[0,1] and is flatter

for xe[l,+oo[ .
— The logarithmic function is increasing and takes its values (range) from
negative infinity to positive infinity.

Example
Let us consider the logarithmic function y =log,(x —3)
a) What is the equation of the asymptote line?
b) State the domain and range
c) Find the x— intercept.
d) Determine another point through which the graph passes

e) Sketch the graph



Solution

a) The basic graph of y =log, x has been translated 3 units to the right, so the
lineL=x=3

is the vertical asymptote.

b) The function y =log,(x—3) is defined for x—3>0
So, the domain is ]3,+o[ .The range is R

c) The x-intercept is (4, 0) since log,(x-3)=0=x=4

d) Another point through which the graph passes can be found by allocating an
arbitrary value to x in the domain then compute y.

For example, when x =4,y =log,(4-2) =log, 2=1 which gives the point(4,1).
Note that the graph does not intercept y-axis because the value O for x does not

belong to the domain of the function.

The graph of y= 1 (x)=1log,(x—3)
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Application activity 1.1.3

1) Given the logarithmic function y = —1+In(x+1),

i) Find equation of asymptote lines (if any)?

i) State the domain and range

i) Find the x— intercept

iv) Find the y— intercept

v) Determine another point belonging to the graph

vi) Sketch the graph

2) Sketch the graph of the logarithmic function of base a withO0<a<1.

Precise the characteristics of the graph.

1.1.4 Differentiation of a logarithmic functions

Activity 1.14

Let f(x)=Inx

a) Find f(x+h) and f(2+h)

b) Complete the following table

In(2+h)—In2

h

—-0.1

—-0.001

—0.00001

0.1

0.001

0.00001




From the results found in the above table approximate the value of

. In(2+h)—In2
f'(2)= hm% and deduce the expression of f'(x).

h—0

Based on your existing knowledge, provide any interpretation of the number

1'@).

The definition of derivative shows that if y =1In x,

1
In(x+h)-1 0
y = lim ) nx:limln(ﬁh]h

h—>0 h h—0 X

N " 1
= hmln(1+ﬁjh = ]nhm(l.pﬁ}h =lne* :l
h—0 X h—0 X X

Then, the natural logarithmic function y =Inx is differentiable on ]0,+oo[ and
d 1
—(nx)=—
dx( ) X (x>0)

Using the formula of base change,

d . . .
d—(loga x) = for any base a provided the conditions are fulfilled.
X

x.lna
In the more general form, if u(x) is any differentiable function such that

u(x)>0 4 _ 1
" odx [lnu(x)] u(x)
u'(x) u'(x)

d 1 B
E[loga M(X)]_ u(x)x Ina u(x).lna

xu'(x) = u'(x)

= u(x) and

Example

1. Differentiate each of the following functions with respect to *
a) f(x)=In(x’+3x-4)
b) f(x) =x"Inx
c) y=log, (SXS)

2. Find the slope of the line tangent to the graph of V= log,(3x+1) at x=1



Solution
1) Differentiation

’ 2
a) i1n(x3+3x—4)= . (x* +3x-4) L
dx x +3x—-4 x +3x—-4

b) i(x2 lnx)=1nxix2 +xzilnx:lnxx2x+x2xl=2xlnx+x
dx dx dx X

d 3\ _ d ln5x3 =Li In5+31
©) ElogZ(Sx )_E( In? ] In2 dx(n )

=L(iln5+—(3lnx)j=L 0+3ilnx
In2\ dx x In dx

_ b g o3

In2 x xIn2
dy

2. To find the slope, we must evaluate ;- at x =1
ilog2(3x+1)=i(ln(3x+l)j= ! i(ln3x+1):;
dx de\ In2 In2 dx (3x+l)ln2

By evaluating the derivative at x =1, we see that the tangent line to the curve
at the point (1:102,4)=(1,2) has the slope

3 3

42 Inl6’
Application activity 1.1.4

1. Differentiate y =1In /i-'_—x with respect tox.
—

2. Anairplane takes off from an airport at sea level. If its altitude (in kilometres)
at time ¢ (in minutes) is given by 2 =20001n(#+1), find the rate of climb at
time# =3min.

dy
dx




1.1.5 Application of derivative to the variation of a loga-
rithmic function

Activity 1.1.5

Given two functions f(x)=Inx and g(x)=log,, x

1) Compare f(2)and f(10),g(2)andg(10)to verify ~whether those
functions are increasing or decreasing on [2,10].

2) Use the tables of signs for f"(x)and g'(x)to establish the intervals of
variation of those functions.

3) Which function f or g is increasing or decreasing faster than another on
[2,10]?

4) Evaluate the second derivative 1" (x)

5) Use the tables of signs for /" (x)=(f"'(x))' and discuss the concavity of
the function f(x).

The logarithmic function f(x)=log,x , a>0,a+#1varies in the following
way:

Forx>0,if f(x)=log,x ,then
, 1
f'(x)=

xlna
a)lf a>1, Ina>0 then f'(x) is always positive. Thus f(x)=log, x is strictly

increasing on R,".

The sign of f'(x) depends therefore on the value of the base a.



Variation table for y = f(x)=log, x for a>1

by 0 1 a +

+a

—0

b)If 0<a<1, Ina<0. Therefore f'(x) is always negative.

Thus f(x)=log, x is strictly decreasing on R, . This implies the absence of
extrema (maxima or minima) values.

Table of variation for y = f(x)=log, x for 0<a <1

X 0 a 1 +

+C

Example
Discuss variations of the logarithmic function f'(x)=x—-Inx.
Solution

f(x)=x—Inx is defined forall x>0

f’(x):di(x—lnx)zl—l

X X



) 1
f'(x)=0e1-—=0

@lzlcle
X

If x=1, y=f(1)=1-In1=1, thus(1,1) is a point of the graph.

It means that f"(x)is positive.

Variation table of y= f(x)=x—Inx

X 0 1 +00
A - 0 +
f(x) |+ + + +

+00
g \ B

From the table, one can observe that the function is decreasing for values when
x lies in] 0, 1] and increasing for x greater than 1. The point (1,1) is minimum or
equivalently the function takes the minimum value equal for x=1. The minimum
value that is equal to 1 is absolute.



There is no inflection point, and the graph curves up/turns up.

[

hf

y=flr)=x—Ina

Limits involving indeterminate forms

1. Evaluate lim ln_x: 0

Solution

lim Inx takes indeterminate form ——. Apply Hospital rule:
e 0]

X—>+00 x

fim ¥ _ i X~ im L =0

x>+t x

2. Evaluate lim



Solution

In(1+
lim M (indeterminate form 9).
x—0" X 0
In(1+
fim PO L
x—0" X x=0" 1+ x

Application of derivative of a logaritmic function in solving various
problems

Derivative of logaritmic functions can be used to solve various types of problems.
For example in the fields of earthquake measurement, electronics, econonomic
and finance.

Example

A cessna plane takes off from airport at sea level and altitude in feet at time t in
minutes is given by /=20001In(z+1). Find the rate of climb at time t=3minutes.

Solution

We need to find the first derivative

2 (20001n(r +1))
dt
At t=3
We have £(2000In(¢ + 1)) = 2220
dt t+1
V=w=w=500feet/min
3+1 4

The required rate of climb is 500/ min

Application activity 1.1.5
In(x-2
1) Discuss the variations of the function f(x)= i_z )



1.2 Exponential functions

1.2.1 Definition and domain of definition of Exponential

functions

Activity 1.2.1

1. Let f(x) = and g(x) denotes the inverse function of f(x).

i. complete the following table:

X

0

1

gx)=f"(x)

Discuss and find out the set of all values of g(x)

2. Consider the function %(x)=3" and complete the following table

X

-10

-1

0

1

10

h(x) =3"

Discuss whether Vx e R,/ (x)eR and deduce the domain of 4(x)

a) Discuss whether h(x)can be negative or not and deduce the range of

h(x)

Remember that for a > 0,a # 1 the logarithmic function is defined as

log:R; >R or x—> y=log, x.

The inverse of logarithmic function is called exponential function and defined

as: exp, :R > R : x> y=exp, x. For simplicity we write exp, x=a".

Therefore a* =y if and only iflog, y=x.

Obviously, the domain of the exponential function y= f(x)=a" is -0+

and its range is]0,+oo[. In the expressiona® = y, ais the base, x the exponent
and y the exponential of x in base a.

Generally, if u(x) is a defined function of x, the function f(x)=a"") has the



range ]0,+oo[ and its domain is the domain of u(x).

Similarly to logarithmic function, if the base “a” is the number “e”, we have

exponential function y =¢* as the inverse of natural logarithm y =Inx.

Example 1

Determine the domain and the range of the function

f(x)=3%
Solution

Condition for the existence of Vax inR: x20
Thus, Domf =[0,+%[ and the range is [L, +oo
Example 2

Find the domain and the range of f(x)=2"*
Solution

Condition: x>0

Thus, Domf = 10,+oo[ and the range is is |0, +o0] .
Example 3

Find the domain and the range of /() :3%
Solution

Condition: x—2#0=>x#2

Thus, Domf =R\ {2} and the range is]0,3[U]3,+oo[ .
Example 4

Find the domain and the range of f (x)=4"""*
Solution

Condition: x* —4>0= x € [-00,-2]U[2,+]

Thus, Domf =]—o0,-2]U[2,+00] and the range is[l,+oof



Example 5

Determine the domain and the range of each of the following functions:

x+2

1. g(x)=e™
2. h(x) =V
Solution
1.Condition for the existence of iiz in R: x#3,

Therefore Dom g =R\ {3} =]—o0,3[U]3,+]

and range is 0, e[U]e, +oo[

2.Conditionx* =4 > 0 = x € |-00,—2] U2, 4] .

Thus, Dom h=]-00,—2]U[2,+[ and range is [1,+[ .
Example 6

Find the domain and the range of f'(x)= eV

Solution

Condition: x>0

Thus, Domf =[0,+o[ and range is[l,+] .

Example 7

x+1

Find the domain and the range of g(x) = e*2
Solution

Condition: x-2#0=>x#2

Thus, Domg =R\{2} and range is]0,e[U]e, +o[ .
Example 8

Find the domain of /(x) = el

Solution

Condition: x*—1>0=> x & |00, = 1] U1, +oo[

Thus, Domh = ]-0,—1]U[1,+o0[ and range is[l,+o[ .



Application activity 1.2.1

Discuss and determine the domain and range of the following functions

x+1

0/ (x)=35¢" 2)h(x)=2" 3) f(x)=3"

1.2.2 Limits of exponential function

Activity 1.2.2

1) You are familiar with the graph of f(x)=Inx. Explain in your own
words how you can obtain the graph of its inverse y=f"'(x)=e¢".

2) From the graph deduce lim e* and lim e”

X—>—00 X—>+00

m%msme]mde)

4) Generalize above results to lim a* and lim a”

X—>—0 X—>+00

It is clear that:

lime =0

x——00

and lim e' =+

X—>+0

In general:

If a>1,lim a* =0and lim a* =+

X—>—o0 X—>+00

If 0<a<l,, lima* =+wand lim a* =0

X—>+0

Examples

1) Evaluate
1

o I
a) lime ™% b) lim(éj 1 c) lim 3¢ d) lim3+

X—>0 x>\ 5 X—>—0 x—1

—_
—

Solution

. 1-4x-5x°
a)lime" "

X—>0

We know that )lci_)I{101—4x—5x2 = —©

Therefore, as the exponent goes to minus infinity in the limit and so the exponential



must go to zero in the limit using the ideas from the previous formula.

. CAy_5+2
Hence, lime ™™ =0
X—>0

b) The exponent goes to infinity in the limit and so the exponential will also need
to go to zero in the limit since the base is less than 1.

. (3 )t
Hence, hm(gj =0

x—1

1 lim L
0) lim 3" =3 =30 =
L
d) lim3*1 =31 =30

x—1

Study one side limit:

X 3ﬁ X 31
0 0.33 2 3
0.2 0.25 1.8 3.948
0.4 0.16 1.6 6.24
0.6 0.06 1.4 15.59
0.8 0.004 1.2 243
0.9 |0.00001 1.1 59049

1

lim3*! =0 and lim3*! =+
x—1 x—1

1
1

1
Hence, 1i£r113x‘1 does not exist.
X

Alternatively:

Since, limL = +o0 and lim% =—o0, apply results on

x>1" x — x> x —

lim a”* for a >1 to have:

x—>too

lim 3+ =0 and lim 3™ =+
x—1" x—1"

1 1
1

1
Hence, 1im3*! does not exist.

x—1



e—3x _ 2e$x
2) Considerf(x) T 00 _ e

Jim 1) an i 7 (5).

Solution

E Application activity 1.2.2

For each given function, evaluate limit at +oo and -oo

6x%+x

1. f(x) =¥ 2. f(x)=e 5

3. f(x)=2e" —e " —10e"

e—3x _ 2eSx

968)6 _ 7673)(

5.f(x)=

4. f(x)=3e" -8 —

—-, evaluate each of the following:

10x
e



1.2.3 Application of limits to determine the continuity and
asymptotes of exponential functions

Activity 1.2.3

Given the function f (x) = 2%°%,
a. Find the domain and range of f (x) .

b. Determine lim f'(x) and deduce the equation of horizontal asymptote
for the graph.

c. Evaluate the value of f(x) for x=0 and deduce y- intercept

d. Determinelimf(x)and lim M

X—>0 X—>—00 X
e. Evaluate lirgl f(x) and lim f(x). Discuss the continuity of this
—0" x—0"
function at x=0.

f. Sketch the graph of f(x)

Fora>0,a#1, the exponential function f (x) = a* is continuous on R and
takes always nonnegative values. Its graphs admits the line of equation y
= 0 as horizontal asymptote and intercepts y-axis at (0, 1). The function f is
increasing from O to +o if a is greater than 1 and decreasing from -+ to 0 if
a is smaller than 1. The function is the constant 1 if a=1 and its graph is the
horizontal line of equation y=1.



Graphs of g(x)=5"", f(x):(gj and P(x)=1"

-2

Example
Let f(x)=3""-1.

Find the domain, range and equation of the horizontal asymptote of the graph of
f . Precise intercepts (if any) of the graph with axes. .

Solution

The domain of f is the set of all real numbers since the expression x+1 is

defined for all real values. To find the range of 1, we start with the fact that
3**1 > 0 as exponential function.

Then, subtract 1 to both sides to get 3" —1> 1.

Therefore, for any value of x, f(x)>—1. In other words, the range of fis
1=1,00[

As x decreases without bound, f(x)=3"" -1 approaches -1, in other

words lim f'(x)=-1. Thus, the graph of f has horizontal asymptote the line

x>0



of equation y =—1. To find the x intercept we need to solve the equation
f(x)=0.

Thisis 3" -1=0.

Solving yields to x = —1. The x- intercept is the point (-1, 0).

The y- intercept is given by (0O, f (0)) = (0, 3©+" - 1) = (0, 2).

Extra points:

(-2, £(-2)) = (-2,32+V-1) = (2, -4/3)

(-4, £(-4)) = (-4,3%+V - 1) = (-4, -26/27)

We can now use all the above information to plot f(x) =3"*" -1

61Y

5

B=(0,2)

C = (-4, -0.96) B y=—1

Application activity 1.2.3

Given the function f'(x)=2"+1

a) Determine domain and range.
b) Write the equation of horizontal asymptote of the graph.
c) Find the x and y intercepts of the graph if there are any.

d) Sketch the graph of y= f(x)=2"+1



1.2.4 Differentiation of Exponential functions

Activity 1.24

Given functions f(x)=¢" and g(x)=2"

1. Determine the inverse of f(x) and g(x).

2. Use the derivative of logarithmic functions p(x)=1nxandk(x)=log, x,
then apply the rule of differentiating inverse functions to find the derivative

of f(x)=¢e"and g(x)=2"

The derivative of  f(x)=e"is noted by df; ) _ e or f(x)=¢".
'

If u is a function of x, the derivative of y=e“" is

yl — d(e;(ﬂ j — eu(x) dl’;(x) — Z/lleu()c) .
X X

Thus, (e” )’ =u'e".

The derivative of g(x)=a" is g(x)=a"Ina.

Therefore, if u is a function of x, the derivative of g(x)=a"

g(x)=u'(x) a“lna
Example

Find the derivative of the following functions

1) f(x)=€~ 2) y=e*
Solution:
1) f'(x)=(55%)¢" =10xe™ 2) y' =4de"

(x) is



Application activity 1.2.4

1. Given the function f(x) = 4"
Find f '(x) the derivative function of f(x)

2. Find the derivative of each of the following function

4x+2

() f(x)=10* (b) f(x)=xe " (c) f(x)=

X

1.2.5 Application of derivative to determine the continuity
and the variation of exponential functions

Activity 1.2.5

Given two functions f(x)=2" and g(x)=0.5"

1) Compare f'(1)and £(10) to verify whether the function f'(x)is
increasing or decreasing on the interval[1,10];

2) Compare g(1)andg(10)to verify whether the functiong(x)is
increasing or decreasing on the interval[1,10];

3) Use derivatives  f (x)and g'(x) to discuss the variation of each
function;

4) Plot the graphs of f(x) and g(x).

5) Explain in your own words the variations of exponential function.

a) Variations of exponential functions

The function g(x)=a",a>1 defined on R is always increasing. When0 < a <1
, the function g(x)=a" is always decreasing. This means the exponential

functions g(x)=a" does not have extremum (maximum or minimum); this
means that the function increases or decreases “indefinitely”.



f(x)

Example

Given the function f(x) = xe"

i) Find the derivative of f(x)=xe"
i) Solve f'(x)=0
ii) Discuss extrema of the function.
iv) Establish the table of sign of f'(x) and variations of f(x)
v) Plot the graph of the function.
Solution
I. The domain of the function is R.
The derivative of f(x)=xe"is defined by

f(x)=e" +xe" :(1+x)ex

i, fi(x)=0 if x=—1
i) Sign table for f(x)

There is need to find limit of the function at the boundaries of the domain:
lim xe* =0 and lim xe* = +o0.

X—>—00 X—>+0
The limit at —oo tells us that line of equation y =0 is an horizontal asymptote
when x is taking “indefinitely” negative values.



Jix) - 0 + +
J(x) 0 +0

1 .
Therefore, f(x) is decreasing from 0 to -— on the interval ]-oo,-1] and
e

1
increases from s to +o0 on [—1,+[. The function has minimum (absolute)

1
equal to —— when x=-1.
e

Note: Using a calculator, one can complete a table of additional values of f(x)
which facilitate to plot the graph.

v. Graph of f(x)=xe"

b) Application of derivatives to remove indeterminate form 0°,1% and «°

These indeterminate forms are found in functions of the form y = [f(x)]g(x).



To remove these indeterminate forms we change the function in the form

y=[f@]" = et

Also lim ef(x)mg(x) _ elig}cf(x)lng(x)

x—k
Example
a) Show that lim x* =1
x—0"
Solution

limx"=0" (IF)

x—0"

lim xInx
lim x* = lim ™ = e~
x—0* x—0"
lim xInx (Oxo [F)
x—0"
lim xIn x = lim 2% (2 77
x—0" x—0* l o0
X
1
lim Inx_ lim —X— = 0 (Hospital rule).
x—>0" l x—>0" _i
X x’

Finally, lim x* =1

x—0*

b) Show that lim (1+lj =e

X—>+00 x
Solution
. 1Y .
lim (1+—j (1 ]F)
X—>+0 X

X—>+00 X X—>+00

lim (1 +l)x = lim e"‘“(‘%) _ ]



But,

i ln(l + 1) 0
lim xln(1+—) = lim —— X/ (— IF)
X—>+0 X X—>+0 0

X
ln(1+lj L
. X . x2 .
}gﬁof = xll)rgo 1 N (Hospital rule)
R
X X x
= lim B 1

x+1
c) Show that lim (L} =1.

-1 x+1
Solution
1 x+1
lim (—j (0 IF)
x>-1\ x+1
x+1 1 |
(x+1)In| — lim (x+1)In =
= lim (Lj = lime [m] _ o [ 1]
x——1 X+ 1 x——1
1 In (llj _L
Or lim(x+1)In| —— | = lim —X"/ — fim —X*+1__ 0 (Hospital rule).
x—>—1 X+ 1 x—>—1 L x——1 . 1
x+1 (x+1)°

x+1
Finally, lim (Lj =e’ =1
x—>-1\ x+1



Application activity 1.2.5

2

1) Given the function f(x)=xe"

a. Find the first derivative of f(x)

b. Establish the table of variation of f(x) and deduce whether f(x)
is increasing or decreasing and write down the interval where the
function is increasing or decreasing

2) Evaluate the following limits

X

a) lim— b) lim xe*

x> o* — 9 X—>—00

1.3 Applications of logarithmic and exponential functions
in real life

Logarithmic and exponential functions are very essential in pure sciences,
social sciences and real life situations. They are used by bank officers to deal
with interests on loans they provide to clients. Economists and demographists
use such functions to estimate the number of population after a certain period
and many researchers use them to model certain natural phenomena. In the
following paragraphs, we are going to develop some of these applications.

1.3.1 Interest rate problems

Activity 1.3.1

An amount of 2 000 dollars is invested at a bank that pays an interest rate
of 10% compounded once annually. Find the total amount at the end of ¢
years by proceeding as follows:

Complete the table below:

At the end of The total amount

The first year 2000+0.1(2000)

=2000(1+0.1)

The second 2000(1+0.1)+0.1[2000(1+0.1)]
year =2000(1+0.1)?

The third year 2000(1+0.1)... + ...= 2000(1+01)3




The fourth year
The fifth year

The " year

If a principal P (the money you put in) is invested at the bank on interest rate rfor a
period of t years, then the amount A (how much you make) of the investment can
be calculated by the following generalised formula of the interest rate problems:

- A=P(1+r) Simple interest for one year

. nt '
- A=P 1+; Interest compounded " times per year
- A=Pe" Interest compounded continuously.

Compound interest

a.1 Discrete compound interest

If you put money in a savings account then the bank will pay you interest (a
percentage of your account balance) at the end of each time of period, typically
one month or one day.

For example if the time of period is one month this process is called Monthly
compounding. The term compounding refers to the fact that interest is added
to your account each month. If it is one day is called daily compounding. The
exponential model that describes this situation is called discrete compounding
interest formula.

A=F, (1+£] Where A4 is total amount at the end of periods of time, F, is the
n

principal amount, 7 is the number of times that the interest is compounded, r

is the interest rate per period, is the time.
Examples:

1. If the principal money is $100/ the annual interest rate is 5% and the interest
is compounded daily. What will be the balance after ten years?

Solution:

Let B, =100,7 =5% =0.05,n =1year =365days and t =10



365%10
P(t)= 100(1 +@J
365

=164.87

After 10 years balance will be $164.87

2. An amount of 500 000 FRW is invested at a bank that pays an interest rate
of 12% compounded annually.

a) How much will the owner have at the end of 10 years, in each of the
following cases®

The interest rate is compounded:
(i). once a year.
(ii). Twice a year

b) What type of interest rate among the two would the client prefer? Explain
why.

Solution
a) (i). For once a year, at the end of 10 years the owner will have
A=P(1+7r) =500000(1+0.12)"
=500000(1.12)"" =1552924.10Frw

(ii). For twice a year, at the end of 10 years the owner will have

A=P(l+ g)zf = 500000(1 +%)2“°>

=500000(1.06)*" =1603567 Frw

b) Since1603567 >1552924.10, the client will prefer compounding many times
per year as it results in more money.

a.2 continuous compound interest

If we start with discrete compound interest formula and let the number of times
compounded per year approachesc, then we end up with what is known
as continuous compounding then the balance at time t years is given by
A= PRe" where F,is the principal amount, ris annual interest and time tyears.



Example

If the principal money is $10,000 the annual interest rate is 5% and the interest
is is compounded continuously. What will be the balance after 40 years?

Solution:
P, =10,000,7 =5%=0.05,1=40
P(40)= 10000e"°" = 73890.56

The balance after 40 years is $73890.56.

Application activity 1.3.1

Your aunt would like to invests 300 000 FRW at a bank. The Bank | pays
an interest rate of 10% compounded once annually. The Bank Il pays an
interest rate of 9.8% compounded continuously. Your aunt will withdraw the
money plus interest after 10 years.

At which bank do you advice your Aunt to invest her money so as to get
much money at the end of 10 years?

1.3.2 Mortgage amount

1) Go to conduct a research in the library, on internet or conduct a
conversation with a bank officer to write down the meaning of the
following when you get a loan from the bank:

. the periodic payment P

ii. the annual interest rate r

iii. the mortgage amount M

iv. the number t of years to cover the mortgage
v. the number n of payments per year.

vi. Among all these elements/components, what is the most useful for
the client to be informed about by the bank once he/she is given the
mortgage loan ?



2) Your elder brother is newly employed at a company and earns 500 000
FRW per month. He would like to know if he can afford monthly payments
on a mortgage of 20 000 000 FRW with an interest rate of 6% that runs
for 20 years. Given that the quantities above are governed by the relation

™
P= . —nt
1—(1+’"j
n
Show your brother that he can afford the monthly payments by determining
the following:
i. the monthly payment, that will be retained at the bank
ii. The balance that your brother can withdraw each month from the bank
iil. How much interest your brother will pay to the bank by the end of 20

years

When a person gets a loan (mortgage) from the bank, the mortgage amount M,
the number of payments or the number t of years to cover the mortgage, the
amount of the payment P, how often the payment is made or the number n of
payments per year, and the interest rate r, it is proved that all the 5 components
are related by the following formula:

™
n

1—(1+rj
n

The payment P required to pay off a loan of M Francs borrowed for n payment
periods at a rate of interest i per payment period is

P=M % where izi.
1—(1+i) n

Example

1) A business woman wants to apply for a mortgage of 75 000 US dollars with
an interest of 8% that runs for 20 years. How much interest she will pay over
the 20 years?



Solution

Substituting for M=75 000, r =0.08, t=20,n=12 in the equation

M (0.08)(75000)
T 12
P :#ﬁm, we have = 0.08 ) (2 =627.33
1-[1+7 1—(1+'j
n

Each month she will be paying 627.33 US dollars.

The total amount she will pay is 627.33x12x20 US dollars =150559.2 US
dollars

The interest will be (150559.2-75000) US dollars = 75559.2 US dollars.

2) What monthly payment is necessary to pay off a loan of $800 at 10% per
annum.

(@) In 2 years? (b) In 3 years?
(c) What total amount is paid out for each loan?
Solution
(a) For the 2-yearloan, M =$800, n=24, andi :0'—10. The monthly payment
y > y pay
Pis 1
0.10

P=M|——|=800 12 1-36.9
1-(1+1) 0.10
-1+

12

(b) For the 3-year loan, M =$800, n=36, andi :%. The monthly

payment P is

(c) For the 2-year loan, the total amount paid out is (36.92)(24) = $886'08;

For the3-year loan, the total amount paid out is (25.81)(36) = $929.16.



3) A certain family has just purchased a $300,000 house and has made a down
payment of $60,000. It can amortize the balance ($3000, 000-$60, 000) at 6%
for 30 years.

(a) What are the monthly payments?
(b) What is their total interest payment?

(c) After 20 years, what equity does it have in the house (that is, what is the
sum of the down payment and the amount paid on the loan)?

Solution

(a) The monthly payment P needed to pay off the loan of $240,000 at 6% for
30 years

(360 months) is

0.06
i

P:M{—n}=$240,000 12 -51438.92
1—(1+i 0.06
1 14—
( 12 j

(b) The total paid out for the loan is($1438.92)(360) =$518,011.20.

The interest on this loan amounts 10 $518,011.20 —$240,000 = $278,011.20.

(c) After 20 years (240 months) there remains 10 years (or 120 months) of
payments.

The present value of the loan is the present value of a monthly payment of
$1438.92 for 120 months at 6%, namely,

0.06

-120

1—(1+j

}=$1438.92 12 =$129,608.49

|_0.06
12

1-(1+4)"

1

M:p{

The amount paid on the loan is

(Original loan amount) - (Present value) =$240,000-%129,608.49 =$110,391.51

The equity after 20 years is
(Down payment )+( Amount paid on loan)=$60,000+$110,391.51=$170,391.51



NOTE:

This equity does not include any appreciation in the value of the house over the
20 year period.

The table below gives a partial schedule of payments for the loan. It is interesting
to observe how slowly the amount paid on the loan increases early in the
payment schedule, with very little of the payment used to reduce principal, and

how quickly the amount paid on the loan increases during the last 5 years.

Payment Monthly Amount Paid
Number Payment Principal Interest on Loan
1 $1,438.92 $ 23892 $1,200.00 $ 23892
60 $1,438.92 $ 320.67 $1,118.26 $ 16,669.54
120 $1,438.92 $ 43253 $1,006.39 $ 39,154.26
180 $1,438.92 $ 58342 $ 855.50 $ 69,482.77
240 $1,438.92 $ 786.94 $ 651.98 $110,391.39
300 $1,438.92 $1,061.47 $ 37745 $165,570.99
360 $1,438.92 $1,431.76 $ 7.16 $240,000.00

A bank can offer a mortgage at 10 % interest rate to be paid back with
monthly payments for 20 years. After analysis, a potential borrower finds that
she can afford monthly payment of 200000FRW. How much of mortgage

can she ask for?

Application activity 1.3.2




1.3.3 Population growth problems

Activity 1.3.3

Analyse the graph below showing the number of cells recorded by a student
in a biology laboratory of his/her school during an experiment as function
of time?.

M

a) Complete the table below:

Time t(minutes) o |1 2 |3 |4
Number of cells

b) Given that N(¢) = N,e", where N (1) is the quantity at time t, NO is the
initial quantity and k is a positive constant, what is the value of N ?
Predict the number of cells after 5 minutes.

c) What happens to the number of cells as the time becomes larger and
larger? Is the number of cells growing or not? Explain your answer

If P, is the population at the beginning of a certain period and 7% is the constant
rate of growth per period, the population for n periods willbe p = p, (1+r)” .

This is similar to the final value (F) of an initial investment (A) deposited for t
discrete time periods at an interest rate of 1% which is calculated using the

formula F = A(1+i)



To derive a formula that will give the final sum accumulated after a period of
continuous growth, we first assume that growth occurs at several discrete time
intervals throughout a year. We also assume that 4 is the initial sum, r is the
nominal annual rate of growth, n is the number of times per year that increments
are accumulated and y is the final value. This means that after ¢ years of growth
the final sum will be:

t
r
yv=A|1+—
n
Growth becomes continuous as the number of times per year that increments
in growth are accumulated increases towards infinity. When” = % we get

X—>0 X—0 n

t
lim y = limA(1+£) = 4e"

This is similar to N(t) = N,e" where Aand N,,7 and k take respectively the
same meanings.

Therefore, the final value 4(?)of any variable growing continuously at a known
annual rate” from a given original value 4, is given by the following formula

A(t)=A4,e"
Example

1. The number of bacteria in a culture increases according to an equation of

the type N(t)= N,e" Given that the number of bacteria triples in 2 hours,
a. find an equation free of N, and solve the equation for k

b. How long would it take for the number of bacteria to be 5 times the initial

number?
Solution
a) N(2)=3N, <3N, =N, & * =3=2k=In3 k= % = 0.5493
b) SN, = N,"™™ e %% =52 =155 g3
0.5493

It will take 2.93 hours for the number of bacteria to be 5 times the initial number.

2. Population in a developing country is growing continuously at an annual rate
of 3%. If the population is now 4.5 million, what will it be in 15 years’ time?



Solution

The final value of the population (in millions) is found by using the formula y = 4e”
and substituting the given numbers: initial value A = 4.5; rate of growth r = 3%

= 0.03; number of time period’s t = 15, giving y = 4.5¢""" = 7.0574048 million

Application activity 1.3.3

1. The population of a city increases according to the law of uninhibited
growth. If the population doubles in 5 years and the current population is
one million, what will be the size of the population in ten years from now?

2. A country economy is forecast to grow continuously at an annual rate of
2.5%. If its Gross National product (GNP) is currently56 billions of USD,
what will the forecast for GNP be after 1.75 years (at the end of the third
quarter the year after Next)?

3. One town of a given country had a population of 11,000 in 2000 and
13,000 in 2017.

Assuming an exponential growth model, determine the constant rate of
growth per year



1.3.4 Problems about alcohol and risk of car accident

1. a) Discuss the danger of excess for alcohol taken by the drivers.

b) The following graph shows the risk of a car accident with respect to the driv-
er's blood concentration of alcohol:

1

i. What is the risk when there is no alcohol in the blood? Why is that risk
not 07

ii. Comment on the variation of the risk with respect to the concentration
of alcohol in the driver’'s blood.

c. Write down approximately the type of the equation that can be used to
model the risk.

Science shows that the concentration of alcohol in a person’s blood is
measurable. Recent medical research suggests that the risk R (given as a
present) of having an accident while driving can be modelled by an equation of

the type R(x)=R,“ where x is the variable concentration of alcohol in the
blood and k is a constant.

Example

The risk R of having an accident while driving is modelled by the equation
R(x) =2€", where xis the concentration of alcohol in the driver's blood.



Suppose that a concentration of alcohol in the blood of 0.06 results in 4% risk
(R=4) of an accident.

a. Find the value of the constant k in the equation R(x) = 2¢™
b. Using this value of k, what is the risk if the concentration of alcohol is 0.087

c. Using the same value of k, what concentration of alcohol corresponds to
a risk of 100%"?

d. If the law stipulates that anyone with a risk of having an accident of 10% or
more should not drive, at what concentration of alcohol should the driver be
arrested and charged?

Solution:

a. From the equation R(x)=R,e", substituting,

4=26"" < " =2=0.06k=In2 < k= % =11.552453

b. The equation becomes R(x) = 26" Now,

R(0.0S) — 26(11.552453)(0.08) — 5.0

Therefore, the risk is 5%

5o
11.552453

C. 100 — 261].552453)6 P 611.552453x — 50 = x

Application activity 1.3.4

Suppose that the risk R of having accident while driving a car is modelled
by the equationR(x) = 4¢**.Suppose the concentration of alcohol of 0.05
results in 8% of risk of accident, what is the risk if the concentration is
0.18 and what concentration yields to 100% of risk of accident.



. Determine the domain and range of the following functions

a. f(x)=log, (3x—2) b: f(x)=ln(x2 _1)
c. f(x)=2e"" d. f(t) _ g3t
. Evaluate each of the following limits and give the equation of the asymptotes
if any
a) )}g(l)l % b) xlirgo (3+x’Inx)

. Differentiate with respect to x the following functions

x* -4 _l 2x+5
x+2 b)h(x)—3(4 )

a) f(x)= log,

. Carry out a research in the library or on internet and explain at least 5

applications of logarithmic or exponential functions in other human sciences.

. The population of the world in 1995 was 5.7 billion, and the estimated

relative growth rate is 2% per year. If the population continues to grow at
this rate, when will it reach 114 billion?

. Discuss how this unit inspired you in relation of learning other subjects or

to your future. If no inspiration at all, explain why.



INTEGRATION

Key Unit competence:

Use integration as the inverse of differentiation to solve problems related to

marginal and total cost.
0 2.0 Introductory activity

Two groups of students were asked to calculate the area of a quadrilateral
field BCDA shown in the following figure:

A= (10, 10)

? f@) ==

The first group calculated the difference of the area for two triangles EDA
and ECB

A, = area(AEDA) — area(AECB), The second group with high critical thinking
skills used a function F(x) that was differentiated to find f(x) = x (which
means F'(x) = f(x) and the x-coordinate d of D and the x- coordinate c of

C in the following way:4, = F'(d) - F(c).



1. Determine the area A4,found by the first group.

2. Discuss and determine the function F(x) used by the second group.
What is the name of F(x) if you relate it with f(x) ?

3. Determine 4, the area found by the second group using F(x)

4. Compare 4, and 4,. Discuss if it is possible to find the area bounded by
a function f(x), the x-axis and lines with equation x=x, and x=x,?

2.1 Indefinite integral

2.1.1 Increment and differential of a function

Activity2.1.1

The total consumption of a company is modelled by the function
y=f(x)=4+0.5x+0.1\/;, where xis the total disposable income (one
unit representing 10° Rwandan Francs). If x =24 with a maximum error of
0.2

a. What is the consumption of the company at x=2and at x=10"7

b. If Ax is the increment of x from 2 to 10, what is the corresponding

increment Ay of the consumption of the company”? Represent
graphically this situation

c. Discuss the increment of f if x changes from x, to x; where x, > x,

d. Given that the variation of f* when x changes from x, fo x, + Ax is

Ay = f'(x,)Axdetermine the limit of Ay as Ax becomes very small

e. Represent graphically the increment on x and the increment on f

showing x, and x, and compare Ay and its limit when Ax — 0

Let be given a function y = f(x) continuous on a certain real interval. When
the variable x change from x to x+ /4 within the interval, f(x) changes from
f(x) to f(x+h). The variation inx is Ax=h while the corresponding variation



iny becomes Ay = f(x+Ax)— f(x).
The increment of y = f(x) is Ay = f(x+Ax)— f(x).
When Ax becomes very small, the change in y can be approximated by the

differential of y, that is, Ay =~ dy and Ax =dx .

The rate of change Ay _ fxt+h)— f(x)
Ax h

The increment of y = f(x) is Ay = f(x+Ax)— f(x) and can be approximated
by Ay = f"(x)Ax

means that Ay = f'(x)Ax

Therefore, dy = f'(x)dx.

The differential of a function f(x)is the approximated increment of that

function when the variation inx becomes very small. It is given bydy = f'(x)dx
£ (x) {\display style f'(x)}

Geometrically, the ratio represents the slope of the

ﬂ: S Gy +Ax) = f(xy)
Ax Ax
line AB passing through A(x,, f(x,)) and B(x, + Ax, f(x, + Ax)) as illustrated in

Figure bellow. When the change in x becomes smaller and smaller, that is Ax
approaches 0, the line L becomes the tangent line (T) to the graph at the point

(%9, /(%)) -
Ay
This means that the ratio AY becomes the slope of this tangent or equivalently

. Ay ,
lim = £'(x)



Figure 2.1: differential and increment of a function y= f(x) when x
varies to x+Ax

Mo T+ Ao

The derivative of function y = f(x) at x, is the slope of the geometric tangent line

=tanf = or _ g
AQ dx

In addition, the graph shows that dy is the change in y along the tangent line,

to the graph of the function at the point A; it is such that '

while Ay is the resulting change in y along the curve of the function.

Given the functions f and g, it is easy to show that when f and g are

differentiable functions on an interval | of R, and k € R, the following properties
hold:

a) d



Example

1) Consider the function y = f(x)=2x". lllustrate the increment of y when x
increase from 1102

Solution

1. Figure 2.2: illustration of increment of the function y = f(x) = 2x

y|= f(xe) + f (o)(x + o)

dy

This graph shows that from the point x=x, =10 x = x, =2 where the
increment is Ax=2-1=1 the function y = f(x) =2x" varies from y, = f(1)=2
toy, = f(2) =8. That means the increment of the function Ay=8-2=6 which

is different to the differential dy measured from the tangent to the graph as it
illustrated on the above figure 2.2

Application of differentials on approximation

It was highlighted above that if the variable in x changes by dx instead of

Ax , then the change for the value of the function y = f'(x) is Ay which is
approximately Ay =~ f'(x)d x.



Examples

1) The demand function of an item is modeled by the equation y :4i , Where
xthe number of units is demanded and yis the price in thousaﬁ/d?s of Frw.
Given thatx =16, with a maximum error of 2, use differentials to approximate
the maximum error in y and interpret your result.

Solution
—dx -2 1
dy = A For x=16 anddx=2, we have dy = e :—3—2=—O.03125
For 16 units demanded (x =16), with an error of 2, the corresponding price
2
y= " =1
is 16 thousand (1 000Frw), with an approximate error of 31Frw or (

0.03125x1000 =31.25Frw),

Figure 5.3: The price in thousands of Frw as function of the number of
units demanded

Price
4_
3_
T —
14
0
0 1 3 3 4 5
Number of items

X 0.5 1 2 3 4
Y 2.4 2 1.7 1.5 1.4

One can observe that as the number of demanded units increases, the price
decreases.

2) By approximately what percentage does the area of a circle increase if the
radius increases by:2% ?



Solution

The area A of a circle is given in terms of the radius rby 4= 7r’

A
AA=dA=d—:27rrdr
dr
We divide this approximation by 4 = 7z7* to get an approximation that links the rela-

tive changesin 4 and r:

MNd_A_%rrdr_zﬂ
A A r? r

~ X— = —

M_, 2 4
A 100 100

2
If » increases by 2%, then dr :—r, SO
100
Thus, A increases by approximately 4% .

Application of differentials on the calculation of error

It was proved that the increment Ay is given by Ay = f'(x)dx. When small error
dx is made on the variable x , the error made on the value of the functionf(x)

is Ay.

Examples

1) While measuring the diameter of a circular garden, Felix made an error of
0.02m. Given that he obtained 15m of diameter, estimate the error made on

the area of this garden.
Solution:
Let x be the diameter of the garden,

The error made on the diameter is dx.

2

The area of the garden is 4= dil
s

. The error made on the area of this garden

dd="%ix.
2

Then, for x=15m and dx=0.02, we have

%dx: 7.15.(0.02)

dA = m* =0.47m*



2) The deflection at the centre of a road of length / and diameter d
supported at its ends and loaded at the centre with a weight w varies as
wl*d™*. What is the percentage increase in the deflection corresponding to
the percentage increase in w,/ and d of 3,2and1 respectively?

Solution

Let the deflection of the road at the centre be D

3

potof
3
lnD:lnk:;f

=>mnD=hk+Inw+3In/-4Ind

AD Aw _Al Ad
> —=—

1320 424

D w ) d
~10022 _1002" 4 31002 _ 4x10022
D w ) d

=34+3%x2-4%x1=5%

3) While determining the volume of a cube of 7dm of edge, Anathalia committed
an error of 0.03dm’. What is the corresponding error made on the edge?

Solution:

Let x be the edge of the cube and V its volume.
We have x=7dm and dV =0.03dm’. However V =x’ and dV =3x’dx.

Therefore, 0.03 =3xdx < 0.03 =3.49dx

o dr— 0.03
3.49
dx =0.00002

The error made on the edge for the cube is 0.00002dm .



Application activity 2.1.1

1) Find the differential of each of the following function:

a f(x)=xie" b, f(x)=10%

X

2) A company designed a tank in the shape of a cube. It claims that the
side measures 4 meters, with an error of 0.02. Approximate, in liters, the
capacity of the container and use differentials to approximate the error on
the measurement of the volume.

2.1.2 Definition of Indefinite integrals

Activity 2.1.2

Suppose that three caterpillars are moving on a straight line with constant

velocityy = 2mmin~" (in meters per min).

1) Write down the position of each caterpillar at time? if their respective
initial positions are:

) 1 meter i) 2 meters iii) 4 meters.

2) If e(¢) is the position in function of time, draw the graph of e(z) for

the third caterpillar and verify whether or not €'(¢) = v(¢) where v(¢)is the
velocity.

3) In the same way:

i) Find a function F(x) whose derivative is f(x) = 2x, that is,
F(x)= f(x)=2x

ii) Discuss the number of possibilities for F(x) which are there and the
relationship among them.

iii) How do functions F(x) differ?

Anti-derivatives

Let y= f(x) be a continuous function of variable x. An anti-derivative of f(x)
is any function F(x)such that F'(x) = f(x). A function has infinitely many anti-
derivatives, all of them differing by an additive constant. It means that if F(x)is
an anti-derivative of f(x), F(x)+c (where cis an arbitrary constant) is also an



anti-derivative of function f(x).

Example

Given the function f(x) = xInx —x,
a) Find the derivative of f(x)

b) From the answer in (a), deduce the anti-derivative of g(x)=1nx whose
graph passes through point(e,1). Plot the graph of the function g and its
anti-derivative on the same rectangular coordinate.

Solution:

a) f'(x)=(xInx—x)' =Inx

b) The anti-derivatives of g(x)=In xare of the type F(x)=xInx—x+c
F(e)=elne—e+c=1<c=1

Therefore, the required anti-derivative is F(x)=xInx—x+1

The figure below shows function g(x) =Inx and three of its anti-derivatives.

Figure 5.2: Graph of the function f(x) =Inx and 3 of its anti-derivatives

1Y hix)=xlnx-x+1, 4

g{x)=xInx-x-1

f{x)=Inx

k(x)=xlnx-x

Indefinite integrals

Let y = f(x) be a continuous function of variable x. The indefinite integral of
f(x) is the set of all its anti-derivatives.

If F(x)is any anti-derivative of function f(x), then the indefinite integral of f(x)
is denoted and defined as follows:



jf(x)dx =F(x)+c where c, an arbitrary constant is called the constant of
integration.

Thus, jf(x)dx = F(x)+cif and only if [F(x)+ c]'=F (x)= f(x).
The process of finding the indefinite integral of a function is called integration.

The symbol J. is the sign of integration while f(x) is the integrand. Note that
the integrand is a differential, dx shows that one is integrating with respect to
variable x .

Example
Evaluate the following indefinite integrals:
1
Sdx ‘dt —dx wh >0
a)_[ b) Ie C)Ixxw ere x

Solution:
a) ISa’x =5x+c

b) J.e’dt:e'+c

c) Ildx=lnx+c for x>0,
X

Application activity 2.1.2

Evaluate the following integrals

a) dex b) I3xdx c) Ixzdx

2.1.3 Properties of Indefinite integrals

Activity 2.1.3

Let f(x)=5 and g(x)= 1
X
a) Determine If(x)dx and Ig(x)dx
b) Evaluate I(f+g)(x)dx

c) Compare J(f+g)(x)dx and If(x)a’x+_[g(x)dx



Let y = f(x) and y = g(x) be continuous functions and k a constant. Integration
obeys the following properties:

J-kf(x)dx = kJ.f(x)dx : The integral of the product of a constant by a function is
equal to the product of the constant by the integral of the function.

j[ () g(0)}dx = j F(x)dx+ j g(x)dx : The indefinite integral of the algebraic
sum or difference of two functions is equal to the algebraic sum or difference of
the indefinite integrals of those functions.

The derivative of the indefinite integral is equal to the function to be integrated.
d

— x)dx = f(x

-] fde=f (o)

Examples

1. Determine whether the following is correct or not. In any case explain your
answer:

Ixexdx = xj.exdx =xe" +c¢
2. Evaluate:

a) _[(3?52 +4x-5)dx  b) J-8e’2xdx c) I(32x —l)dx, where x>0
X
Solution:

1. J.xe"dx = xj e“dx = xe" +c is not correct because the variable * is
considered as a constant

2. a) J.(?vc2 +4x—5)dx = x> +2x" -5x+c

b) I8e‘2xdx =—4e > +c

21 1
0 [6 EEAARETE
Note that: integration is a process which is the inverse of differentiation. In
differentiation, we are given a function and we are required to find its derivative
or differential coeffient. In integration, we are to find a function whose differential
coeffient is given.

e —Inx+c

The process of finding a function is colled integration and it reverses the
operation of differentiation.



If the function F( )is an antiderivative of the function f(x) , then the expression
+C is called the indefinte integration of f(x)and is usually denoted by
jf

..dx means the ntegral of...with respect to x. For indefinite integrals, we
get a complete integral by adding an unkown constant.

E Application activity 2.1.3

1. Evaluate:

a. I(x3 +3\/;—7)dx

b. J.(4x—12x2 +8x—9)dx c.
J-(iz +e " - g)a’x
x x

1 4
J.(x3_2)dx:Zx —2x+c
Jx3dx 1, ’

3
=2
2. A student calculated _[x—3dx as follows:
X

which is not correct.

Show the mistake and suggest the correct working step and solution.

dy X
3. Function y = f(x) is such thatd—=x _
y=f(x) X

. Find the expression of

==

4. In Economics, if /(%) is the total cost of producing * units of a certain

item, then the marginal cost is the derivative, with respect to X, of the
total cost.

Given that the marginal cost is)M (x) =1+ 50x — 4x?, graph f(x) and
M (x) on the same diagram.



2.2 Techniques of integration

2.2.1 Basic integration formulae

Activity 2.2.1

2x+1
Discuss how to calculate Iszdx and Ix—+dx

X +x+4

What formula that can be used to find these integrals?

Given any anti-derivative F' of a function 1, every possible anti-derivative of f
can be written in the form of F(x)+c, where cis any constant

This means that when you remember formulae used to differentiate some
functions, it is easy to determine integrals. Roughly speaking, the integration is
backward of the differentiation.

List of some basic integration formula

1. If k is constant, jkdx=kx+c

1 .

2. jx”dx =——x""+¢ ,where n#-1, n is a constant
n+l

b+1

3. If b#-1, and u a differentiable function , Iubdu . +c

b+1
- 1
4. By definition, Ix ldx = J;dx =In|x|+c¢ for x nonzero

5. jexdx =e" +c , the integral of exponential function of base ¢

X

6. |fa>0anda¢1,jaxdx:“ ‘e
Ina
b 1 nx+b
nx+d — +c
" Ia * n Ina
8. j—f (x)dx:1n|f(x)|+c
S (x)
9. |fa;"&0,l dx =lln|ax+b|+c
a’ax+b a
+b n+l
10. ”a¢Oa”d”¢_1aj(aX+b)”dx=u+c
a(n+1)



11. J ! dx = ! —+c, wheren # -1
(ax+b)" a(-n+1)(ax+b)"

dx 1 xX—a
12. =—1In +c
Ixz—az 2a |x+a

> =—1In +c
a —x 2a |la—x

13, J- dx 1 a+x

+c

:ln‘x+\/x2 +a’

14 j—dx
. Vxt+a?
15. jf'(x)[f(x)]ndx = L[f(x)]m +c¢,where n#-1

n+

Application activity 7.1

Compute the following integrals:

1. je“”dx
2. J.3xdx

3, j(S—xS)dx
. |2

VX +9

2.2.2 Integration by change of variables

Activity 2.2.2

1. Using the basic integration formula, integrate the following:

i) [x*ax i) [2x(x*+4) ar
Explain the problems faced when integrating (ii) above if any

2. Let u = x* +4 what is the derivative ofu ? Deduce dx in function of u

and discuss how to determine I2x(x2 +4)’dxusing expression ofu .

Some functions could be difficult to integrate by using anti derivatives and
basic integration formula immediately. To overcome this problem, other
techniques such as change of variable or integration by substitution could



be used. It is the method in which the original variables are expressed as
functions of other variables.

Generally if we cannot integrate Ih(x)dx directly, it is possible to find a new
variable u and function f(u) for which j h(x)dx = j F(u(x))dx = j f(u)du

The process of integration by changing variable or integration by
substitution can be described as follows:

If we have to integrate the following,
_[f(u)u'dx =F(u)+c
1. Change variable and differentiate. For example, set ! then df=udx,

2. Find out the value u and du by substituting these values into the integral
and get

Jrous=[ rwa

3. Integrate _[f(t)dt by using anti-derivative method and basic immediate
integration formula to get If(t)dt =F(t)+c

4. Return to the initial variable by replacing variable ¢ by variableu, to get
f)+c=f(u)+c

Examples

Evaluate the following integrals:

1. (22" = 5)xdx 2) Iﬁdx 3) | lnTxdx
Solution:

1. j (2x* — 5)xdx

Suppose, u =2x" -5, then du =4xdx < %du = xdkx.

HenCe_[(Zx2 —S)de:%J-udu :%§+C:%u2 +C.

Substituting u by 2x* -5 we get

j(zx2 — 5 Jrdx = %(2;8 —52+C



=

Suppose #=x-2

u+2=x=du=dx

(u+2)

X (u+2) 2 = =
dx = du = | —du=—u?+4u’ +
J-mx J. \/; u I 1 u 3Ll Uu C

u?
Replacing u byx—-2, we get
1

3
[—= dr=2(x=2)" +4(x=2)" +c
x—2 3

Let u=Inx. Then, du :ldx.
X

So, ImTde:Iudu :%uz +c

Substituting u by Inx yields

J-ln—xdx:llnszrc
X 2

E Application activity 2.2.2

Determine the following integrals:
1. Ixexzdx

dx
2 I (1-2x)°

x+x°
_[_ 2 _ 32dx
(S3x% +4-21°)

4. j;dx

1

(1-2x%)3

: jx\/—1+x2dx

u

3

1



2.2.3 Integration by Parts

Activity 7.2.1

Use the integration by changing variable to integrate the following:
1. [327 (" + D
2. jxexdx

i. Was it easy for you to integrate (2) using changing variable
methods?

ii. Letu =x and dv=e"dx. Find v
iii. Compare Ixe"dx and Judv

iv. Determine Iudv=uv—jvdu and deduce Ixexdx

When we integrate, we can find some functions which can't be integrated
immediately by using integration by changing variable method. To overcome
that problem you should use integration by parts or partial integration technique.
In this, you have to find the integral of a product of two functions in terms of the
integral of their derivative and anti-derivative.

If u and vare two functions of x, the product rule for differentiation can be used

to integrate the productudv or vdu in the following way. Since d(uv) = udv + vdu

It comes that Id (uv) = _[udv + Ivdu
this leads to: uv= Iudv + jvdu

Thus J.udv=uv—jvdu. Or J-vdu:uv—J.udv

When using integration by parts, keep in mind that you are splitting up the
integrand into two parts. One of these parts, corresponding to u will be easy to
differentiate, and the other, corresponding to dv, will be easy to integrate

Examples
Calculate the following integral

1) [Inxdx

2) j xe  dx



Solution

Using the integration by parts rule, we get

Judv:uv—jvdu :xlnx—ffﬂlenx—x+c

£

2. jxe”dx
_ du = dx
let et then 1
dv=e" V= 563 *

udv =uv— | vdu ==xe** — | —e>*dx
eI

3x
=% —lj‘ehdx
3 3

xe* 1e* xe™ 1

3 33 3 9

E Application activity 2.2.3

Compute the following integrals using integration by parts
1. j3x2e_xdx
2. sz In xdx

3. Ix\/x+5dx



2.3 Definite integral

2.3.1 Definition of definite integral

Activity 2.3

A learner in Senior Six is preparing to sit an end year exam of Mathematics.
He/she draws on the same axes the linear function defined by f(x) =2x,y =0
, and two vertical lines, x=0,and x=4

a) Draw the shape obtained and prove that it is in the form of a triangle.

b) By using the formula for the area of a triangle, calculate the area
enclosed by the functions y=2x,y=0,x=0 and x=4

c) Consider the function F(x)as an anti- derivative of f(x)=2x. Find
F(x) and carry out F(4)—F(0)

Let /* be a continuous function defined on a closed interval [a,b]and F

be an anti-derivative of f for any anti-derivative F(x) of f(x)on [a.0] the
difference F(b)—F(a) has a unique value. This value is defined as a definite

b
integral of /(x) fora <x<b. We write, _[f(x)dx =F(b)~F(a), Thus, if F(%) is
an anti-derivative of f(X) then, ¢

j f()dx=[F(x)+c] =[(F(b)+c)~(F(a)+c)]=[F(b)+c~F(a)~c]= F(b) - F(a)

b
If(x)dx is read as the “integral from ato b of f(x), a is called lower limit

andb is called upper limit. The interval [a,b] is called the range of

b
integration. Geometrically, the definite integral jf(x)dx is the area of the

region enclosed by the curve y = f(x), the verticél lines x=a,x=5 and the
x —axis as illustrated in the following figure.

Figure : Definite integral of a function f(x)on a given interval [q,5]



y=m3—2m2—|—3

-4 -3 -2 1 0

-2

The area of coloured region is given byJ‘(x3 —2x* +3)dx . If measurement units
are provided for axes, then the area of the region is the product of this definite

integral and the area of square unit.

Fundamental theorem of integral calculus:

Let F(x) and f(x) be functions defined on an interval[a’b]. Iff(x) IS
continuous and F'(x) = f(x), then If(x)dx = [F(x)] = F(b)—F(a) .

Example
2
Ixzdx

1

Solution:

—_— o
.
o
I
1
u.>|><w
L
[\
[l
w | oo
|
W | —
I
w |

Application activity 2.3.1

Calculate
3

1. jxdx 2. i(x+1)dx
0

0



2.3.2 Properties of definite integral

Activity 2.3.2

Given that f(x) = (x3 +3) and g(x) =-2x" )

2

1) Evaluate a)jf x)dx  b)[g(x)dx  and o) [(f+g)(x)dx

1

2 2
2) Compare I f+g)(x)dx  and If(x)dx+jg(x)dx and conclude
on 1 1

how to find. j(f+g)(x)dx

If f(x)and g(x)are continuous functions on a closed interval [@-?] then:

b
1.j0dx=0

2. jf(x)dx = —jf(x)dx (Permutation of bounds)
a b

3. j.[af(x)iﬂg(x)] dx = ajlf(x)dxiﬁj.g(x)dx,a and B € R (linearity)

f(x)dx =0 (bounds are equal,a = b)
c b
f(x)dx= jf(x)dx+ If(x)dx with a < ¢ <b (Chasles relation)
b
6. Vxe [a,b],f(x) < g(x) = If dx < jg dx it follows that

ﬁc(x)ZO:jf(x)ZO and

dx < j ‘ f ‘dx (Positivity)




. jf(x)dx _ z_z'f(x)dx, if f(x) is even function

0,if f (x) is odd function
Remark: [ f(x)dx=0 and [0dx=0
Example

1. Calculate the definite integral: _z[x3dx
Solution 1
2 1 2
Fist we calculate J-x3dx = [Z x{l
I 1 = 1 |
Then, Ix3dx = Z[X4]1 = —(24 —14) =—

1

15
Therefore, Ix dx :?

2. [(e" - 2Vx)dx

j(ex —2\/;)dx = je"dx—Zj&dx = [ex r -2 X
1 1 1



E Application activity 2.3.2

Evaluate each of the following definite integrals

2
= I(4x2 —3x)dx
1

2. In business and economics it is known that when /(*)is the demand
function (the quantities of a commodity that would be purchased at
various prices), the consumer's surplus (total consumer gain) given by

_[f(x)dx—xoyo is represented by the area below the demand curve and
0

above the line ¥ = Yo where Yo is the market price corresponding to the
market demand x,, as shown in the figure below.

Price

30

20

Quantity

3 4 5 6 i

. i, £

a) Find the consumer's surplus for x,=3, if the demand function is
f(x)=y=30—2x—x*

b) Plot the demand function y = f(x) =30—2x—x



2.3.3 Techniques of integration

Activity 2.3.3

1. Consider the continuous function f(x)= ¢* on a closed interval [a,b]
i. Let r=x?, determine the value of t when x=0and when x=2

ii. Determine the value of dxin function of dt
b

iii. Evaluate the integral I2xe"2dx using expression of ¢ , considering the
results found in i) and ii).

iv. Explain what happens to the boundaries of the integral when you apply
the substitution method

2. Evaluate sz In xdx

1

Many times, some functions cannot be integrated directly.

In that case we have to adopt other techniques in finding the integrals. The
fundamental theorem in calculus tells us that computing definite integral of
f(x) requires determining its anti-derivative, therefore the techniques used in
determining indefinite integrals are also used in computing definite integrals.

a) Integration by substitution

The method in which we change the variable to some other variable is called
‘Integration by substitution”. When definite integral is to be found by
substitution then change the lower and upper limits of integration. If substitution
is ¢(x) and lower limit of integration is @ and upper limit is b then new lower
and upper limits will be @(a) and @(b) respectively.

Example
2 3 ,
1. Ix\/S—xzdx 2. _[6xex dx
0
Solution
2
Ix /5—xdx Let 5—x* =t, then —2xdx = dt,or xdx:—%dz
0
When x=0,t=5 whenx=2,t=5-4=1



2 5 dt 15
IX\IS—xzdxzj-ﬁ?:EJ.«ﬁdt
1 1

0

5 5
1

2 ;g{;_ﬁ}:lwﬁ_l)

3

1 Lz

2( 1 203 273 3
2

5
=ljt%dt=
2
! +1

1 1

3
2. j6xex2+ldx Let x* +1=t, then 2xdx = df or xdx = %dt
0

When x=0,t=1and when x=3,t=10

3 s 10 dt 10 10
I6xex dx = I6e’ 5= 3I edt= 3[e’ ]1 =3("" —e")=3(" —¢)
0 1 1

b) Integration by parts

b
To compute the definite integral of the form If(x)g(x)dx using integration by
parts, simply we suppose that u = f(x)and dv=g(x)dx. Then du= f"'(x)dx
andv = G(x), anti-derivative of &(x)so that the integration by parts becomes:
b b

judv = [uv]z — jvdu

a a

Example

3
Evaluate the following definite integral: jxexdx
0

Solution
Uu=x du = dx
Let )
dv=e"dx VZIexdx:ex +c

b
Applying the integration parts formula 7 = [”V]Z —_[vdu yields to

3

I=xe‘”Z—j‘e”a’xzxe"f)—e)c . [363—060J—[e3 —eOJ=Se3—e3 +1=2¢"+1

0




Application activity 2.3.3

Evaluate the following definite integrals by using integration by parts

In(1+ x)dx
x? In xdx

3xle dx

N
Ol N O —

2.4 Applications of integrals

2.4.1 Applications of definite integrals on marginal and
total cost, consumer and producer surplus

Activity 2.4.1

At a certain factory, the marginal cost is 3(q —4)’dollars per unit when the
level of production is g units. By how much will the total manufacturing cost
increase if the level of production is raised from 6 units to 10 units.

a) Determination of cost function in Economics

In economics, the marginal function is obtained by differentiating the total
function. Now, when marginal function is given and initial values are given, the
total function can be obtained using integration.

If C denotes the total cost and M (x) = ci—cis the marginal cost, we can write
X

C=C(x)= '[M(x)dx+K, where the constant of integration K represents the
fixed cost.

Example

The marginal cost function of manufacturing x units of a product is 5—16x +3x>
(FRW). Find the total cost of producing 5 up to 20 items.



Solution

20 52 3 20
C= j(5—16x+3x2)dx =|5x-16—+3>
) 2 73

=[5(20)-8(20%)+20° |-[ 5(5)-8(25)+5" |
= (100 3200+ 8000) — (25— 200 +125)

= 4900 — (-50)

= 4950

The required cost is 4950 FRW

b) Marginal cost and change in total cost

Suppose C(q) represents the cost of producing ¢ items. The derivative, C'(¢)
is the marginal cost. Since marginal cost C'(¢)is the rate of change of the
cost function with respect to quantity, by the fundamental theorem, the integral

b
IC’(q)dq represent the total change in the cost function between ¢ =a
and g =b. In other words, the integral gives the amount it costs to increase

production from @ units to b units.

The cost of producing O units is the fixed cost C(0). The area under marginal cost

curve between g =0 and g = b is the total increase in cost between a producing
of 0 and a production ofb . This is called Total variable cost. Adding this to fixed
cost gives the total cost to produce b units.

Cost to increase production from @ units to b units is given

C(b)-C(a)=[C'(g)dg

b
Total variable cost to produce b units = IC "(9)dq
0

Total cost of producing b units = Fixed cost + Total variable cost

=C(0)+[C')dg

Example

The following is a marginal cost curve



% per item

n ' (q)

¢ (quantfity)
A0 100 1500 200 95[}lr Y

If the fixed cost is$1000, estimate the total cost of producing 250 items.

Solution

The total cost of production is fixed cost + Variable cost. The variable cost of
producing 250 items is represented by the area under the marginal cost curve.

The area in the figure between g =0and g =250is about 20 grid squares.

Each grid square has area (2dollars/ item)(50items) =100 dollars, so

250

Total variable cost = j C'(q)dq ~ 20(100) = 2000
0

The total cost to produce 250 items is given by:

Total cost = Fixed cost+ Total variable cost
~ $1000+ $2000 = $3000

c) Definite integrals of marginal revenue functions

Consider the following phenomenon on MR and TR

£
&0 A
()
30 L] H
B C
0 7.5 F
£ MR
450
TR
E
0 15 30 a
Figure 2.6.1



This phenomenon is illustrated in the above figure 2.6.1 shows the linear demand
schedule p = 60—2¢q and the linear marginal revenue schedule MR = 60—4q.The

corresponding total Revenue schedule TR = 60g — 24 is shown in the lower part
of the diagram. Total revenue is at its maximum when MR =60-4¢ =0,q4 =15

Therefore, p=60-2(15) =30and so the maximum value of TRis pg =450

Given the linear demand and marginal revenue schedules we can see that TRrises
from 0 to 450 when ¢ increases from O to 15, and then falls back again to zero

when ¢ increases from 15 to 30. These changesin TR correspond to the values of
the definite integrals over these quantity ranges and are represented by the area
between the MR schedule and the quantity axis. When g is 15, TR will be equal

15 15
to the area OAB which is | MRdg = [ (60—4q)dq =[ 6024 | =900-450

The change in TR when qoincreasesofrom 15 to 30 will be the ‘negative’ area
BCE which lies above the MR schedule and below the quantity axis. This will
be equal to

T ¥ 2 30
| MRdg = [ (60-4g)dg =[60g 24" ]
15 15

= (1800 —1800) — (900 — 450) = ~450

This checks with our initial assessment. Total revenue rises by 450 and then
falls by the same amount. Finally, let us see what happens when we look at the
definite integral of the MR function over the entire output range 0—30. This will

30 30 5 30
be jMqu= j(60—4q)dq=[6oq—2q ], =1800-1800=0
0 0

The negative area BCE has exactly cancelled out the positive area OAB, giving
zero TR when

qis 30, which is correct.

d) Consumer and Producer Surplus

Notice that at equilibrium, a number of consumers have bought the item at a
lower price than they would have been willing to pay. (For example, there are
some consumers who would have been willing to pay prices up to £,.) Similarly,
there are some suppliers who would have been willing to produce the item at a
lower price (down to P, in fact).We define the following terms:

— The consumer surplus measures the consumers’ gain from trade. It is
the total amount gained by consumers by buying the item at the current



price rather than at the price they would have been willing to pay.

= The producer surplus measures the suppliers’ gain from trade. It is the total amount
gained by producers by selling at the current price, rather than at the price they would
have been willing to accept.

In the absence of price controls, the current price is assumed to be the equilibrium
price.

Both consumers and producers are richer for having traded. The consumer and pro-
ducer surplus

Measure how much richer they are.

Suppose that all consumers buy the good at the maximum price they are willing to
pay. Subdivide the interval from 0to¢" into intervals of length Ag. The figure bellow
shows that a quantity Ag of items are sold at a price of about £ another Ag are sold

for a slightly lower price of about P, , the next Ag for a price of about P, and so on.

p [price/unit)

. P

P2 P .~ Supply:p = g(q)

_Ii' o3 - L

P’ =

i . Demand:p = f(q)
q (quantity)

Ag=l - o q”

Thus, the consumers’total expenditure isabout p,Ag + p,Aq+ p;Aq+...= ZpiAq

If the demand curve has equation P = f(q), and if all consumers who were

willing to pay more than P*paid as much as they were willing, then as Aq — 0
, we would have

.
consumer exp enditure = J. f(q)dq = area under demand curve from 0 to q*
0



Consumer surplus is the difference between the total consumer expenditure if
all consumers pay the maximum they are willing to pay and the actual consumer
expenditure if all consumers pay the current price.
a. Consumer surplus
b. Producer surplus

p (pricelunit)
G{unfumer
\ surplus Ve
N
\H‘x ,-’#Hf
L N
L [
I “~.__Demand .
' q (quantity)
)
p (pricafuni)
/"f.
Producer
S, surps Supply
- ‘H.,‘. - g
| S
- I "\-\_H
I ™~ Demand _
: =—— ¢ (quantity)
q
Example

The following is the supply and demand curves for a product
p ($unit)
U0 N

|
L]
[
E
D ]

' {quantity)
=000 12000



(a) What are the equilibrium price and quantity?

(b) At the equilibrium price, calculate and interpret the consumer and producer
surplus.

Solutions
a) The equilibrium price is P* =$80 and the equilibrium quantity is
q" =80,000units

b) The consumer surplus is the area under the demand curve and the above
line P =80

We have consumer surplus equal to

Area of triangle = %Base x Height = %80, 000x160 = $6,400,000

This tells us that consumer gain $6,400,000 in buying goods at the equilibrium
price instead of at the price they would have been willing to pay.

p [ S/uni) p | Sfunif)
10N Can?umer HO S
N sups
% “‘x\ 5 -5
p=80 - — pr =80 p===
~ 1 N\UD ) D
' —— ¢ (units —— ¢ {units)
" = 80,000 120,000 g" =80,000 120,000

The producer surplus is the area above the supply curve and below the line
p=280

Producer surplus equal to

Area of triangle = %Base x Height = %80, 000x 80 = $3,200,000

So, producers gain $3,200,000 by supplying goods at the equilibrium price

instead of the price at which they would have been willing to provide the
goods.



Application activity 2.4.1

1. For the non-linear demand function P = 1800_0-6qzand the

_ 2
corresponding marginal Revenue function™R =1800—1.8¢ , use definite

integrals to find:

(i) TRWhen g is10

(ii)the change in TRwhen ¢ increases from 10 to 20
(iii) Consumer surplus when g is 10.

2. The marginal profit for a product is model by d—P:40—3\/; where Pis
the profit and xthe sales. Find the change in pr)tc)fit when sales increase
from 100 to 121 units.

2.4.2 Applications of definite integrals: Present, Future
Values of an Income Stream

Activity 2.4.2

Suppose you want to have $50,000in 8 years'time in a bank account earning
2% interest, compounded continuously.

(a)If you make one lump sum deposit now, how much should you deposit?

(b) If you deposit money continuously throughout the 8 year period, at
what rate should you deposit it?

Present and Future Values of an Income Stream

Just as we can find the present and future values of a single payment, so we
can find the present and future values of a stream of payments. As before, the
future value represents the total amount of money that you would have if you
deposited an income stream into a bank account as you receive it and let it earn
interest until that future date. The present value represents the amount of money
you would have to deposit today (in an interest-bearing bank account) in order
to match what you would get from the income stream by that future date.

When we are working with a continuous income stream, we will assume that
interest is compounded continuously. If the interest rate isr, the present value
P of a deposit B made t years in the future is P = Be™"



Suppose that we want to calculate the present value of the income stream
described by a rate of

S(t)Dollars per year, and that we are interested in the period from now until
M years in the future. In order to use what we know about single deposits to
calculate the present value of an income stream, we divide the stream into many
small deposits, and imagine each deposited at one instant. Dividing the interval

0<t<M into subintervals of length At

| t : (M —t)——~

| |
0 t t+ At M

Assuming Atis small, the rate, S(¢) at which deposits are being made does not
vary much within one subinterval. Thus, between tand?+ At :

Amount paid = Rate of deposits x Time
= S(¢)At dollars

The deposit of S(¢)At is made ¢ years in the future. Thus, assuming a continuous
interest rate

present value ~ S(t)Ate™" . Deposit in interval ftot+ At

Total present value = Z S(t)e " At

In the limit as Az — 0, we get the following integral:

M
Present value = I S(t)e"dt
1]

Future value = Pr esent value x ™
Example

Find the present and future values of a constant income stream of $1000 per
year over a period of

20 years, assuming an interest rate of 6% compounded continuously.



Solution

20
S(t)=1000 and r =0.06 , we have Present value = leOOe‘O'%tdt =$11,647
0

We can get the future value B from the present value P, using B = Pe". So,

Future value =11,647¢"%* = $38,669

Application activity 2.4.2

1. Find the present and future values of an income stream of $1,000 a year
for 20 years. The interest rate is 6%, compounded continuously.

2.4.3 Application of integrals on the population growth
rates

Activity 2.4.3

The number of individuals (population) P present at a given time t is a function

of time. The rate of change (in time) of this population daP is proportional
to the dt

population P present with a constant k of proportionality which is expressed
as

P _ .
P

Given that the population of a town was 11,500,00 at initial time = 0
a) Find the population of this town after 5 years if the constant k =5%.

b) Plot the related graph showing the variation of the population of that
town in function of time and give your interpretation in your own words.

c) What are pieces of advice would you provide to policy makers of that
town?

Content summary

The growth of a population is usually modeled by an equation of the form

dP
7P Kdt where P represents the number of individuals on a given time t. The

constant K is a positive constant when the population grows and negative

when the population decreases.



Integration of each side gives: Id?P = Ide

Which implies that In P = Kt +¢ and P =ce"

If the initial population at time ¢ =0is F}, then B, =ce’ =c.
Therefore, we have P = Pe™

This means that the variation of a population from F, is modelled by an
exponential function: P(t)=Fe" where P, is the initial population at timez =0
, K'the annual growth rate or the annual decay rate.

Example

1) Consider the population P of a region where there is no immigration or
emigration. The rate at which the population is growing is often proportional
to the size of the population. This means larger populations grow faster, as
we expect since there are more people to have babies.

If the population has a continuous growth rate of 2% per unit time, what is its
population at any time t?

Solution
We know that d—P =KP
P dt
5 kJ'dt =InP=Kt+c=P=ce® for K=0.02 and has the general

solution P = ce*™™

If the initial population at time =0 is P, , then P, =ce!*™"") =¢
So, P =c and we have P=Pe"™

2) The relative rate of growth P'(t)/ P(t) of a population P(¢)over a 50 years
period is given by

relative growth rate, P/ P

0.02

[

0.01

—— t (years)

25 ol



By what factor did the population increase during the period?

Solution

We have In [M] = Imdt
P0) ) ¢ P(1)

This integral equals the area under the graph of P'(t)/ P(¢t) between ¢ =0 and
t=50

relative growth rate, 7'/ P

Q.02

ool b2l __ |z

|
|
0.01
I
1

t [years)

The area of rectangle and triangle gives Area =50(0.01) +%>< 50(0.01)=0.75

Thus, 1, P50) :TP'(t) s
P(0) P(1)

0

ln(—P(SO)j :Tpr(t) dt = ln[—P(SO)J ~0.75
P0) ) ¢ P@) P(0)

In (@j =0.75
P(0)

P(50) _ o5
P(0)
P(50) = 2.1P(0)

=2.1

The population more than doubled during the 50 years, increasing by a factor
of about 2.1.

Note: If everything else remains constant, the relative growth rate increases if
either the relative birth rate increases or the relative death rate decreases. Even
if the relative birth rate decreases, we can still see an increase in the relative



growth rate if the relative death rate decreases faster. This is the case with the
population of the world today.

The difference between the birth rate and the death rate is an important variable.

Application activity 2.4.3

1) The population of a given city is double in 20 years. We suppose that
the rate of increasing is proportional to the number of population. In how
many time the population will be three times, if on =0 we have the
population £,.

2) In laboratory, it is observed that the population of bacteria is increasing
from 1000 to 3000 during 10 hours. If the rate of increasing of bacteria
is supposed to be proportional to the present number of bacteria on the
time ¢,find the number of bacteria after 5 hours.

1. Calculate the following integrals
1 1 X
7 Ty X
a. '[(9x +x—1 2e )dx b. I—d[_x+3

2. Discuss and solve the following problems

a) The marginal cost function of producing x units of soft drink is given by
the function

X

vV x* +1600

Given that the fixed cost is500Frw

MC =

Determine
i. The total cost function

ii. An average cost function
b) Consider the function f defined by f(x)= 4-x

— Plot the graph of y = f(x) showing the intercepts with the coordinate
axes.



— On the diagram, shade the area which is bounded by the curve and
the coordinate axes.

— Express the shaded area in terms of a definite integral

3. Discuss how this unit inspired you in relation of learning other subjects or
to your future. If no inspiration at all, explain why.



UNIT

ORDINARY DIFFERENTIAL
EQUATIONS

Key Unit competence:

Use ordinary differential equations of first order to model and solve related
problems in Economics

O 3.0 Introductory activity

A quantity y(¢) is said to have an exponential growth model if it increases
at a rate that is proportional to the amount of the quantity present, and it
is said to have an exponential decay model if it decreases at a rate that is
proportional to the amount of the quantity present.

Thus, for an exponential growth model, the quantity y (t) satisfies an equation

of the form %: v (k is a non-negative constant called annual growth rate).
t

Given that %=kycan be written asd—y = kdt, solve this equation and apply
t

y
the answer y(t) obtained in the following problem:

The size of the resident Rwandan population in 2018 is estimated to
12,089,721 with a growth rate of about 2.37% comparatively to year 2017
(www.statistics.gov.rw/publication/demographic-dividend)

Assuming an exponential growth model and constant growth rate,

1. Estimate the national population at the beginning of the year 2020,
2030, 2040 and 2050

2. Discuss your observations on the behaviour of the national population
along these 4 years

3. What are pieces of advice would provide to policy makers?

4. Draw a graph representing your observations mentioned in 2


http://www.statistics.gov.rw/publication/demographic-dividend

3.1 Definition and classification of ordinary differential
equation (ODE)

Activity 3.1

For each of the following equations, form a differential equation by using
derivatives in eliminating arbitrary constants k and b.

Discuss and write down the highest order of the derivative that occurs in
the obtained equation:

1. y=4kx

2.7 =kx+bx

A differential equation is any equation which contains derivatives of the
unknown function; it shows the relationship between an independent variable
x, adependent variable y (unknown) and one or more differential coefficients
of y with respect to x.

An ordinary differential equation (ODE) for a dependent variable
y (unknown) in terms of an independent variable x is any equation which
involves first or higher order derivatives of y with respect to x, and possibly x
and y.

The general ordinary differential equation of the 1" order is
2 n
dy dy d )=0

F(x,y,—, yeeens
(¥ dx’ dx* dx"

Or F(x,9,9',V"...,y") =0

The general differential equation of the 1! order is F(x,y,%) =0or % =f(x,y)
X X

Order of a differential equation: Differential equations are classified
according to the highest derivative which occurs in them.

The order of a differential equation is the highest derivative present in the
differential equation.

The degree of an ordinary differential equation is the algebraic degree of its
highest ordered derivative after simplification.



Examples

dyY d’
1) (y’)2 +2x+y"=0or 2(d—y) +2x+d—J; =0, the order is 3 and the degree
X X

is 1
2) y"+2y'+x> =0, the order is 2 and the degree is 1
3) y"+2x+y* =0, the order is 2 and the degree is 1

d , .
4) d_y =x” |, the order is 1 and degree is 1
X

2
5) (%) +y=x, Order 1 and degree 2
x

Application activity 3.1

Discuss and state the order and the degree of each of the following
differential equations. Explain your answer
2
, 4y +(dy

4
0 EJ —4x+y=1

b () +(¥) -2 =x
d’y ) dy

C Pl == +y| = |+y* =(
dezJ y(dxj 4

3.2 Differential equations with separable variables

Activity 3.2

1. Consider4y'-2x =0 ,

a. Solve the equation for y' and integrate both sides to deduce the value
of the dependent variable y .

b. What can you say if you were given 4Z—y—2x =07
X
c. check whether ) is solution of the given equation.

2. Apply the technique so-called separation of variables used in (1) to solve

the following:
d
a & _, b. xd—y =1
dx *



3. Discuss how to solve f(y)? =g(x)
x

dy

A separable differential equation is an equation of the form = F(x)h(y)
X
These are called separable variables because the expression for fl_y or ¥'can
X

be separated into a product of separate functions of x and y alone. This means
that they can be rewritten so that all terms involving ) are on one side of the

equation and all terms involving X are on the other.

d
That is: TJ;):f(x)dx

Hence, solving the equation requires simply integrating both sides with respect
to their respective variables;

j%:jf(x)dx-i—c

Of course the left-hand side is now an integral with respect to y, the right-hand
side with respect to x. Note that we only need one arbitrary constant.

In particular if 4(y) =m (a constant), the differential equation of the form

4 _ mf (x) is solved by direct integration. That is:

dx

dy =mf (x)dx < y:mJ.f(x)dx+c.

Similarly, equation of the form % =mf () is solved by direct integration:
X

—— =mdx @Ii:myﬁc

f(») f(»)

A solution to a differential equation on an interval « <x < g is any function
which satisfies the differential equation in question on that interval. It is important
to note that solutions are often accompanied by intervals and these intervals
can impart some important information about the solution.



Example

2 2
Show that ¥ =£[%+1] is a solution of ¥ _ X 244 |00, +o0[ .

2 dx 4

Solution

. 2 3 dy 3x°+6 x°+2

Given ’[haty:z X =2 +6x , we have—y: al =X . Therefore,

206 12 dx 12
2 2
y:£ X +1| is solution of dy _x +2 on |—oo,+o0| .
20 6 dx 4

2
x
It is easily checked that for any constantc, V = E[?Jf IJ *¢ is also a solution to
the equation called general solution of the given equation.

A general solution to a given differential equation is the most general form
that the solution can take and doesn’t take any initial conditions into account.
In this way, there are an infinite number of solutions to a differential equation
depending on the value of the constant; it is better (especially in applied
problems) to precise conditions which lead to a particular solution.

Initial Conditions are conditions or set of conditions imposed to the general
solution that will allow us to determine one particular solution also called
actual solution that we are looking for.

In other words, initial conditions are values of the solution and/or its derivative(s)
at specific points which help to determine values of arbitrary constants that
appear in the general solution. Since the number of arbitrary constants in
general solution to a given differential equation is equal to the order of the
ODE, it follows that it requires n conditions to determine values for all n
arbitrary constants in the general solution of an n'"-order differential equation
(one condition for each constant). For a first order equation, the single arbitrary
constant can be determined by specifying the value of the unknown function
y(x) at an arbitrary x-value x, say y(xo) =Y,.

Geometrically, initial condition of a first order differential equation (j—y =1(x,))
X
enables us to identify a specific function (y = y(x)) whose curve passes through

the point (x,,,) and the slope is f (x5, 7, ) -



A differential equation along which an appropriate number of initial conditions
are given is called Initial Value Problem (or IVP). Therefore the actual
solution or particular solution to a differential equation is the specific
solution that not only satisfies the differential equation, but also satisfies the
given initial condition(s).

Examples
1. Solve
ay _
@) dx -V
dy x*+1
b _ =
(b) dx 4

2. Solve the IVP: & — 7 with y(0)=-3

dcx x-3
Solution
d

)
1) (a) D xy we separate to give — = xdx
dx y

d
SO, j—y = J-xderC and integrating both sides with respect to their respective

variables gives

2
X

Iny=—+c
Y 2

2 2 2
-t —+c

X
_ny _ 2 5
y=e " =e’ Then, y=e’ =y=e'xe’

d_y_x2+1
dx

(b) & 4dy=(x" +1)dx

3 3
Ady=[(2+D)dx=dy="tx+c= p="+2+k (where we set k =>).
Jady=[ (4 D= 4y == =k n

LAy Yy __
2. IVP: dx_x_3,y(0) 3

d_y b ﬂjfd_y:j dx
d x-3 'y x-3 y *x-3



Simple integrations yields to:
Iny= 1n(x—3)+c . For simplicity and aesthetic purpose, set

c=Ink Thus Iny=In(x-3)+Ink or equivalently
v =k(x—-3) (General solution).

Let's apply initial condition to the general solution.

If y(0)=-3 it follows that—3=k(0-3) givingk =1. Therefore, y=x-3is the
required particular solution that represents equation of the unique line passing

A -3
- —:—:1
through (0,-3) and whose slope is -3 0-3

Application activity 3.2

1. Determine the general solution for x% =2—-4x°
X

2. Solve the following initial value problem: (x+1)% =X, y(O) =0
X

3. (a) The graph of a differentiable function y = y(x) passes through the
point (0, 1) and at every point P (x, y) on the graph the tangent line is
perpendicular to the line through P and the origin. Find an initial-value
problem whose solution is y(x).

(b) Explain why the differential equation in part (a) is separable. Solve the
initial-value problem using either separation of variables and describe
the curve

4. Deterrrfine the particular solution of (y2 —1)% =3y giventhat y =1when
t

t=2—
6

5. Determine the particular solution of xy = (1 i xz)% given that y =1when
x=0. *



3.3 Linear differential equations

Activity 3.3

Consider the equation %+ 2xy=x (1)

X
Assume that there exists a function I(x) called an integrating factor that

must help us to solve the equation (1).

2xd>
1) Compute[(x) = eI . For the time being, set the integration constant
to O.

2) Multiply both sides in the differential equation (1) byl(x) and verify that

the left side becomes the product rule [I(x).y(x))‘and write it as such.

3) Integrate both sides, make sure you properly deal with the constant of
integration

4) Solve for the function y(x)

5) Verify if the value of y(x) obtained in 4) is solution of (1).

An ordinary differential equation (ODE) in which the only power to which y or
any of its derivatives occurs is zero or one is called a linear ODE. Any other
ODE is said to be nonlinear.

Thus, if p and ¢ are functions in ¥ or constants the general linear equation of
first order can take the form Z—y+py =q (2)
X

There exist a “magical” function I(x) called integrating factor that helps to
solve the equation (2).

The solution process for a first order linear differential equation is as follows:

I»

dx
a) Determine an integrating factor I(x):e taking the integrating

constant ¢ =0.

b) Multiply both sides in the differential equation (2) by I(x) and verify that
the left side becomes the product rule (I(x).y(x))'and write it as such.

c) Integrate both sides, make sure you properly deal with the constant of
integration



jl(x)q(x)+C

d) Solve for the solution ¥(X)= I(x)

This process can be simplified by letting V=W where ! and V are functions in
¥ to be determined in the following ways:

—| pdx dx
v=e [ by taking the constant ¢ =0 and u:J'qef!’ dx

Therefore, the solution of the equation %ﬂpy:qbecomes Y =uvwhere
X
dx ~[ pax
u:'[qejp dx and v=e Jra :
Example

1. State the order and degree of each ODE, and state which are linear or non
linear:

dy
“4y=x
dx Y

)
i) x"+32=0

iy R94 4 4 _5
ac

, . 2 2
2. Use integrating factor to solvey'=xy=1x",

Solution
N Dy o . . o , :
1. 1) E+y=x|s a linear differential equation in & of first order and its degree
is 1
i) x"+3¢* =0 is linear differential equation of second order in *and the degree

is 1.

i) R7?+%= 3 is linear differential equation of first order in Yand its degree is
1.

3 2
iv) Q-l— d’y ) dy xsin2x = y+4x* is linear differential equation of third order

de  d " dx
in Y and its degree is 1.
2) y-x'y=x’

_ dy 5, 2 _2
The equation becomesa—x y=-1,p==x", q=x



e 3
i ) 2
3 - 3
J.e .(x )a’x+c —e ? +c *
- = —=—1+ce
X X
e’ e’

y(x)=-1+ce? Where c is a constant.

Application activity 3.3

Determine the general solution of the following equations

y

+=—=1
a)y .
b) y+xy=x
o) y+i=x
X
d) y'+2y=e
e)v'—2xy:e’“:

3.4 Application of ordinary differential equation (ODE)

3.4.1 Differential equation solutions to predict values in
basic market and macroeconomic models

If the differential equation to be solved is & =5y then one possible solution

is y=e"as gives?);:SeS’ =5y. Use the definite solution to predict what
will be y;for t =3



The exponential function helps us to derive the solution to a differential equation.

d . , , -
If y=eé'then 7); = ¢'thus, using the chain rule for differentiation, for any constant

b,

If y=¢ then%:beb’. Therefore, if the differential equation to be solved has

d : .
no constant term and has the format %:bythen a possible solution is y =e”
t

because this would give % =be" =by

For example, if the differential equation to be solved is % =5y then one possible

t
. . 5t . dy 5¢
solution is y=¢€ as gives o S5¢" =5y
t
However, there are other possible solutions. For example

If y=3e” then% =53e” )=5y

If y=7e" thenc:;—y =5(7¢" )=5y
t

In fact, we can multiply the original solution of ¢ by any constant parameter
and still get the same solution after differentiation. Therefore, for any differential

equation in the format %: by the general solution specified as y = 4e” where
t

Ais an arbitrary constant. This must be so since% =bAe" =by

The actual value of A can be found if the value for yis known for a specific
value off. This will enable us to find the definite solution. This is easiest to
evaluate when the value of yis known for ¢=0as any number taken to the
power zero is the number itself. For example %:Sy will be y, = 4e” where

v has been given the subscript fto denote the time period that it corresponds



to. If it is known that when ¢#=0then y, =12 then by substituting these values
into (1) we get y,=12= 4e’as we know that e’ =1then12= 4, substituting

this value into general solution we get definite solutiony, =12¢". This
definite solution can now be used to predict y for any valuet. For
example when ¢=3then, y, =12’ =12¢" =12(3,269,017.4) = 39,228,208

Differential equation solutions and growth rates

The solutions to these differential equations give final values after continuous
growth for a given time period. This is because what we have done this time

is to derive the relationship between y and¢, starting from the knowledge that

% = ry it means that the rate of increase of y (over time) depends on the growth
t

rate » and the specific value of y . This can be a difficult point to grasp, because
there are actually two rates involved and it is easy to confuse them.

0) %Is the rate of increase of y with respect to time ¢ (but over a specified
time period it will be a quantity of y rather than a ratio)
(i) r It is the rate of increase of y with respect to its own current value
When y increases in magnitude over time, larger and larger increases

in the value of y each time period will be necessary to maintain the same

. d ,
proportional rate of growth r. In other words, the value of 7y must get bigger
as f increases. !

E Application activity 3.4.1

Solve the differential equation % =1.5y if the value of y is 34 when ¢t =0and

then use the solution to predict the value of y whent =7.



3.4.2 Stability of economic models where growth is
continuous.

Activity 3.4.2

Assume that in a perfectly competitive market the speed with which price P
adjusts towards its equilibrium value depends on how much excess demand
there is. Given that the rate of change of the price P(t)of a product at
time t is proportional to the difference of the demand and the supply for the

Commodity(Qd = QS)

1) Write a differential equation modelling the rate of change of the price

if the constant of proportionality £ =0.08 is in proportion to excess
demand

2) Assuming that O, :280—4P(tjand 0, :—35+8P(t) solve the
equation obtained in (1)

3) Determine and pIotP(t)at the time 7 if the price is currently 19.

4) Compare the price at ¢ =1 and the price as ¢ gets larger i.e. lim P(r)

t—0

In a perfectly competitive market the speed with which price Padjusts towards its
equilibrium value depends on how much excess demand there is. This is quite a
reasonable proposition. If consumers wish to purchase a lot more produce than
suppliers are willing to sell at the current price, then there will be great pressure
for price to rise, but if there is only a slight shortfall then price adjustment may
be sluggish. If excess demand is negative this means that quantity supplied
exceeds quantity demanded, in which case price would tend to fall.

To derive the differential equation that describes this process, assume that the
demand and supply functions are 0,and 0,

Q,=a+bPand Q, =c+dP

With the parameters a,d >0and b,c <0

If 7 represents the rate of adjustment of P in proportion to excess demand then

d

P
we can write e rQ,-0,)



Substituting the demand and supply functions for Q, and Q, gives

a:l—];:r[(a+bP)—(c+dP)]

=r(a—c+bP—-dP)
=r(b—d)P+r(—c)

As r, a, b, cand d d are all constant parameters this is effectively a first-order
linear differential equation with one term in P plus a constant term. This format
is similar to the ones in the previous examples, except that it is P that changes
over time rather than y, and so the same method of solution can be employed.

Example

A perfectly competitive market has the demand and supply functions

0, =170-8P and Q, =-10+4P When the market is out of equilibrium the rate of

adjustment of price is a function of excess demand such thatfl—f =0.5(0,-0,).

In the initial time period price F,is 10, which is not its equilibrium value. Derive a

function for Pin terms off, and comment on the stability of this market.

Solution:

Substituting the functions for Q,and Q. into the rate of price change functions
gives

‘;—f =0.5[(170-8P)—(-10+4P)]| = 0.5(-8 —4)P+0.5(170+10) Which simplifies
to

d—P =—6P+90

dt

To solve this linear first order differential equation we first consider the reduced

. , dP
equation without the constant term. =" -6P
t

The complementary function that is the solution this equation will be P = 4e™

The particular solution is found by assuming P is equal to constant K so that

dar =—6K+90=0,K =15. This is the market equilibrium price

dt



Then, P = Ae™® +15

t

The value of 4 can be determined by putting the initial value of 10 for F, into
the general solution. Thus,

P =10=Ae’ +15<-5=4

Using this value in general solution gives the definite solution to this differential
equation, which is P =-5¢* +15

=10

Considering the initial condition, P(O) we find 4 =—3

bt
Therefore, P(t)_ e +13

Figure: Graph of P(t) =-5¢ % +15

P

20

P(t) =15 — 5%

15

il

The coefficient of #in this exponential function is negative number. This means that the

complementary function, will closer to zero as ¢ gets larger and so P, will converge on
its equilibrium value of 15. Therefore, this market is stable.



Application activity 3.4.2

If the demand and supply functions in a competitive market are

0D,=50-0.2P and Q, =—10+0.3F And the rate of adjustment of price when

. po . . dP :
the market is out of equilibrium |37 =0.4(Q, —0,) . Derive and solve the rele-
t
vant difference equation to get a function for P in terms of ¢, given that price is

100in time period ¢ = 0. Comment on the stability of this market

3.4.3 Continuously compounded interest

Activity 3.4.3

A bank account earns interest continuously at a rate of 6% of the current
balance per year. Assume that the initial deposit is $4000 and that no other
deposits or withdrawals are made.

(a) Write a differential equation satisfied by the balance in the account.

(b) Solve the differential equation obtained in (a)

Let sbe the initial sum of money and rrepresents an interest rate. We can
model the growth of an initial deposit with respect to the interest rate » with
differential equations. If frepresents time, then the rate of change of the initial

deposit is cjl—S and assuming that the initial deposit is compounded continuously,
t

then we have that:

ds — o .
—=rs, We can further set up an initial value problem to this differential

dt
equation. Suppose that the initial deposit is S,thenS(0)=.S,. The solution to

this initial value with the differential equation and initial condition will give us a
function S which give us amount in the individuals account at time ¢:

d—Sz rS,ldS =rdt
dt S

J.édS:J‘rdt
InS=rt+k

S =ce"



Using the initial condition that §(0) = S,and we have thatc =S§,. Therefore the

solution to this initial value is S(r) = S,e” where S, is the principal invested, ris
rate and S(¢)tells us the amount at any time¢.

Example

A bank account earns interest continuously at a rate of 5% of the current balance
per year. Assume that the initial deposit is $1000 and that no other deposits or
withdrawals are made.

(a) Write a differential equation satisfied by the balance in the account.
(b) Solve the differential equation and graph the solution.
Solution

(a) We are looking for S, the balance in the account in dollars, as a function of
t, time in years.

Interest is being added continuously to the account at a rate of 5% of the
balance at that moment,

So, Rate at which balance is increasing 5%=0.05 of Current balance.

Thus, a differential equation that describes the process is % =0.058

It does not involve the $1000, the initial condition, because the initial deposit
does not affect the process by which interest is earned.

(b) Since S, =1000 is the initial value of S, the solution to this differential

equation is § = § """ =1000e"""



Graph of 1000e"""

2000 [y

1500

i L1 On0e™

500

1. A principal of $1000is invested at a constant annual rate of 8%. Interest
earned is compounded continuously. Find the accrued amount after 25
years.

. dP
2. (a) From the equation —=rP; Deduce the general formula for the
principal P(t)when inter®5st is compounded continuously at an annual
interest rate r assuming the initial principal is £,.

(b) Use the obtained formula in (a) to calculate the accrued amount
after investment for 20 years where the interest is 4% compounded
continuously and the principal is $500.



3.4.4 Differential equations and the quantity of a drug in
the body

Activity 3.4.4

To combat the infection to a human body, appropriate dose of medicine is
essential. Because the amount of the drug in the human body decreases

with time, the medicine must be given in multiple doses. The rate cz—Qat
t
which the level of the drug in a patient’s blood decays is proportional to the

quantity () of the drug left in the body. If initially, that is, at ¢ = 0 a patient
is given an initial dose(,,
1) Establish an equation for modelling the situation

2) Solve the obtained equation and find the quantity of drug Q(t) left in
the body at the time t

3) Draw Q(t) and interpret the graph given that the drug provided was
100mgat =0

4) Discuss what happens when the patient does not respect the dose of
medicine as prescribed by the Doctor

The rate at which a drug leaves a patient’s body is proportional to the quantity
of the drug left in the body. If we let O represent the quantity of drug left, then
Y

X _ Kk
dt 9

The negative sign indicates that the quantity of drug in the body is decreasing.

The solution to this differential equation is Q= 0,e ™™ and the quantity decreases
exponentially.

The constant k depends on the drug and 0, is the amount of drug in the body
at time zero. Sometimes physicians convey information about the relative decay
rate with a half -life, which is the time it takes for Q to decrease by a factor of
1/2.



Example

A patient having major surgery is given the antibiotic vancomycin (an antibiotic
used to treat a number of bacterial infections) intravenously at a rate of
85mg per hour . The rate at which the drug is excreted from the body is
proportional to the quantity present, with proportionality constant 0.1 if time is
in hours. Write a differential equation for the quantity, © inmg , of vancomycin
in the body after ¢ hours.

Solution:

The quantity of vancomycin, O, is increasing at a constant rate of 85 mg per hour
and is decreasing at a rate of 0.1times O . The administration of 85mg per hour

4y

makes a positive contribution to the rate of change7 . The excretion at a rate
t
of 0.10 makes a negative contribution to‘;—Q. Putting these together, we have:
t

rate of change of a quantity = rate in — rate out

E Application activity 3.4.4

Valproic acid is a drug used to control epilepsy; its half-life (Q :lQO) in the
. 2
human body is about 15 hours.

So, %2 _g5_0.10.
dt

a) Use the half-life condition to find the constant Kin the differential
equation

b) At what time will 10% of the original dose remain?



d
1. Given the differential equation %-Fd—y— 6y=0, y(0)=10,'(0)=
: X
What is the order and the degree of the equation?

2. If the demand and supply functions in a competitive market are
Q,=35-5Pand Q, =-23+6P and the rate of adjustment of price when the

market is out of equilibrium is c;’_p = 0'2(Qd _QS),
t

a) Solve the relevant differential equation to get a function for P in terms of
! given that the price is 100 in time period 0.

b) Plot the graph of P and comment on the stability of this market.
3. Discuss how this unit inspired you in relation to learning other subjects or to

your future. If no inspiration at all, explain why.

d
4. Solve the differential equation P15 if the value of Vis 34 when =0 and
then use the definite solution to predlct the value of V when =7
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